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We introduce and study a class of general quasivariational-like inequalities in Hilbert spaces,
suggest two general algorithms, and establish the existence and uniqueness of solutions for
these kinds of inequalities. Under certain conditions, we discuss convergence and stability
of the three-step iterative sequences generated by the algorithms.
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1. Introduction. In the last 30 years, variational inequalities have made much de-
velopments in the theory and applications, see, for example, [1, 3, 4, 6, 7, 8, 9] and
the references therein. Recently Ding and Luo [1], Hassouni and Moudafi [3], Huang [4],
Liu, et al. [6], and others introduced and studied some classes of varitional inequalities
and variational-like inclusions in Hilbert spaces, proved the existence and uniqueness
of solutions, and developed some new perturbed iterative algorithms for finding the
approximate solutions for these variational inequalities and variational-like inclusions.

In this paper, we introduce and study a class of general quasivariational-like inequal-
ities in Hilbert spaces, suggest three-step perturbed iterative algorithms, and establish
the existence and uniqueness of solutions for these kinds of inequalities. Under certain
conditions, we discuss convergence and stability of the three-step perturbed iterative
algorithms. Our results extend, improve, and unify the results due to Ding and Luo [1],
Hassouni and Moudafi [3], and Huang [4].

Throughout this paper, we assume that H is a real Hilbert space endowed with the
norm || - || and inner product (-, -), respectively,and R = (—c, o). Let A,B,C,g, m: H —
H and n:H xH — H be mappings and let ¢ : HXH — RU {+c0} be a proper functional
such that for each fixed y € H, ¢(-,y) : H— RU {+} is lower semicontinuous and
n-subdifferentiable and (g —m) (H) ndomdg(-,y) # @. We now consider the following
general quasivariational-like inequality problem.

Find x € H such that (g—m)(x) € domodg(-,x) and

(A(x) = (B(x)=C(x)), n(y,(g-m)(x)))

(1.1)
= ¢p((g-m)(x),x)-p(y,x) VyeH,

where (g—m)(y) =g(y)—-m(y) forall x € H.
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SPECIAL CASES. (a) If C(x) = m(x) =0 for all x € H, then problem (1.1) reduces to
finding x € H such that g(x) € domo¢(-,x) and

(A(x)=B(x),n(y,9(x))) = p(g(x),x) - Pp(y,x) VyeH, (1.2)

which is called the general quasivariational-like inclusion, introduced and studied by
Ding and Luo [1].

b)If C(x) =m(x)=0,n(y, x) =y —x,and ¢p(x, ) = ¢p(x) for all x,y € H, then
problem (1.1) reduces to determining x € H such that g(x) € domd¢p(x) and

(A(x)-B(x),y—g(x)) =P(g(x))-p(y) VyeH. (1.3)

This concept was introduced and studied by Hassouni and Moudafi [3] and Huang [4].
Next we recall some definitions and notations.

DEFINITION 1.1 [1]. Let n: H X H — H be a mapping. A proper functional ¢ : H —
RuU {+0o0} is said to be n-subdifferentiable at a point x € H if there exists a point f* € H
such that

(f*,n(y,x)) <p(y)-Pp(x) VyeH, (1.4)

where f* is called an n-subgradient of ¢ at x. The set of all n-subgradients of ¢ at x
is denoted by 0¢(x). The mapping d¢ : H — 2H is defined by

0p(x) ={f*eH:p(y)—p(x) = (f*n(y,x)), Vy €H}. (1.5)

DEFINITION 1.2 [1]. Let ¢:H — RU{+o} be a proper functional and n: HxH — H
be a mapping. For any given x € H and any p > 0, if there exists a unique point u € H
such that

(u—x,n(y,u)) = pdp(x)—pp(y) VyeH, (1.6)

then the mapping x — u, denoted by Jgd’(x), is said to be an n-proximal mapping of
¢. By (1.5) and the definition of Jg‘i)(x), it is deduced that x —u € pd¢ (u). It follows
that JS¢(x) = (I+p8¢>)’1 (x), where I is the identity mapping on H.

