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SOME THEOREMS ON THE EXPLICIT EVALUATION
OF RAMANUJAN’S THETA-FUNCTIONS
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Bruce C. Berndt et al. and Soon-Yi Kang have proved many of Ramanujan’s formulas for
the explicit evaluation of the Rogers-Ramanujan continued fraction and theta-functions
in terms of Weber-Ramanujan class invariants. In this note, we give alternative proofs of
some of these identities of theta-functions recorded by Ramanujan in his notebooks and
deduce some formulas for the explicit evaluation of his theta-functions in terms of Weber-
Ramanujan class invariants.
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1. Introduction. Ramanujan’s general theta-function f(a,b) is given by

f(a,b): i ak(k+1)/2bk(k—l)/2, (11)
k=—c0

where |ab| < 1. If we set a = g%, b = ¢ 2%, and q = ™7, where z is complex and
Im(T) > 0, then f(a,b) = 33(z,T), where 33(z,T) denotes one of the classical theta-
functions in its standard notation [9, page 464]. After Ramanujan, we define the fol-
lowing special types of his theta-function.

If |q| <1, then
@) = flaa) =1+2> q“, (1.2)
k=1
w(q) = = > gk (1.3)
k=0
f( q) _f _ i k k(3k l)/2+ i(il)qu(?)kJrl)/Z, (14)
k=0 k=1
X(@) = (-a;q°), (1.5)

where (a;q) :=II}_(1 - aq"®). The function x(g) is only for notational purposes. Also,
note that f(—q) = g~"/%*n(z), where q = €™ and n denotes the Dedekind eta-function.
Much of Ramanujan’s discoveries about theta-functions can be found in Chapters 16-
21 of the organized pages of his second notebook [8]. Proofs and other references of all
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the identities can be found in [1]. However, in the unorganized pages of his notebooks
[8], Ramanujan recorded many other beautiful identities. Proofs of these identities can
be found in [2, 3]. In Section 2, we prove some of these identities by using some other
identities of theta-functions. Berndt [2, 3] proved these identities via parameterization.

At scattered places in his notebooks [8], Ramanujan recorded several values of his
theta-function ¢ (q). Proofs of all the values claimed by Ramanujan can be found in [3,
Chapter 35]. Berndt and Chan [4] also verified all of Ramanujan’s nonelementary values
of ¢ (e ") and found three new values for n = 13, 27, and 63. Kang [6] also calculated
some quotients of theta-functions ¢ and . In Section 3, we give some theorems for
the explicit evaluation of the quotients of theta-functions ¢, y, and f, by combining
Weber-Ramanujan class invariants with the identities proved in Section 2 and some
other identities of theta-functions. Some of these evaluations can be used to find explicit
values of the famous Rogers-Ramanujan continued fraction R(gq) defined by

_a’ aa a
Rla) === 7, 7. 7. (1.6)

where |g]| < 1.

We end this introduction by defining Weber-Ramanujan class invariants G, and gy,.
For q = exp(—1/n), where n is a positive rational number, the Weber-Ramanujan class
invariants G, and g, are defined by

Gn:=2""q Y*x (), (1.7)
gn=2"q ¥ x(—q). (1.8)

2. Theta-function identities. The following identity was recorded by Ramanujan on
page 295 of his first notebook [8]. Berndt [3, page 366] proved this by using parame-
terization. Here we give an alternative proof.

THEOREM 2.1. If p(q), w(q), and x(q) are defined by (1.2), (1.3), and (1.5), respec-
tively, then

2
YA (—q) +5qy* (- q°) = @)

= ) 2.1
x(@)x(a®) @1

PROOF. From [1, Entry 9(vii), page 258, and Entry 10(v), page 262], we find that

2 2 (A5 _¢(_q5)f(_q5)
(@) —aw=(a’) = BT — (2.2)
From [1, Entry 24(iii), page 39], we note that
fa) = Pla) (2.3)

X’
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From (2.2) and (2.3), we deduce that

