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Some properties of minimal closed sets and maximal closed sets are obtained, which
are dual concepts of maximal open sets and minimal open sets, respectively. Common
properties of minimal closed sets and minimal open sets are clarified; similarly, common
properties of maximal closed sets and maximal open sets are obtained. Moreover, inter-
relations of these four concepts are studied.
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1. Introduction

Some properties of minimal open sets and maximal open sets are studied in [1, 2]. In this
paper, we define dual concepts of them, namely, maximal closed set and minimal closed
set. These four types of subsets appear in finite spaces, for example. More generally, min-
imal open sets and maximal closed sets appear in locally finite spaces such as the digital
line. Minimal closed sets and maximal open sets appear in cofinite topology, for example.
We have to study these four concepts to understand the relations among their properties.
Some of the results in [1, 2] can be dualized using standard techniques of general topol-
ogy. But we have to study the “dual results” carefully to understand the duality which we
propose in this paper and in [2]. For example, considering the interrelation of these four
concepts, we see that some results in [1, 2] can be generalized further.

In [1] we called a nonempty open set U of X a minimal open set if any open set which
is contained in U is & or U. But to consider duality, we have to consider only “proper
nonempty open set U of X,” as in the following definitions: a proper nonempty open
subset U of X is said to be a minimal open set if any open set which is contained in U is
& or U. A proper nonempty open subset U of X is said to be a maximal open set if any
open set which contains U is X or U. In this paper, we will use the following definitions.

A proper nonempty closed subset F of X is said to be a minimal closed set if any closed
set which is contained in F is & or F. A proper nonempty closed subset F of X is said to
be a maximal closed set if any closed set which contains F is X or F.
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2 Minimal closed sets and maximal closed sets

Let F be a subset of a topological space X. Then the following duality principle holds:
(1) F is a minimal closed set if and only if X — F is a maximal open set;
(2) F is a maximal closed set if and only if X — F is a minimal open set.
In Sections 2 and 3, we will show some results on minimal closed sets and maximal closed
sets. In Section 4, we will obtain some further results on minimal open sets and maximal
open sets.

The symbol A \ I means difference of index sets, namely, A\ T = A — I, and the cardi-
nality of a set A is denoted by |A| in the following arguments. A subset M of a topological
space X is called a pre-open set if M C Int(Cl(M)) and a subset M is called a pre-closed set
if X — M is a pre-open set.

2. Minimal closed sets

In this section, we prove some results on minimal closed sets.
The following result shows that a fundamental result of [1, Lemma 2.2] also holds for
closed sets; it is the dual result of [2, Lemma 2.2].

LemmAa 2.1. (1) Let F be a minimal closed set and N a closed set. Then FNN = & or F C N.
(2) Let F and S be minimal closed sets. Then FNS = & or F = 8.

The proof of Lemma 2.1 is omitted, since it is obtained by an argument similar to the
proof of [1, Lemma 2.2]. Now, we generalize the dual result of [2, Theorem 2.4].

THEOREM 2.2. Let F and F) be minimal closed sets for any element A of A.
(1) If F C Ujen Fy, then there exists an element A of A such that F = F).
(2) IfF # F) for any element A of A, then (Uyepa FA) NF = @.

Proof. (1) Since F C Ujep Fr, we get F = F N (Ujyen Fr) = Uyea(F N Fy). IfF # F) for any
element A of A, then F N F) = & for any element A of A by Lemma 2.1(2), hence we have
@ = Ujea(F N Fy) = F. This contradicts our assumption that F is a minimal closed set.
Thus there exists an element A of A such that F = F.

(2) If (Uyea F1) N F # @, then there exists an element A of A such that Fy N F # &. By
Lemma 2.1(2), we have F) = F, which is a contradiction. [l

CoroLLARY 2.3. Let Fy be a minimal closed set for any element A of A and F) # F, for any
elements A and y of A with A # p. IfT is a proper nonempty subset of A, then (Uyear Fr) N

(UyEF Fy) =Q.
The following result is a generalization of the dual result of [2, Theorem 2.5].

