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Using the relationship between Jacobi forms of half-integral weight and vector valued
modular forms, we obtain the number of components which determine the given Jacobi
form of index p, p? or pq, where p and g are odd primes.
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1. Introduction

In his recent papers, Skogman [4, 5] showed that when certain components of a vec-
torvalued modular form associated to a Jacobi form of weight k (k is a positive integer)
and index m are zero, then some of the other components must be zero, where m is a
square-free positive integer. More precisely, he showed that a Jacobi form of weight k and
square-free index on the full Jacobi group is uniquely determined by any of the associated
vector components.

In this article, we generalize the work of Skogman to Jacobi forms of half-integral
weight.

2. Preliminaries and statement of results

Let k, N be positive integers and let y be a Dirichlet character modulo 4N. Let ¢ denote
the complex upper half-plane. For a complex number z, let

Vz = |z|V2e7Pu8%  with — 7 < argz <7,

v f (2.1)
Z¥* = (Jz)" foranykeZ.
For z € C and a,b € Z, we put ¢f(z) = e>™%®, When a or b equals 1, we write e{(z) =
e’(z), e} (z) = ep(z), and when a = b = 1, we write e{ (z) = e(z). For a,b € Z, the symbol
a (modb) means a set of congruent classes modulo b and gecd(a,b) means the greatest
common divisor of a and b.
A Jacobi form ¢(7,z) of weight k +1/2 and index m for the group I'y(4N), with char-
acter y, is a holomorphic function ¢ : # x C — C satisfying the following conditions.
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2 Jacobi forms of half-integral weight
(@)

-1, k+1/2 — 2
(2) (74) (CT+d)—k—1/zem(W+)L21+2/1z+)ty>

ar+b z+At+u
X¢(cr+d’ ct+d

(2.2)

) = x@(z2),

wherere ¥, zeC,y= (¢ 2) €To(4N) and A, € Z and (3) denotes the Jacobi symbol.
(ii) For every o = (¢ Z) € SL,(Z),

(cr+d)7k71/2em( —cz? )¢(ar+b z ) (23)

ct+d ct+d’ ct+d

has a Fourier development of the form

Z cpa(n,rle(nt +rz), (2.4)

nreQ
r2<4nm

where the sum varies over rational numbers #, r with bounded denominators subject to
the condition r? < 4nm.

Further, if cyq(n,r) satisfies the condition cyq(n,7) # 0 implies r? < 4nm, then ¢ is
called a Jacobi cusp form. We denote by Ji+1/2,:(4N, ) the space of Jacobi forms of weight
k+1/2, index m for Ty(4N) with character y. For other details, we refer to [3, 6].

Let ¢(7,2) be a Jacobi form in Ji1/2,m(4N, ). Then its Fourier expansion at the infinite
cusp is of the form

¢(1,2) = Z cg(n,r)e(nt +rz). (2.5)

nreZ
r’<4nm

The following property of the Fourier coefficients of a Jacobi form of half-integral weight
follows easily as in the case of integral weight case (see [2]).

LEMMA 2.1. Let ¢ € Jis1/2,m(4N,x) having a Fourier expansion as in (2.5). Then cp(n,1)
depends only on 4mn — r? and on r (mod 2m).

For D < 0, u(mod2m), define c,(|D]) as follows:

4m
0 otherwise.

2_D .
c(|Dl) := {C¢(r—,r> if D = y*(mod4m), r = y(mod2m), (26)

For y(mod2m), let

(oY)

hi(t):= > c.(IDl)esn(IDI7). (2.7)

[D|=0
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For a(mod2m), the Jacobi theta function is given by

Au(1,2) = Z e<%1+rz). (2.8)

rel
r=a(mod2m)

By standard arguments (see [2, 4]), the Jacobi form ¢ € Ji+1/2,m(4N, x) can be expressed
as follows:

$(1,2) = > h(1)9(1,2). (2.9)

u(mod2m)

We now state our results.

THEOREM 2.2. Let ¢(7,2) € Jkr1/2,p (4N, x), where p is an odd prime such that gcd(N,2p) =
1. For some a, f(mod2p) with2{a, 2 | B and ged (af, p) = 1, if ha(1) = 0 and hg(t) = 0,
then ¢(1,2z) =0

TueoREM 2.3. Let ¢(7,2) € Jir1/2,p(4N,x), where p is an odd prime such that p | N. Then
among the 2p components h, (1), A, of them determine the Jacobi form ¢(7,z), where

A = {p—l if x 1s odd, (2.10)

p+1 ifyiseven.