DEFINITION 1.3 [1]. A functional f: HxXH — RuU {+o} is said to be 0-diagonally
quasiconcave (0-DQCV) in x if for any finite set {xy,x2,...,x,} C H and for any y =
S AixiwithA; = 0and Y1, A =1,

min f(x;,y) <0. (1.7)

l<i<n

DEFINITION 1.4. A mapping g: H — H is said to be
(i) strongly monotone if there exists a constant » > 0 such that

(gx)-g(y),x-y)zrlx-yII* Vx,y€H, (1.8)
(ii) Lipschitz continuous if there exists a constant » > 0 such that

llg(x) g <7lx-yI Vx,yeH. (1.9)



CONVERGENCE AND STABILITY ... 3851

DEFINITION 1.5. A mapping n: H xH — H is said to be
(i) o-strongly monotone if there exists a constant 6 > 0 such that

(n(x,»),x-y)=6lx-yll* Vx,y€H, (1.10)
(ii) T-Lipschitz continuous if there exists a contant T > 0 such that
InGe,»ll<tlx-yl Vx,yc€H. (1.11)

DEFINITION 1.6 [2]. Let T be a mapping from H into H, xo € H, and let x, 1 =
f(T, x,) define an iterative procedure which yields a sequence of points {x,};_, < H.
Let F(T) = {x € H:x = Tx} # @. Suppose that {x,};_, converges to q € F(T). Let
{Yntn—o € H and let €, = [|yn+1 — f(T,¥n) |l for each n = 0. If lim,,—. &, = 0 implies
that lim,, .. V» = g, then the iteration procedure defined by x,,.1 = f(T,xy) is said to
be T-stable or stable with respect to T.

The following lemmas play an important role in proving our main results.

LEMMA 1.7 [1]. Letn:HXH — H be §-strongly monotone and T -Lipschitz continuous
such that n(x,y)+n(y,x) =0 for all x,y € H and for any given x € H, the functional
h(y,u) = (x —u,n(y,u)) is 0-DQCV in y. Let ¢ : H — R be a lower semicontinuous
n-subdifferentiable proper function and let p > O be an arbitrary constant. Then the
n-proximal mapping ngb of ¢ is (T/0)-Lipschitz continuous.

LEMMA 1.8 [5]. Let {&n}n_o, {Bnlneo, and {yn},—o be three nonnegative sequences
satisfying the following inequality:

o1 < (1 —wp) oty +Bnwn+yn VYn=0, (1.12)

where {wy}y_o S 10,11, 350 Wn =00, >0 o ¥n < 0, andlimy_.. By = 0. Thenlim, . &y,
=0.

LEMMA 1.9. Letp >0bea constantand]2¢("X) =({I+0¢(-,x))"! forall x € H. Then
the following conditions are equivalent to each other:
(i) problem (1.1) has a solution u € H;
(ii) there exists u € H satisfying the following relation:

gy =m@) + ;" ((g-m)w) —p(Aw) - (Bw -Cw))));  (1.13)
(iii) the mapping T : H — H defined by
Tx=x-(g-m)(x)+J3?" (f(x)) VxeH, (1.14)
has a fixed point u € H, where

f(x)=(g-m)(x)—p(A(x) - (B(x)-C(x))) VxeH. (1.15)

PROOF. It is clear that (ii) and (iii) are equivalent. Note that (i) holds if and only if
there exists u € H satisfying

—A(u) +B(u)-C(u) € 0p((g—m)(u),u), (1.16)
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which is equivalent to finding u € H such that

(A(u)— (B(u)—Cu)),n(y,(g-m)(u)) = p((g-m)(u),u)-p(y,u) VyeH.
(1.17)

That is, (i) and (ii) are equivalent. This completes the proof. |

REMARK 1.10. Theorem 3.1 in [1] is a special case of Lemma 1.9.

Based on Lemma 1.9 we suggest the following three-step perturbed iterative algo-
rithms.

