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Three types of Riemannian submersions whose total space is an almost Hermitian almost
contact metric manifold are studied. The study is focused on fundamental properties and
the transference of structures.
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1. Introduction. In this paper, we discuss some geometric properties of Riemannian
submersions whose total space is an almost Hermitian almost contact metric manifold.

If the base space is an almost quaternionic metric manifold, Watson has defined in
[12, 13] a type of such submersions which we will call almost Hermitian almost contact
metric submersion of type I. When the base space is an almost contact metric manifold
with 3-structure, another type of these submersions called almost Hermitian almost
contact metric submersions of type II has been introduced by the present author in [9].
Replacing the base space by an almost Hermitian almost contact metric manifold, we
get a new type of such submersions, a third one, which we will call almost Hermitian al-
most contact metric submersions of type III. Note that this last type lies between almost
Hermitian submersions studied by Watson [11] and almost contact metric submersions
of type I1[6, 8, 15]. Analogously, almost Hermitian almost contact metric submersions
of type I lie between almost Hermitian submersions and almost contact metric submer-
sions of type II [6, 8, 15].

This text is organized in the following way.

Section 2 is devoted to the background of the manifolds which will be used in the
sequel.

Section 3 is concerned with the properties of the three types of submersions under
consideration. For each type, we have here examined:

(1) the structure of the base space and the fibres according to that of the total space;

(2) the classes of submersions with totally geodesic fibres;

(3) the classes of submersions preserving the holomorphic sectional curvature ten-

sor of the vertical or of the horizontal vector fields.

In Section 4, we give some examples of these types of submersions.

Throughout this paper, arbitrary vector fields of the tangent space of a differentiable
manifold M will be denoted by D, E, and G.

2. Preliminaries on manifolds. Recall that an almost Hermitian manifold is a Rie-
mannian manifold (M, g) equipped with a tensor field J of type (1,1) such that the
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following two conditions are satisfied:

(1°) (JoJ)E = —E,

(2°) g(JD,JE) = g(D,E).

In the last case (2°), g is called a compatible metric and (g, J) is an almost Hermitian
structure on M. Any almost Hermitian manifold (M, g, J) possesses a differential 2-form
Q, called the fundamental 2-form or the Kdhler 2-form, defined by Q(D,E) = g(D, JE).

Denoting by V the Levi-Civita connection of g, and by dQ the differential of Q, the
following identities are well known:

(VpJ)E =Vp(JE)—JVpE, (2.1
(VbQ)(E,G) =g(E,(VpJ)G) =-g((Vp])E,G), (2.2)
3dQ(D,E,G) =5{(VpQ)(E,G)}, (2.3)

where § denotes the cyclic sum on D, E, and G.

In [2], Gray and Hervella have obtained a classification of almost Hermitian structures.
We recall the defining relations of those that will be needed later.

An almost Hermitian manifold (M, g,J) is said to be

(a) Kdhlerianif VJ = 0;

(b) nearly Kdhlerian if (VpJ)D = 0;

() Gi-manifold if (VpQ)(D,E) —(V;pQ)(JD,E) =0;

(d) Gp-manifold if S{(VpQ)(E,G) - (V,;pQ)(JE,G)} =0.

The Nijenhuis tensor of J will be denoted by N. An almost quaternionic metric man-
ifold is a quintuple (M, g,.J1,J2,J3), where

(a) (M,g) is a Riemannian manifold;

(b) (g,Ji) is an almost Hermitian structure on M fori =1,2,3;

(C) JiO]j = —JJ‘OJi :]k, f0ri<j, i:/:kal’ldj:/:k.

For i = 1,2,3, the analogues of identities (2.1), (2.2), and (2.3) are obtained as in
the case of almost Hermitian manifolds. Almost quaternionic metric manifolds are of
dimension 4m and their nomenclature is related to that of almost Hermitian structures.

By an almost contact metric manifold, one understands a quintuple (M,g,,&,n),
where

(1°) & is a characteristic vector field;

(2°) nis a differential 1-form such that n(§) = 1;

(3° @ is a tensor field of type (1,1) satisfying @D = —D +n(D)&;

(4°) g(@D,@E) =g(D,E) -n(D)n(E).

In the last case, g is called a compatible metric and (g,®,&,n) is an almost contact
metric structure. Replacing J by @, the fundamental 2-form ¢ is defined by ¢(D,E) =
g(D,pE) and the analogues of identities (2.1), (2.2), and (2.3) hold. The covariant de-
rivative of n and the exterior differential of n are defined, respectively, by

(Vpn)E =g(E,Vp§), (2.4)
2dn(D,E) = (Vpn)E— (Ven)D. (2.5)
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In [5], Sasaki and Hatakeyama have defined a tensor field N!) of type (1,2) by setting

NY(D,E) = [p,@](D,E) +2dn(D,E)E, (2.6)

where [@, @] is the Nijenhuis tensor of .