THEOREM 2.4. Let Fy and F), be minimal closed sets for any element A of A and y of T If there
exists an element y of T such that F # F, for any element A of A, then U, er Fy ¢ Upen Fr.

Proof. Suppose that an element y’ of T satisfies F) # F/ for any element A of A. If U1 F, C
Uxea Fa> then we get Fy C Uyep Fi. By Theorem 2.2(1), there exists an element A of A
such that F,, = F), which is a contradiction. O

The dual result of [2, Theorem 4.6] is stated as follows.
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THEOREM 2.5. Let Fy be a minimal closed set for any element A of A and Fy # F, for any
elements A and y of A with A # p. If T is a proper nonempty subset of A, then U,cr Fy C
U)LEA Fy.

Proof. Let  be any element of A\T. Then Fy N (UyerFy) = Uyer(Fx N Fy) = @ and
Fen (Urea Fr) = Upea(Fe N Fy) = F. If UyeFFy = Ujrea Fr, then we have @ = F,. This
contradicts our assumption that F; is a minimal closed set. O

The following theorem is the dual result of [2, Theorem 4.2] and is the key to the proof
of Theorem 2.7, which is closely connected with [2, Theorem 4.7].

THEOREM 2.6. Assume that |A| = 2 and let F) be a minimal closed set for any element A of
A and F) # F, for any elements A and p of A with A # . Then F, C X — Ujeny(y Fr and
hence Uprep 1wy Fr # X for any element p of A.

Proof. By Corollary 2.3, we have the result. O

THEOREM 2.7 (recognition principle for minimal closed sets). Assume that |A| = 2 and
let F) be a minimal closed set for any element A of A and F) # F, for any elements A and y of
A with A # . Then for any element y of A,

Fﬂz(UF,\)m(X— U FA). (2.1)

AEA AeA\{u}

Proof. Let u be an element of A. By Theorem 2.6, we have

(Un)alx- U 5)
(Y m)on)a(x- U )

(2.2)
()l m))elan (e 4 )
AEA\{p} AEAV{p} AeA\{p}
:F,m<X— U Fl)zF,l.
AeA\{u} O

As an application of Theorem 2.7, we prove the following result which is the dual result
of [2, Theorem 4.8].

TuEOREM 2.8. Let F), be a minimal closed set for any element A of a finite set A and F) # F,
for any elements A and p of A with A # p. If Uyea F) is an open set, then F) is an open set for
any element A of A.

Proof. Let u be an element of A. By Theorem 2.7, we have F, = (Uyear Fr) N (X —

Ureaviw F1) = (Urea F1) N (Mreayiuy (X — Fr)). By our assumption, it is seen that
(Mieay iy (X = Fy) is an open set. Hence F, is an open set. |
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As an immediate consequence of Theorem 2.6, we have the following result which is
the dual of [2, Theorem 4.9].

THEOREM 2.9. Assume that |A| = 2 and let F) be a minimal closed set for any element A of
A and F) # F, for any elements A and y of A with A # . If Ujyep Fr = X, then {F) | A € A}
is the set of all minimal closed sets of X.

Let % = {F) | A € A} be a set of minimal closed sets. We call U% = |y F) the corad-
ical of %. The following result about coradical is obtained by [2, Theorem 4.13].

TuEOREM 2.10. Let F) be a minimal closed set for any element A of A and F\ # F, for any
elements A and p of A with A # p. If Uye Fy is an open set, then Uen, () Fa is an open set
for any element y of A.

THEOREM 2.11. Let F be a minimal closed set. Then, Int(F) = F or Int(F) = @.
Proof. If we put U =X — F in [2, Theorem 3.5], then we have the result. O

If S is a proper subset of a minimal closed set, then Int(S) = & and hence S is a pre-
closed set (cf. [2, Corollary 3.7]).