ALGORITHM 1.11. Let A,B,C,g,m : H - H, n: Hx H — H be mappings and let
¢n : HXx H — R be functional for each n > 0. Suppose that for each given x € H and
n > 0, the n-proximal mapping of ¢, (-,x) exists. For any given 1y € H, the three-step
perturbed iterative sequence {u,},_, S H is defined by

wn = (L—cp)un+cn[un—(g—m)(un) +Jg¢n(.'un)(f(un))] +Pn,
Un = (1=bp)up + by [wn = (g =m) (wn) + 5" (f (wn)) ] +dn, (1.18)

Uns1 = (1—an)uy +an[vy—(g-—m)(vy) +Jg¢"("v")(f(vn))] +71,, n=0,

where f is defined by (1.15), {Pnln—0s {dnlneos {(¥nlno are any sequences in H and
{antpmor 1bnlm_o, tCn}n-o are arbitrary sequences in [0, 1] satisfying

S a, = . (1.19)

ALGORITHM 1.12. Let A,B,C,gom : H — H, n: Hx H — H be mappings and let
¢ : Hx H — R be a functional. Suppose that for each given x € H, the n-proximal
mapping of ¢ (-,x) exists. For any given 1, € H, the three-step iterative sequence with
errors {Un}n_o S H is defined by

wy = (1=cp)uy +cnT(Uy) + pu,
Up = (1=bn)un +byT(wy) +dn, (1.20)
Upi1 = (1—an)un+anT(vy) +71, n=0,
where T is defined by (1.14), {pnln-0, {dn}n-0» {¥nin- are any sequences in H, and
{antp—0s 1bntn—g, {cnln-o are arbitrary sequences in [0, 1] satisfying (1.19).

REMARK 1.13. Algorithms 3.3 and 3.4 in [1] are special cases of Algorithm 1.11.

2. Convergence and stability

THEOREM 2.1. Let A,B,C,g, and m : H — H be Lipschitz continuous mappings with
constants ,y, o, v, and C, respectively, and let A and (g —m) be strongly monotone with
constants x and &, respectively. Let n : Hx H — H be strongly monotone and Lipschitz
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with constants 6 and T, respectively, satisfying n(x,y) +n(y,x) = 0 for any x,y €
H, and for each given x € H, the functional h(y,u) = (x —u,n(y,u)) is 0-DQCV in
. Suppose that ¢ : HxX H — R satisfies that for each fixed v € H, ¢(-,u) is a lower
semicontinuous n-subdifferentiable proper functional with (g—m)(H)ndomo¢(-,y) +
@. Assume that there exists a constant u > 0 such that

1752 2 =15 @) <ulx-yIl Vx,3,z€H, 2.1)

Letk=p+(1+71/68)4/1-2E+ (v+T)2. If there exists a constant p > 0 satisfying

ﬁy—f)(f) (2.2)
and one of the following conditions:
B>y+o,
To> 8(1-k) (y +0) ++/[B2 — (y +0)2][12 — (1 - k)282],
o= | e
Ara=s1-ky+o) - [B - (y+0)][T?=62(1-k)’]
T[B2—(y+0)?] ’
B=y+o, Ta>8(1-kB, p> zT[TiZ—(l(;—k;j)g(;:a)]; (2.4)
B<y+o,
’ 7(lfk)6(y+ra)fﬂx
T[(y+0)%-p?] (2.5)

g JIra—s(1 -k (y+0) *+[(y +0)2 — B2][12 = (1 - k)262]
T[(y+0)2-p?] '

then problem (1.1) has a unique solution u € H.