THEOREM 2.4. Let ¢(7,2) € Jkr1/2,p4(4N, ), where p, q are distinct odd primes. Then the
components hy and hg with 2 | a, 21 B and ged(ap, pq) = 1 determine the associated Jacobi
form ¢(7,2).

THEOREM 2.5. Let ¢(7,2) € Jk+1/2,p2(4N, x), where p is an odd prime such that gcd(p,N) =
1. Then among the 2p* components h, (1), the following components:

{hashp},2 1 a, 24 b,ged(ab, p) = 1, {haip,hinp ity - 1)/2 (2.11)
when y is even and
{hahe}, 21 a, 21b, ged(ab,p) =1, {hz(i+1)p}§£53)/2, {hai-nphis, (p-1r2, (2.12)

when x is odd determine the Jacobi form ¢(t,z). In other words, at most p+1 or p+3
(according as y is odd or even) of the components h, will determine the Jacobi form ¢(7,z).
3. Proofs

We need the following lemma, which was proved by Tanigawa [6, Lemma 3].

LemMa 3.1. Let ¢(7,2) € Jkr1/2,m(4N,x) and let hy, o (mod2m) be a component of ¢ as
described in (2.9). Then the following formulas hold for h,(7)

(@)

h-o(7) = ¥(=1Dha(7). (3.1)
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(ii)
ho(T + b)esm (a?b) = hy(1), foranybeZ. (3.2)
(iii)
T
@NT+ D) = S Eaphs( ) (33)
B(mod2m)
or equivalently,
—k T
( —4NT+1) ha(m> = z fa’ﬁh[;('f), (34)
B(mod2m)
where
1
Epg==—— >  em(—4Ny*+2y(B—a)). (3.5)
2m y(mod2m)

Remark 3.2. The above lemma gives the relationship among the h, (7). If one of the h,(7)
is zero, then there is a linear dependence equation among the h,(7) which is given by the
transformation rule (iii) of the lemma. It is natural to ask about the maximum number
of components h,(7) that can be zero in order that the given form ¢ is nonzero. Our
theorems are motivated by this question considered by Skogman for the Jacobi forms of
integral weight. Note that if y is an odd character, that is, y(—1) = —1, then ho(7) =0 =
h,, (1), which follows from (i) of the above lemma.

Remark 3.3. Let ¢(71,2) € Jk+1/2,1 (4N, x) be a Jacobi form of index 1. Using (i) of Lemma
3.1, we see that when y is an odd character, then ¢(7,z) = 0. Therefore, there is no nonzero
Jacobi form of weight k +1/2 and index 1 when the character y is odd.

Remark 3.4. Let m = 2. In this case the Jacobi form ¢(7,2z) € Ji+1/22(4N, x) will have four
components h,(7), u = 0,1,2,3. When y is an odd character, then using (i) of Lemma 3.1
we get hp = 0 = hy, and h; = —hs. Therefore, h;(7) or hs(r) determines ¢(7,z) €
Jir1/2,2(4N,x) when y is odd. Now, let ¢(7,2) € Ji+1/2,2(4N,x), N odd, and y be an even
character. In this case, h; = h3. Also, it can be seen that §,; = &3 = 0 and &), = 1. Using
this in the transformation (iii) of Lemma 3.1 and substituting « = 0 and assuming that
ho = 0, we get

0 = &o,1h1 (1) + & ha (1) + &0 3h3(1)

=28,1h1 (1) + & 2ha (1) = hy (7). (3.6)

Therefore, hy = 0 implies that i, = 0. Already we have seen that /; determines /3. This
shows that ho(7) and h,(7) determine ¢(7,z) when m = 2, y is even and N is odd.

Before we proceed to prove the theorems, we will evaluate the Gauss sum in (3.5) when
m is odd and ged(m,N) = 1.
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LEMMA 3.5. Let m be an odd natural number such that gcd(m,N) = 1 and let &g be the
Gauss sum as defined in (3.5). Then

Jm

0 otherwise,

1 (—-N _ .
Eaﬁ:{—(?)emem((m) B-w?) if2] (B~ a) o)

where (4N)~! is an integer which is the inverse of 4N modulo m and €,, = 1 or i according
asm=1or3 (mod4).