200 — a2 (a’) — ¢*(-a°) 24
= (a)—ay-(a’) DX (—a) (2.4)
Now, we recall from [1, Entry 9(iii), page 258] that
P> (@) - P2 (a°) =4ax(@) f(-a’) f(—a*°). (2.5)
Replacing g by —g in (2.5), we deduce that
P (—a°) = p*(—a) +4ax(—a) f(a°) f (—a*). (2.6)
Employing (2.6) in (2.4), we find that
2 2045 P (-q) f(@®)f(-a*°)
- ) = 4 2.7
@) —aw(a) xCax(-a) T x(—a) &7
Again, by [1, Entry 24(iii), page 39], we find that
f(=a*) =y@)x(-a*). (2.8)
Using (2.8) in (2.7), we obtain
2oy o sy PP(=a) ag @) @®)x(=a") 29
Vi@ -ay(a’) xCax(—a) x(-a°) ' =9
Now, by [1, Entry 24(iv), page 39], we note that
x(@x(-q) =x(-a°). (2.10)
Thus, from (2.9), we obtain
v @ -’ @) = —2CD @ g@Ox@). @
x(—a)x(-a>)
From [1, Entry 25(iv), page 40], we note that
dP@y(a*) =v*(@. (2.12)
Employing (2.3) and (2.12), with g replaced by g°, we conclude from (2.11) that
2y o sy PP(=a) daw?(a’ 213
v (@) -ayp’(a’) XX (- HAaw (@) (2.13)
Replacing g by —gq in (2.13), we complete the theorem. a

The next theorem was recorded by Ramanujan on page 4 of his second notebook [8].
Berndt [2, page 202] proved this theorem by parameterization. Here we give an alter-
native proof by using some identities of theta-functions.
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THEOREM 2.2. With @ (q) and x(q) defined in (1.3) and (1.5), respectively,

X3 () y(-4q%

. 14+3g——2 7, 2.14
x@) = Ty (2.14)
X’ () Yy (-q°)

=1+5q+——21, 2.15
x@) = T yr(g) 2.15)

PROOF OF (2.14). From [1, Chapter 16, Corollary (ii) of Entry 31, page 49], we find
that

w(a)—ay(a®) = f(a*,q°). (2.16)
Using the Jacobi triple product identity, Berndt [1, page 350] proved that

b(-a*)

) (2.17)

fla.a*) =

Replacing g by g in (2.17) and then using the resultant identity in (2.16), we find that

_ 9y _ P(-a°)
wia)—ayw(qa’) = NEFOR (2.18)

Now, from [1, Corollary (i) of Entry 31, page 49 and Example (v), page 51], we find
that

d(-a°) = p(—a)+2qy(a°)x(-a®). (2.19)
Invoking (2.19) in (2.18), we deduce that

b(—-q)
x(-a3)°

() -3qy(q°) = (2.20)

Thus,

9 _
v@’)  ¢P(=q) 2.21)

1-3 = .
Ty ~xad)yp@

Now, from [1, Entry 24(iii), page 39], we note that

_ 3 $b(a)
x(q) = ’/w(—q)' (2.22)

Replacing g by —¢q in (2.21) and then using (2.22), we complete the proof of (2.14). O

PROOF OF (2.15). From Theorem 2.1, we find that

v (-q°) b*(a)
- . 2.23
V) X@Ox(@) v (—a) (2.23)

1+5¢g

Employing (2.22) in (2.23), we arrive at (2.15), which completes the proof. O
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3. Explicit evaluations of theta-functions

THEOREM 3.1. Ify(q), Gy, and g, are defined by (1.3), (1.7), and (1.8), respectively,
then

(e 1 Gy

e e 3 ﬁng 1), (3.1)
. e ™) 1( B = g5 )
e T3\ T g ) 32

PROOF. From (2.14) and the definition of G, from (1.7), we easily arrive at (3.1). To
prove (3.2), we replace g by —¢q in (2.14) and then use the definition of g, from (1.8).
O

Since G, and gg, can be calculated from the respective values of G, and g, [5],
from the theorem above, we see that the quotients of theta-functions on the left-hand
sides can be evaluated if the corresponding values of G, and g, are known. We give a
few examples below.

COROLLARY 3.2.