PROOF. It follows from the strong monotonicity of A and (g — m) and Lipschitz
continuity of A, g, and m that
lx =y = ((g=m)(x) = (g—m) ()|
= Ix =12 =2{x = ¥,(g-m)(x) — (g-m) (M) +[(g-m) (x) — (g -m) ()|
<[1-28+(v+D)?llIx-»I?
llx —y —p(A(x)~BO)|I°
= llx = ¥[2=2p{x - ¥, A(x) - A +||A(x) - A

< (1-2pa+p?B*)lx-yI?,
(2.6)
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for any x,y € H. In light of (1.14), (2.6), Lemma 1.7, and the Lipschitz continuity of B
and C, we infer that for any x,y € H,
ITx =Tyl <[lx -y = ((g—m)(x) - (g-m) ()|
[P (£ 0N =15 ()|
B (F ) -1 (F )|

.
< (1+3)||x—y—((g—m)(x)—(g—m)(y))ll (2.7)
+<llx =y = p(at) - A1+ ELI1BGO - Bl

+ELlce -+ ullx -

<0llx-yl,

where

0:k+%\/1—2p0(+p2[32+w. (2.8)

Thus (2.2) and one of (2.3)-(2.5) ensure that 6 < 1. Hence T is a contraction mapping
and it has a unique fixed point u € H. Lemma 1.9 means that u is a unique solution of
problem (1.1). This completes the proof. O

REMARK 2.2. Theorem 2.1 extends and improves [1, Theorem 3.6].

Next we show convergence of the three-step perturbed iterative sequence and three-
step iterative sequence with errors generated by Algorithms 1.11 and 1.12, respectively.

THEOREM 2.3. Let A, B, C, g, m, n, and ¢ be as in Theorem 2.1 satisfying (2.1), (2.2),
and one of the conditions (2.3)-(2.5). Let ¢y, : Hx H — R be such that for any fixed y € H
andn >0, ¢, (-,y) : H— R is lower semicontinuous n-subdifferentiable on H. Assume
that

17627 2) = g @)|| < plix - yIl - Vx, v,z € H, n=0, (2.9)
lim |5 () = 1P ]| =0 v,y e, (2.10)
}Lizgobnllpnl|=%15§ollqnl|=0- (2.11)

If one of the conditions
(C1) S50 lI7ll < oo,
(C2) there exists a nonnegative sequence {d},_, satisfyinglim, . d, = 0 and ||r, |l =
and, foralln = 0,
is fulfilled, then the three-step perturbed iterative sequence {un},_, generated by
Algorithm 1.11 converges strongly to the unique solution of problem (1.1).
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PROOF. It follows from Theorem 2.1 that problem (1.1) has a unique solution u € H.
That is, u = Tu, where T is defined by (1.14). Notice that

=(1l-ap)u+anT(u)=(1-by)u+b,T(u)=(1-cyp)u+cy,T(u) Vn=0.
(2.12)

Using the same argument as in the proof of Theorem 2.1, from (2.9), (2.12), and
Lemma 1.7 we obtain that for any n > 0,

[[wn —ull = ||(1=en)tn +cnlun— (g =m) (wn) +J5"" " (f (un))]

+pn— (1= cn)u—culu—(g—m))+ 3" (fw)]]|

< (1—ca)|lun —ul[+cnllun—u—((g—m) (un) — (g —m) ()]
+CnHJa¢n M) (F (1)) = 2P (£ () H

el [JpPCM (Fan) = IpP Y (fw) | (2.13)
enl[JRP 0 (F ) = IR (F @) ||+ [l

< (T=cn)|fun—ull+callun—u—-((g-m)(un) - (g—m)w))|]
+on gl ) = F [+ euptlfun = ul| + cuen+ [

< (1—cn)|lun —ul|+cnOllun —ul|+ cnen+||pall,

where 0 satisfies (2.8) and ¢, = HJN’"( W(F(u)) —Jg¢("”) (f(w))]l. It follows from (2.2)
and one of (2.3)-(2.5) that 0 < 1. In view of (2.13) we know that

[lwn —ul| < [|un —ul| +cnen+|lpal] ¥Yn=0. (2.14)

Similarly we infer that

[lvn —ul| < [|un —ul|+2byen + bullpnl| +lan]] ¥Yn =0, (2.15)
Juner —ul| < (1 —an(1=0))||un—ul|+3anen + anbul|lpnll + anllanl| +|rnl| VYn=0.
(2.16)
Suppose that (C1) holds. Let
on = [[un—ull,  wp=01-0)an,
(2.17)

Bn = (1—9)_1(35n+bn“pn||+||Qn||)a Yn = HTn” Vn=0.