Almost contact metric manifolds are of dimension 2m + 1. We recall the defining
relations of those which will be used in this study. An almost contact metric manifold
(M,g,p,&,n) is called

(@) Sasakian if ¢ = dn and NV = 0;

(b) Gi-Sasakian if (Vp@)D —(Vep@)@D +n(D)(Vep&) = 0;

(c) Gz-Sasakian if 5{(Vp$)(E,G) —(VepP)(QE,G) —n(E)(Vepn)G} =0;

(d) quasi-Sasakian if d¢p =0 =ND;

(e) cosymplectic if Vo = 0;

(f) closely cosymplectic if (Vp@)D =0 =dn;

(g) nearly cosymplectic if (Vp@)D = 0;

(h) nearly-K-cosymplectic if (Vp@)E+ (Vg@)D =0 = Vpé&.

Let (@i, &, r]i)?:l be three almost contact structures such that each of them is com-
patible with the Riemannian structure g. We say that (M, g, (@4, &;, ’71‘)13:1) is an almost
contact metric manifold with 3-structure [3] if for any cyclic permutation (i,j,k) of
{1,2,3} the following conditions are satisfied:

(1°) ni(&j) =n;j(&) =0;

(2°) @i&j=-@;& = &;

(3°) @ic@;—n;®&=-PjoPi+Ni®Ej = Pyi;

(4°) Nic@j=-njo@;=nk.

As in the case of almost quaternionic metric manifolds, the fundamental local 2-form
¢i is defined by ¢;(D,E) = g(D,;E). Almost contact manifolds with 3-structure are
of dimension 4m + 3.

Let (M,g,J) be an almost Hermitian manifold furnished with two almost contact
structures (@, &;, r)i)le. We say that (M, g,], (@i, &, m)le) is an almost Hermitian al-
most contact metric manifold if

(a) each (@i, &;,ni)-structure is compatible with the metric g;

(b) J&1 =&, JE = &1;

(© @D =-D+n(D)& +n2(D)&;

(d) @1(JD) =—-J(@1D) = @2(D);

(@) @1(@2D) =-@2(P1D) =JD+n1(D)&2 +n2(D)&y;
() @2(JD) =—-J(@2D) = —@1D.

Concerning the fundamental local 2-form, we have

(1°) ¢i(D,E) = g(D,;E) fori=1,2;

(2°) Q(D,E) =g(D,JE).

The dimension of this type of manifold is 4m + 2. For the nomenclature, we will in-
dicate the name of the almost contact metric structure followed by the name of the
almost Hermitian one. For instance, a Sasakian-Kdhlerian manifold is a Kdhlerian man-
ifold equipped with two Sasakian structures.
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3. The three types of almost Hermitian almost contact metric submersions. By
a Riemannian submersion, one understands a submersion f : M — M’ between Rie-
mannian manifolds such that fi|kers,): is a linear isometry [4]. The tangent bundle
T (M) of the total space M admits an orthogonal decomposition T(M) = V(M) & H (M),
where V(M) and H(M) denote, respectively, the vertical and the horizontal distribu-
tions. We denote by ¥ and ¥ the vertical and the horizontal projections of T (M) onto
V(M) and H (M), respectively. For all points x’eM’, the closed, embedded submanifold
Fo = f~1(x") is called the fibre of f over x’.Itis known that dimF,s = dimM —dimM’.

A vector field X of the horizontal distribution is called a basic vector field if it is
f-related to a vector field X, of the base space M’, that is, X, = f« X.

We will denote the horizontal vector fields by X, Y, and Z, while those of the vertical
distribution will be denoted by U, V, and W. On the base space, tensors and other
operators will be specified by a prime ('), while those of the fibres will be denoted by
a caret (). For instance V, V', and V will designate the Levi-Civita connection of the
total space, the base, and the fibres, respectively.

3.1. Submersions of type I. Almost Hermitian almost contact metric submersions
of type I were originally defined by Watson [12, 13].

DEFINITION 3.1. Let (M*™*2 g, ] (@i, &, '71')12:1) be an almost Hermitian almost con-
tact metric manifold and (M ’4m',g’, (]{)13:1) an almost quaternionic metric manifold.
A Riemannian submersion f : M#m+2 _. M'4m" i called an almost Hermitian almost
contact metric submersion of type I if

(@) fv«JD = J{f*D;
(b) fx@1D = J5fsD;
(© fx@2D = J3fiD.

PROPOSITION 3.2. Let f: (M*™*2 g, J (9i,&,ni)%,) — (M™*™ ,g',(J))3_,) be an al-
most Hermitian almost contact metric submersion of type I. Then
(a) the vertical and horizontal distributions induced by f are invariant by J and by
@, fori=1,2;

(b) the vector fields &, and &, are vertical;

(¢) ni(X)=0 fori=1,2;

d) f*Q)=Q, f*Q; = ¢1, and f*Q5 = ¢bo;

(©) f«N =Nj, fuNi" = N3, and f.N;" = Nj;

) NwW,v)=NwW,v), NYW,v)=N"(U,V), and NS (U,v) = NP (U, V).