Law(—em) {20511

w(—e) = 3 . (3.3)
PROOF. Putting n =1 in (3.1), we find that
aw(=e ) 1( £GY
1 L s A 4
e w(cem) ~3 \/—G9 (3.4)
From [3, page 189],
1/3
1+-/3
=1 = . .
G1 , Gy < N3 ) (3.5)
Employing (3.5) in (3.4) and then simplifying, we complete the proof. |
From [1, Entry 11(ii), page 123], we find that
W(—e ™) =cp(e )2 34em/8, (3.6)
Since
.n.l/4
T\ _
P(e )‘r(3/4) (3.7)
is classical [9], (3.3) and (3.6) provide an explicit evaluation for @ (—e=7).
COROLLARY 3.3.
e*ﬂ'\/g/3 W(_e_3n\/§) _ (3+\/§)(\/§—\/§)_2. (3.8)

W(-em3) - 6
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PROOF. Putting n =5/9 in (3.1), we obtain

_p-3mV5 G3
g W=eT0). )=1(ﬁ °/9—1>. (3.9)

([/(—67"\5/3) 3 Gs

Now, from [3, pages 189 and 345], we note that

1/4 1/3
1+5 1aV/5-3
Gs = , Gsj9= (/542 . 3.10
5 ( > ) 59 = (V/5+2) ( NA ( )
Employing (3.10) in (3.9) and then simplifying, we arrive at (3.8). |

COROLLARY 3.4.

B WD G N

w(e 77 = 3 . (3.11)
PROOF. Putting n =2 in (3.2), we find that
e 2%((?9:?)) = ;(1 —ﬁfg). (3.12)
From [3, page 200], we note that
g2=1  gis=(2+v2)"". (3.13)
Using (3.13) in (3.12), we easily arrive at (3.11). O

THEOREM 3.5. With ¢(q), G, and g, defined in (1.3), (1.7), and (1.8), respectively,

2(_ p-5myn 5
oo (ze™m) 1 (2 Gr —1), (3.14)

Y2(—e ™) 5\ Gosp

BV G| 1( gs)

e VI =—(1-22|. (3.15)
p(e-™m) 5 g2sn

PROOF. From (2.15) and the definition of G,, from (1.7), we easily arrive at (3.14).
Replacing q by —¢ in (2.15) and then using the definition of g, from (1.8), we arrive at
(3.15). O

If the class invariants are known, then we can explicitly find the values of the quo-
tients of the left-hand-side expressions of the theorem. Next we give some examples.

COROLLARY 3.6 [6].

-1 WZ(_eisn) _ 1
P2(—em)  55+10°

GS
2—L 1. 17
(st ) (3.17)

e (3.16)

PROOF. Putting n =1 in (3.14), we find that
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From [3, page 189],

1++/5
5

Gy =1, Gos =

Employing (3.18) in (3.17) and then simplifying, we complete the proof.

COROLLARY 3.7.

S ) B

W(—e ) 5

PROOF. We put n =1/5 in (3.14) to obtain

2(_ ,—/5m
—1t/\5 Y ( e ) _ 1 4
e T VP e 5(26571).
Since, from [3, page 189],
<1+\/§>1/4
Gs = > ,

we can easily complete the proof by (3.20).

COROLLARY 3.8.

e—rr\/3/_5 Wz(_eiﬂ-\/ﬁ) 3_\/§

W2(—e ™B35)  5+4/5
PrROOF. Putting n = 3/5 in (3.14), we obtain

o35 W (=) 1 (2 G35 )

W (—eTmVAE) S\ Gs
Now, from [3, page 341], we note that
Gis = 2—1/12(1 +\/§)1/3, Gs)5 = 2—1/12(\/5_ 1)1/3_
Employing (3.24) in (3.23) and then simplifying, we arrive at (3.22).

COROLLARY 3.9.

2(,-51/2
efn\/?w (e ) :%<1 Z)’

W2 (em2) a

where

4

a:gsoz;(1+(5+\/§>1/3(i/1+7\/§+6x/€+ §/1+7\/§6x/6)).
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(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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PROOF. We put n =2 in (3.15) to obtain

. ZWZ(efsTr\/?) B 1 gg

From [3, page 201],

1/3
gSOZ%(H(SZﬁ) (V1+7V5+646+ i/1+7¢§—6¢6>). (3.28)

Employing (3.13) and (3.28) in (3.27), we complete the proof. |

Since for g = e-™™, n positive rational, the explicit formulas for $2(q°)/$2(q),
¢(q°)/p(q), and ¢p*(q%)/p*(q) are known [3, page 339, (8.11); page 334, (5.7); page
330, (4.5), respectively], namely,

2(,-5myn ;
(iz((ee*nv’%)) - %(1 e Gé%"), 329
qb(e—e)n\/ﬁ) 3 1 Gon
Bl ~3\ VG ): (30
4(,-3mym 3
W:;(“m%)’ 130

we now derive some identities by which the corresponding values of the quotients
YA(=a*) /p*(=a), y(=qa°) /W (-q), and ¢*(—-q°)/Y*(—q) can be found.