THEOREM 2.12. Let F) be a minimal closed set for any element A of a finite set A. If
Int(Uyen Fr) # O, then there exists an element A of A such that Int(Fy) = F).

Proof. Since Int(Uyep Fa) # &, there exists an element x of Int(U,ca Fr). Then there ex-
ists an open set U such that x € U C [Uyca Fi and hence there exists an element y of
A such that x € F,. By Theorems 2.6 and 2.7, x € U N (X = Uea\ (w3 FA) € (Urea FA) N
(X = Useav iy Fr) = Fy. Since U N (X = Ujeny gy Fr) s an open set, we see that x is an
element of Int(F,) and hence Int(F,) # &. Therefore there exists an element y of A such
that Int(F,) = F, by Theorem 2.11. a

Remark 2.13. If A is an infinite set, then Theorem 2.12 does not hold. For example, see
[2, Example 5.3].

THEOREM 2.14 (the law of interior of coradical). Let Fy be a minimal closed set for any
element A of a finite set A and F) # F, for any elements A and y of A with A # . Let T be a
subset of A such that

Int(F)) =Fy forany €T,

2.3
Int(F)) =2 foranyA e A\T. (2.3)

Then nt(Uyep F1) = Urer Fu(= @ if T = @),
Proof. By [2, Theorem 5.4], we have the result. O

3. Maximal closed sets
The following lemma is the dual of Lemma 2.1.

LemMA 3.1. (1) Let F be a maximal closed set and N a closed set. Then FUN = X or N C F.
(2) Let F and S be maximal closed sets. Then FUS =X or F = S.
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Let F) be a maximal closed set for any element A of A. Let % = {F) | A € A}. We call
N%F = Nyea Fr the radical of F.

CoRrOLLARY 3.2. Let F and F) be maximal closed sets for any element A of A. If F # F) for
any element A of A, then ((yepa FA) UF = X.

Proof. By Lemma 3.1(2), we have the result. O

THEOREM 3.3. Let F and F) be maximal closed sets for any element A of A. If (yep Fx C F,
then there exists an element A of A such that F = F).

Proof. Since (yepaFr CF, we get F=F U ((MieaFA) = Maea(FUF). If FUF), =X for
any element A of A, then we have X = [, (F U Fy) = F. This contradicts our assumption
that F is a maximal closed set. Then there exists an element A of A such that F U F) # X.
By Lemma 3.1(2), we have the result. O

CoROLLARY 3.4. Let Fy and F, be maximal closed sets for any elements A € A and y € T.
If Nyer Fy C Maea Er, then for any element A of A, there exists an element y € T such that
F\=F,

CoroOLLARY 3.5. Let Fy, Fg, and F, be maximal closed sets which are different from each
other. Then

FoaNFg ¢ FeNF,. (3.1)

THEOREM 3.6. Let Fy be a maximal closed set for any element A of A and F\ # F, for any
elements A and y of A with A # p. If T is a proper nonempty subset of A, then (\carFr ¢

ﬂyel“Fy ¢ ﬂ/\eA\rFk-

Proof. Let y be any element of I'. If (ycp\r Fa C F), then we get Fy = F, for some A €
A\T by Theorem 3.3. This contradicts our assumption. Therefore we have (cx\r Fa ¢
(yer Fy. On the other hand, since (), er Fy = Nyea\ ) Fy € Maearr Fr, wehave (e Fy ¢
(Meavr Fr- U

THEOREM 3.7. Let F) be a maximal closed set for any element A of A and F) # F, for any
elements A and p of A with A # u. If T is a proper nonempty subset of A, then (yea Fx

ﬂyGFF}/'
Proof. Let x be any element of A\ T. Then F, U ((),er Fy) = ()er(Fx U F,) = X and F, U

(Miea F) = Miea(Fc U Fy) = F. If (yer Fy = (iea Fa, then we have X = Fy. This contra-
dicts our assumption that F, is a maximal closed set. O

THEOREM 3.8. Assume that |A| = 2 and let F) be a maximal closed set for any element A of
A and Fy # F, for any elements A and y of A with A # . Then X — (Vyepy g Fa C Fy and
hence (yea\yuy F1 # @ for any element p of A.