It follows from Lemma 1.8, (1.19), (2.10), (2.11), (C1), and (2.16) that {u,};_, converges
strongly to u.
Suppose that (C2) holds. Set
O‘n:H“n—”H’ wn:(l_e)anv

1 (2.18)
Bn=(1-0) (35n+hn||pn||+HQnH+dn)a yn=0, Vnz=0.
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Thus Lemma 1.8, (1.19), (2.10), (2.11), (C2), and (2.16) ensure that {uy},_, converges
strongly to u. This completes the proof. O

In case ¢, = ¢ for all n > 0, then Theorem 2.3 reduces to the following.

THEOREM 2.4. Let A, B, C, g, m, n, and ¢ be as in Theorem 2.1 satisfying (2.1), (2.2),
(2.11), and one of the conditions (2.3)-(2.5). If either (C1) or (C2) holds, then the three-step
iterative sequence with errors {un },_, generated by Algorithm 1.12 converges strongly
to the unique solution of problem (1.1).

Now we study stability of the three-step iterative sequence with errors generated by
Algorithm 1.12.

THEOREM 2.5. Letg, m, A, B, C, n, and ¢ be as in Theorem 2.4 satisfying (2.1), (2.2),
(2.11), and one of the conditions (2.3)-(2.5). Let {yn } 5o be any sequence in H and define
{entn_o €[0,0) by

&n = ||yn+1 —(1-an)yn—anTxn—1n
Xn = (1=bn)Yn+bnTzy+qn, (2.19)
Zn=1-cn)Yn+cnTyYn+pn Vn=0,

where T satisfies (1.14). If there exists a constant d > 0 satisfying
ap>d Yn=0, (2.20)
and if
lim [[ra]| = 0, (2.21)

then the three-step iterative sequence with errors {uy},_, generated by Algorithm 1.12
converges strongly to the unique solution u € H of problem (1.1). Moreover, limy, .. v, =
u if and only if lim,, .« &, = 0.

PROOF. Set d,, = ||[7nll/ay for all n > 0. Then (2.21) implies that (C2) holds. Obvi-
ously, (2.20) yields that (1.19) holds. It follows from Theorem 2.4 that the three-step
iterative sequence with errors {u, },_, generated by Algorithm 1.12 converges strongly
to the unique solution u of problem (1.1).

Put ypi1 — (1 —an)yn—anTxn —vn = hy for all n > 0. Then vy, = (1 —an)yn +
anTxy + 1y, +hy, and &, = ||hy,|| for all n > 0. As in the proof of Theorem 2.3, we
deduce that

(1= an) Yn+anTxn +7n—ul| = (1= (1= 0)d)|[¥n = ull + bul[pul |+ || + [[7al],
ner —ull < (1= (1= 0)an)[¥n —wll + anbul[pul| + anlldnl |+ |[1ul| + [[1a]]  &22)

< (1= (1=0)a) ||y — |+ Bal[pall+ [[anll + |7 + £n (2.23)

forall n > 0.
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Suppose that lim, . &, = 0. Let

Cn=llyn—ull, wnp=(1-06)d,
. (2.24)
Bn=wy, (anan + ||Qn|| + ||Tn|| +&n), yn=0 Vn=0.
Then Lemma 1.8, (2.11), (2.21), and (2.23) ensure that lim;,—.. v, = u.
Suppose that lim,, .. ¥, = u. It follows from (2.11), (2.21), and (2.22) that
en <||yna —ul|+|(1—an) yn +anTxn +1n —ul|
<|lyn —ul[+ (1= 1 =0)d)||yn —ul[+bul|pnll + [|an|l + |12l (2.25)
— 0
as n — oo, That is, lim,, .. &, = 0. This completes the proof. O
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