THEOREM 3.10 [7]. If$p(q) and Y (q) are defined by (1.2) and (1.3), respectively, then

vi(-aq®) _ 1-¢*(@*)/¢*@)
= . 3.32
Tpca) T GE @) b @) -1 (352
PrROOF. We replace g by —¢g in (2.4) and then divide the resulting identity by (2.1) to
obtain

P%(@°)  ¢i(—q)+qy*(-a°)

= . 3.33
b2(a)  yr(-a)+5a¥*(-q°) .33
This is indeed equivalent to (3.32). O
THEOREM 3.11. With ¢(q) and Y (q) defined in (1.2) and (1.3), respectively,
_g9 _ 9
qw( a’) _ 1-¢(@’)/¢@ (3.34)

wi-a) (B /Ppa) -1

PROOF. Replace g by —¢q in (2.18) and (2.20) and then, dividing the first resulting
identity by the second, we find that

@ _ wa)+ap(-a°)
$@®)  w(-a)+3qp(-q°)°

It is now easy to see that (3.35) and (3.34) are equivalent. O

(3.35)



SOME THEOREMS ON THE EXPLICIT EVALUATION ... 2157

THEOREM 3.12. With ¢(q) and @ (q) defined in (1.2) and (1.3), respectively,

pi(-4q°) 8
1 = . )
+94 pi(-q)  (9¢*(a%)/d*(q)) -1 (336

PROOF. From Theorem 3.11, we note that

_ 49
1 +3g %= _ 2 (3.37)

w(i-q) (B¢a%)/Pa) -1

From the third equality of [1, Entry 1(ii), page 345] and the second equality of [1, Entry
1(iii), page 345], we note that

w(-a°) _( w4(—q3)>”3
1+34 wi-q) 1+94 Y4(-q) ’ 338)
1/3 :
3M_1=(9M_1> ,
b(q) d*(a)

respectively. Employing (3.38) in (3.37) and then cubing the resultant identity, we com-
plete the proof. |

COROLLARY 3.13.

71Tw4(_e—3rr) B 2_\/§
e e " 35 (3.39)

PROOF. It is known from [3, page 327] (or can be found easily from (3.31)) that

P 1

$ie " 57379 (3.40)

The proof of the corollary now follows immediately by putting g = e~ ™ in Theorem 3.12
and then using (3.40). O

Now, from [1, Entries 24(ii) and 24(iv), page 39], we note that

) =d*(@y(-a),

(3.41)
f(=a%) = p@yp’(-a).
From (3.41), we find the following quotients of f in terms of ¢ and y:
foa) v (-a)  ¢*a)
F = = ,
W= 075 @) " awt(—an) < b (@) a2
6(_ 42 2 40_ ’
B = L=a) _ @ wi-q)

a2f5(—a%) ~ $2(a5) " @i (—ad)’
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The values of F; (q) and F»(gq) can be determined explicitly for g = e ™" by employ-
ing Theorem 3.5 and (3.29). We give a couple of examples below.

COROLLARY 3.14.

Fi(e ™V%) = 545,

(3.43)
F (6_"/‘/;) = 5+/5.

PROOF. As in Corollary 3.7, by putting n = 1/5 in (3.29), it can be easily seen that

[ CL
p2(em5) 5 (3.44)

Putting g = e~™/5 in (3.42) and then employing (3.44) and Corollary 3.7, we complete
the proof. O

COROLLARY 3.15.

Fy (e-™3T5) = 5(5++/5)
2 b
(3.45)
25+11
Fz(e—n 3/5)= 5( 5+2 \/§)

PROOF. As in Corollary 3.8, by putting n = 3/5 in (3.29), it can be easily seen that

¢2 (e—v'TSTr) B 2
$HemE) 5V

(3.46)

Putting g = e~™/3/5 in (3.42) and then employing (3.46) and Corollary 3.8, we com-
plete the proof. |

Now, for the explicit evaluation of R(q) defined in (1.6), we note from [6] that

1 f%(—a°)
—— —11-R5(q?) = L1
R5 (@) (@) = 7o g0y i
1 Sy f%(a) ’
Ss(q)Hl S (q)quG(qs)’

where S(q) = —R(—q).
From (3.47) and (3.42), we see that to find the explicit values of R(q?) and S(q), for
q = e ™" it is enough to find F; (q) and F»(q). See [6].
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