Proof. Let ube any element of A. By Lemma 3.1(2), we have X — F,, C F), for any element

A of A with A # p. Then X — F, C (ea\ ) Fa- Therefore we have X — (e, gy Fa C Fy.
If MNyeay Fr = D, we have X = F,. This contradicts our assumption that F, is a max-

imal closed set. Therefore we have (Myepyj,; Fr # &. |
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THEOREM 3.9 (decomposition theorem for maximal closed sets). Assume that |A| = 2
and let F) be a maximal closed set for any element A of A and F) # F, for any elements A and
y of A with A # y. Then for any element p of A,

F, = (ﬂ F,l) U (X— N FA). (3.2)

AEA AeA\{u}

Proof. Let y be an element of A. By Theorem 3.8, we have
(o)l
AeA AeA\{u}
(0,00
AeA\{u} AeA\{u}

(3.3)
(0,2 b 0 m))o(mo(x- 0 5)
AEA\{u} AeA\{u} AeA\{u}
:F#U<X— N F;L)zF#.
AeA\{u} [l

THEOREM 3.10. Let F) be a maximal closed set for any element A of A and Fy # F, for any
elements A and p of A with A # p. If Nyea Fa is an open set, then F), is an open set for any
element A of A.

Proof. By Theorem 3.9, we have F, = ((TieaFr) U (X — (eaviw FA) = (MheaFr) U
(UAeAW} (X —Fy)). Then U,\eA\{M}(X — F)) is an open set. Hence F, is an open set by
our assumption. |

THEOREM 3.11. Assume that |A| = 2 and let F) be a maximal closed set for any element A of
A and F) # F, for any elements A and y of A with A # p. If (yepr Fr = @, then {F) | A € A}
is the set of all maximal closed sets of X.

Proof. 1f there exists another maximal closed set F, of X which is not equal to F,
for any element A of A, then @ = (ep FA = (Meauiv)\ (v} FA- By Theorem 3.8, we get
Micavpi o Fx # @. This contradicts our assumption. |

THEOREM 3.12. Assume that |A| = 2 and let F), be a maximal closed set for any element
A of A and Fy # F, for any elements A and u of A with A # p. If Int((ep Fr) = &, then
{Fy | A € A} is the set of all maximal closed sets of X.

Proof. If there exists another maximal closed set F of X which is not equal to F for any
element A of A, then X — F C (ycp Fx by Theorem 3.8. It follows that Int(()er F2) D
Int(X — F) = X — F # @. This contradicts our assumption. O

The proof of the following lemma is immediate and is omitted.

LEmMa 3.13. Let A and B be subsets of X. If AU B = X, and A N B is an open set and A is
a closed set, then B is an open set.
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ProrosiTION 3.14. Let F) be a closed set for any element A of A and F) U F, = X for any
elements A and y of A with A # p. If (\ye Fx is an open set, then (yep\ () Fa is an open set
for any element y of A.

Proof. Let u be any element of A. Since F) U F, = X for any element A of A with A # y,

we have FI" U (ﬂlEA\{}A} FA) = n/\EA\{y}(FH U F)L) =X. Since F‘u N (ﬂAEA\{ﬂ} F)\) = m/\EAF/\
is an open set by our assumption, ())c\ ) Fa is an open set by Lemma 3.13. O

THEOREM 3.15. Let F) be a maximal closed set for any element A of A and F) # F, for any
elements A and y of A with A # p. If (yep Fy is an open set, then Ny, Fa is an open set
for any element p of A.