Proof. Since gcd(2,m) = 1, we write the representatives r(mod2m) as r = mr, + 2ry,
where 7| varies modulo 2 and r, varies modulo m. Then the Gauss sum simplifies to

ZL D> em(—ANT +n(B—a))ex(r(B— ). (3.8)

m r1(mod2)
r2(modm)

The sum modulo 2 is zero unless 2 | (8 — &) and the sum over m is the standard quadratic
Gauss sum if ged (m,2N) =1 (see, e.g., [1, page 195]). Therefore, if 2 | ( — &), we have

e Lo o) 3 et

r(modm)
- %ﬁ (535 )emem((aN) 8- w?) (3.9)
1

- ﬁ(%)eme4m(<4w>*l<ﬁ—a>2>,

where (4N)~! denotes an integer such that 4N(4N)~! = 1(modm). O

3.1. Proof of Theorem 2.2. We begin this section by observing some properties of &, g.
Using the definition of &, g it can be easily verified that

bup=Eap  Eup=Eap (3.10)

Assume that for an odd «, 0 < a < 2p with ged(a, p) = 1, we have hy(7) = 0. We will
show that h,(7) = 0 for all odd u(mod2p). By Lemma 3.1(i) we have h_o(7) = 0. Substi-
tuting hy = 0 = h_, in the equivalent form of Lemma 3.1(iii), we get

D &aphp(t) =0, > & php(r) =0. (3.11)
B B

Observe that in the expansion of each of the hg(7), only hg(7) and h_g(7) have terms of
the form e((—a?/4p)7)e(nt) (since x = y?(mod4p) has only two solutions +y modulo
2p if gcd(y, p) = 1). Using this in the above inversion formulas, we get

Saphp(T) + &0 php(T) = 0,

§aphp(t)+& o-php(t) =0. (3.12)
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Hence,

hy(t) = —Eg"; h g(t) =

Claim 1. For f(mod2p) with ged(f3,2p) = 1, we have

_ E—a,—[i
P (o) (3.13)

E*tx,ﬁfoc,fﬁ # fﬂt,ﬂf*tx,*ﬁ for o = ﬁ(modZ) (3.14)

From this it follows that h_g(7) = 0 = hg(7) when gcd(B,2p) = 1.

Proof of Claim 1. Assume the contrary, that is, assume that

ffrx,ﬁfrx,fﬁ = fa,ﬁf—(x,—ﬁ- (3.15)
Then it follows that
Ep=% p (3.16)
from which we should have
EDt,‘B = J—rfa,f‘li- (3.17)

We will now show that the last identity is not true when ged(,2p) = 1.
By Lemma 3.5, we get

1 (=N
£ g= —(—)e esy (N’ (a+ B)?) (3.18)
B=p\p JCren B
if 2 | (a+f3), where N’ is an integer such that (4N)N’ = 1(mod p). Therefore, for (3.17)
to be true we must have

ep(=N'af) = =1, (3.19)

which implies that p | N'af, a contradiction. Similarly, if one starts with i, = 0 for even
a, then hg = 0 for all B even with gcd(B, p) = 1. It remains to show that ho(7) = 0 = h, (7).
If x is an odd character, then as remarked in Remark 3.2, we have hy(7) = 0 = h,(7). So,
let x be an even character. If h,(7) = 0 for an even «, then applying the inversion formula
as before and observing that x> = 0 (mod4p) has only one solution x = 0 modulo 2p,
we have &, ohy(7) = 0. Since &y # 0, it follows that hy(7) = 0. Similarly, one can prove
that h,(7) = 0 by considering the square class p?> modulo 4p which has only one solution
(= p) modulo 2p. This completes the proof of Theorem 2.2. O

3.2. Proof of Theorem 2.3. Here the index is p and p | N. In this case, we have

: (3.20)
0 otherwise.

1 if2 -a),
G=g, 3 ezp(yw—a)):{ w2p 1 (F =)

y(mod2p)
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In other words, &g # 0 if and only if & = f(mod2p). Therefore, property (iii) of Lemma
3.1 won’t give any dependency relation among the h,(7). Now let y be an odd character.
In this case, as observed before, we have hy(1) = 0 = h,(7). Also, by the same property
(i) of Lemma 3.1, we have hy(7) = —h_4(7). So, in the remaining 2p — 2 components, if
we assume that p — 1 of them are zero, then ¢(7,z) = 0. This completes the first part. If
X is an even character, we cannot conclude that h and h,, are zero. Therefore, combining
with the property hy(7) = h_q(7) we see that one needs p — 1 +2 = p+ 1 components kg
to determine the given Jacobi form ¢.

Remark 3.6. The number of components as obtained in Theorem 2.3 is minimal in the
sense that it is not possible to reduce the number by using the properties stated in Lemma
3.1. It is unclear whether one could obtain smaller bounds using other methods.