Proof. By Lemma 3.1(2), we have F) U F, = X for any elements A and y of A with A # .
By Proposition 3.14, we have (), 143 F) is an open set. O

4. Minimal open sets and maximal open sets

In this section, we record some results on minimal open sets and maximal open sets,
which are not proved in [1, 2]. The proofs are omitted since they are obtained by dual
arguments.

Let U = {U) | A € A} be a set of minimal open sets. We call |JU = (U, Uy the corad-
ical of U. By an argument similar to Theorem 2.2, we have the following result.

THEOREM 4.1. Let U and U, be minimal open sets for any element A of A.
(1) If U € Ujen Uy, then there exists an element A of A such that U = U,.
(2) If U # U, for any element A of A, then (Uyea Uy) N U = @.

CoRrOLLARY 4.2. Let Uy be a minimal open set for any element A of A and U, # U, for any
elements A and p of A with A # p. If T is a proper nonempty subset of A, then (Uyear Ur) N
(Uyer Uy) =0Q.

The following results are shown by the arguments similar to the proofs of Theorems
2.4, 2.5, and 2.6, respectively.

TuEOREM 4.3. Let Uy and U, be minimal open sets for any elements A € A and y € I. If
there exists an element y of T such that Uy # U, for any element A of A, then U,er U, ¢

U)LeA U).

THEOREM 4.4. Let Uy be a minimal open set for any element A of A and U, # U, for any
elements A and p of A with A # p. If T is a proper nonempty subset of A, then U,er Uy C
Uiea Ur.

THEOREM 4.5. Assume that |A| = 2 and let Uy be a minimal open set for any element A of

A and Uy # U, for any elements A and y of A with A # . Then U, C X — Uy Ur and
hence Uyen (uy Ur # X for any element y of A.

We obtain the following result for minimal open sets (cf. Theorems 2.7 and 3.9).

THEOREM 4.6 (recognition principle for minimal open sets). Assume that |A| = 2 and let
Uy be a minimal open set for any element A of A and Uy # U, for any elements A and u of A
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with A # . Then for any element p of A,

UH=<UUA)O<X— U UA>. (4.1)

AeA AeA\{u}

THEOREM 4.7. Let Uy be a minimal open set for any element A of any set A and Uy # U, for
any elements A and y of A with A # . If Uyca Ul is a closed set, then U, is a closed set for
any element A of A (cf. Theorems 2.8 and 3.10).

THEOREM 4.8. Assume that |A| = 2 and let U) be a minimal open set for any element A of A
and Uy, # U, for any elements A and u of A with A # p. If Uyea Uy = X, then {Uy | A € A}
is the set of all minimal open sets of X (cf. Theorems 2.9 and 3.11).

THEOREM 4.9. Assume that |A| = 2 and let Uy be a minimal open set for any element A
of A and Uy # U, for any elements A and u of A with A # u. If Cl(Ujep Up) = X, then
{Ux | A € A} is the set of all minimal open sets of X (cf. Theorem 3.12).

Example 4.10 (the digital line). The digital line is the set Z of the intergers equipped with
the topology 7 having a family of subsets S = {{2k — 1,2k,2k + 1} | k € Z} as a subbase.
We consider a set of minimal open sets {Ux = {2k + 1} | k € Z}. Then Cl(Ugez Ux) =
Cl({2k+1 | k € Z}) = Z and hence {Uy = {2k + 1} | k € Z} is the set of all minimal open
sets in (Z,1).

Finally we consider maximal open sets. The following results are the duals of Theorems
2.2(1) and 2.4.

THEOREM 4.11. Let U and U) be maximal open sets for any element A of A. If U D [y Ua,
then there exists an element A of A such that U = U,.

Tueorem 4.12. Let Uy and U, be maximal open sets for any elements A of A and y of T.
If there exists an element y of T such that Uy # U, for any element A of A, then (\,er U, D
ﬂ)LEA U
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