3.3. Proof of Theorem 2.4. Asm = pq, p, q are distinct odd primes with gcd(pq,N) =1,
by Lemma 3.5, we have

1 -N ,
s = o (E)epqe4pq (N’ (oc+B)2) (3.21)

if 2 | (a+ ), where N” is an integer such that (4N)N’ = 1(mod pq). We group the residue
classes modulo 2pq, which are square roots of the squares modulo 4pg, as follows:

(a) those having 4 square roots with ged(y, pq) = 1, which are ¢(pq)/2 in number;

(b) those having 2 square roots with gcd(y, pg) = p or g, which are (¢(p) +¢(q)) in

number;

(c) those having only one square root, which are 2 in number, namely, {0, pq}.
Now assume that h, = 0 for some a with 2 | @ and ged(a, pg) = 1. We claim that hg = 0 for
all B(mod2pq), where f is even. We already know that h, = 0, implies h_, = 0. Note that
v and —v satisfy the congruence v* = a?>(mod4pq). Now applying the inversion formula
(iii) of Lemma 3.1, we get

goc,vhv('[) + goc,—vh—v(f) =0,

Eayhy(1) +E o _yh_y(T) =0, (3.22)
or
() == %’l:h,y(f) == Eg_a;;vhv(f)- (3.23)
Claim 2.
f"‘ -V fﬂx -
, o 3.24
E‘Xﬂ’ # f—om/ ( )
equivalently,

foc,fvgfa,v ?é faﬂ/f*a,*V' (3‘25)
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Proof of Claim 2. Assume that the claim is not true. Then by using (3.10), we get
v =8y O Lay=xlu (3.26)
As in the proof of Theorem 2.2, we have
ayv = +&uy = epg(—N'av) = £1. (3.27)

Since a, v are relatively prime to pg, the above relation is not true, which proves the claim.
This shows that

h_y(7) =0 = h, (7). (3.28)

Next, by assuming that hy = 0, 2 | a with ged(a, pq) = 1, we prove that hg = 0 for all
2| B, ged(B, pg) = 1 such that 2 # a>(mod4pq). Observe that the above arguments show
that h, = 0 for all v in the same square class &> modulo 4pq (which are 4 in number,
namely, a, —a, v, and —v). Let a, b be residue classes modulo 2pq such that 2 | a, 2 | b,
a? = b*(mod4pq) and a*> # a*(mod4pq). Now applying the inversion formula (iii) of
Lemma 3.1 for hy, h_4, hy, h—,, we have the following:

foc,a fa,fa fa,b £0¢,7b ha(T)
ffa,a fﬂx,fa gﬂx,h ffoc,fh hfa(T)

o O O O

= 3.29
gv,a fv,—a gv,b gv,—b hb(T) ( )
g—v,a f—v,—a f—v,b E—v,—b h—b(T)
Let A denote the above 4 X 4 matrix. If det A # 0, then it follows that
ha(7) = h_o(7) = he(7) = h_p(7) = 0. (3.30)

Thus, assuming that h, = 0 for some « with 2 | a, gcd(a, pq) = 1, we have shown that hg
is zero for all other f8 even such the ged(f3, pg) = 1. Therefore, it remains to prove in this
case that det A # 0. This is equivalent to show that det A" # 0, where

e4pq(_N,(“_a)2) e4pq( N,(OH'“)Z) e4pq( N’ (a— b)z) e4pq(_N,(‘x+b)2)
A= e4pq(_N,(0‘+a)2) e4pq( ~N'(a—a)?) e4pq( —N'(a+b)?) e4pq(_N,(“_b)2)
eapg(—=N'(v=a)*) espg(=N'(v+a)?) espg(—=N'(v=0)*) espg(—N'(v+b)?)
eapg(=N'(v+a)?)  espg(=N'(v—0a)?) e4pq(— N’(V+b)) e4pq(_N,(V_b22) :
3.31
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Write

., (A B
A = (c D), (3.32)

where A, B, C, D are 2 X 2 matrices. It is easy to see that AC = CA. Also A is nonsin-
gular, as detA = 0 implies that espq(4N"aa) = eqp,(—4N’aa), or equivalently, —2N'aa =
0(mod pq), a contradiction since ged(a, pq) = 1 = ged(a, pq).

Now detA’ = R? — §2, where

R = e3pq(N'(aa+vb)) + e2pq (—N'(aa+vb)) —epq (N’ (va+ab)) —ezpq (—N'(va+ab)),

S=e2pq(N'(aa—vb)) +e2pq(—N'(aa—vb)) —e2pq (N' (va—ab)) — e2pq (—N'(va — ab)).
(3.33)

It can be seen that det A’ = 0 implies that R = +S, which is impossible. This completes
the proof of the even case. Similarly, assuming hg = 0 for some 8 odd with gcd(B, pg) = 1,
we can show that h, = 0 for all « odd, ged(a, pg) = 1.

Finally, assume that hy = 0 for some « with 2 | « and gcd(«, pq) = 1. We claim that
hg = 0 for all (mod2pq), where 8 is even and gcd(f, pg) = p or g. Suppose that gcd(f3,
pq) = p, thatis, § = pff’, where ged(f’,q) = 1. We already know that h, = 0 implies h_, =
0. Now applying the inversion formula (iii) of Lemma 3.1, we get

Eaphp(T) +&4_ph_p(1) =0,

E aphp(T) +& o ph p(r) =0 (3.34)
or
hg(1) = — fga—ﬁﬁ h (1) =— E—_‘;)—ﬁﬁ h_g(7). (335)

But by Claim 1 we see that §, g # *&,, which implies hg = 0 = h_.
Since the cases  even and ged(f3, pgq) = g and f odd and ged(B, pq) = p or g are similar,
this completes the proof. O

3.4. Proof of Theorem 2.5. In this case, we group the residue classes (modulo 2 p?) which
are square roots of the squares modulo 4p? as follows.
(a) The square roots of a?, gcd(a, p) = 1 are +a. The total number of such squares
are ¢(p*) = p(p — 1) and the total number of square roots are 2p(p — 1).
(b) The square roots of 0 are given by 2ip, where i = 0,1,2,..., p — 1. The total num-
ber of these square roots are p.
(c) The square roots of p? are given by 2(i+ 1) p, where i = 0,1,2,..., p — 1. The total
number of these square roots are p.
By Lemma 3.5, the value of the Gauss sum in this case equals

1 _ 2
$ap = Fiis ((4N)1 (/32—“> ) (3.36)
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where (4N) 714N = 1(mod p?), if 2 | (8 — «). Now we assume that h,(7) = 0 for some a
with 2 | a and gcd(a, p) = 1. We show that h;, = 0 for all b even with ged(b, p) = 1. We
already know that h, = 0 implies h_, = 0. Then as before, applying the inversion formula
(iii) of Lemma 3.1, we get

Eaphp (1) +&a—ph_p(1) = 0,

Eaphp(1) +E 4 ph_p(T) =0 (3.37)
or
hy(7) = - bact hoy(t) = — Sab h_p(7). (3.38)
fa,b E—a,b

Now, proceeding as in the proof of Theorem 2.2, we see that the above relation does not
hold, since gcd(p,2Nab) = 1.

Now using h, = y(—1)h_,, among the p components hy;,(7),0<i<p—1,(p—1)/2+
1 of them determine the rest. Similarly, among the p components h(i1),(7), 0 < i <
p—1,(p—1)/2+1 of them determine the rest. Note that if y is an odd character, then
ho = 0 = hy2. The proof is now complete.

Remark 3.7. We feel that the components hg, 2 | a and hy, 2 1 b, where ged(ab, p) = 1,
will determine the Jacobi form ¢(7,z) in Theorem 2.5. We have already shown that these
components determine the other components h,, such that gcd(y, p) = 1. So, it remains to
prove that one of h,, 2 | a and one of hy, 21 b with ged(ab, p) = 1 will determine the other
hy corresponding to the square classes 0 and p*. Assuming that b, =0 =hy, 2 1 a, 21b
with ged(ab, p) = 1, we use property (iii) of Lemma 3.1 to get a system of equations in-
volving h, corresponding to the square classes 0 or p?. Using the fact that b, = y(=1)h_,
we obtain a system of equations in (p + 1)/2 variables and the number of such equa-
tions will be (p? —1)/2 — [(p — 1)/2], where [x] denotes the greatest integer < x. So, it is
enough to show that the resulting matrix has rank (p + 1)/2. We have verified this fact for
the first few primes. We do not know whether this fact can be proved in generality.

Remark 3.8. The result for the case of integral weight Jacobi forms obtained by Skog-
man [4, Theorem 3.5] and the corresponding result for the case of half-integral weight
Jacobi forms obtained in Theorem 2.5 give different characterizations when m = p?. This
is mainly due to the appearance of quadratic Gauss sum in property (iii) of Lemma 3.1,
whereas exponentials appear in the case of integral weight. Moreover, the appearance of
the quadratic Gauss sum makes it difficult to construct various h, functions from one
another as was done in Skogman’s work [4, Section 5].

Remark 3.9. In principle, one can obtain characterization in the case of square-free index
as done by Skogman [5].
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