PROOF. Assertions (a), (b), and (c) are established as in [14]. We consider the case of
f*Q1 =Q.Let X and Y be two basic vector fields. We have

FEOUX,Y) = f* g (Xs, J1Yy)
=g (f«X,J1 f+Y)
=9 (f« X, f:JY)
=f*g (X,]JY)=g(X,JY) = Q(X,Y)

(3.1

which gives the proof of assertion (d).
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Consider (e). Clearly we have
SeN(X,Y) = folJ,JIX,Y) = [JLJ N (fe X, f4Y) = N' (X4, Ys). (3.2)

Other cases of this assertion can be established in an analogous manner.

Consider the last case, (f), and suppose that U and V are vector fields tangent to the
fibres. By (2.6) we have N3V (U,V) = [@2, §21(U,V) + 2dij» (U,V)E,. Since & = &, and
df»(U,V) =dn»(U,V), the proof follows. O

PROPOSITION 3.3. Let f: (M*™*2 g, ], (®i,&,n:)%_;) — (M'*™ g’ (J1)3_,) be an al-
most Hermitian almost contact metric submersion of type I. Then the fibres are almost
Hermitian almost contact metric manifolds.

PROOF. Itis clear that the dimension of the fibres is 4(m —m’) + 2. By the preceding
Proposition 3.2, we have shown that the vertical distribution is invariant by J, ¢, and
@2. Moreover, & and &; are vertical vector fields; so n; and n2 do not vanish on the ver-
tical distribution. Therefore, (qbl,él,ﬁl) and (d?z,éz,ﬁz) are almost contact structures
compatible with the metric tensor g on the fibres. It is not hard to show that (g, D
is an almost Hermitian structure so that (F4(m*m'>*2,g,f,(cﬁi,éi,ﬁi)le) is an almost
Hermitian almost contact metric manifold. |

PROPOSITION 3.4. Let f: (M*™*2 g J (9i,&,ni)%,) — (M"*™ g',(J))3_,) be an al-
most Hermitian almost contact metric submersion of type L. If the total space is Sasakian-
Kdhlerian, then

(a) the base space is quaternionic Kcdhlerian;

(b) the fibres are Sasakian-Kchlerian.

PROOF. (a) By virtue of the defining relations of a Sasakian-Kdhlerian structure, ¢p; =
dny, ¢ =dnz, and N = NV = NJY = 0 = dQ so that d¢p; = d¢p, = 0 from which we
deduce dQ) = dQj and N; = 0 = N, = N3 = dQ; by Proposition 3.2. It is clear that the
base space is defined by dQ; = 0 = N; which are the defining relations of a Kahlerian
structure.

(b) By Proposition 3.2, it is shown that N(U,V) = 0 = N\" (U, V). Since the fibres are
invariant by @; and J, then ¢, = dni, ¢> = dnp, and dQ = 0. Therefore, the fibres have
two Sasakian structures and a Kdhlerian one. |

On the total space of a Riemannian submersion, O’Neill [4] defined two tensor fields
T and A of type (1,2) by setting

TpE = ¥NVypVE+VVypiE,

3.3
ApE ZOVV%D%E+%V%DOVE. ( )

It is known that the configuration tensor A measures the integrability of the horizon-
tal distribution, while the configuration tensor T is a tool in the study of the geometry
of the fibres being essentially the second fundamental form of the embedding of the
fibre submanifolds into the total space.
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LEMMA 3.5. Let f: (M*"*2 g, J (@i, &,ni)2_,) — (M™*™ ,g',(J))3|) be an almost
Hermitian almost contact metric submersion of type L If, fori = 1,2, TyV + Ty, u (@;V) =
0 and TyV + TiyJV =0, then T = 0.

PROOF. Since 0 = TyV + Ty, u(@1V) = TyV + Tp,u (@2V) = TyV + TjyJV, we have
T(plU(CDIV) = T(sz(CPZV) = T]U]V. Therefore, —TUV+T]1(TUV)§1 = —TUV and —TUV+
N2(Ty V)& = —TyV which implies that n, (TyV)&; = n2(Ty V)& and shows that TyV =
0. Then, we get T = 0. 0

COROLLARY 3.6. Let f: (M*"™*2,g,],(®:i,&n)7y) — (M™*™,g',(J)}_,) be an al-
most Hermitian almost contact metric submersion of type L If for i = 1,2, Ty (V) =
@iTyV and Ty JV = JTyV, then T = 0.

PROOF. If Ty(@;V) = @;TyV, then Ty,y(@;V) = @;Tp,uV; since @;U is vertical and
T is symmetric on vertical vector fields, then Ty, ,yV = Ty (@;U) = @; TyU = @; TyV.Itis
clear that T,y (@;V) = (piZTUV = —TyV +ni(TyV)E;. On the other hand, we can show
that, in this case, Ty &; = 0 which implies that n; (Ty V') = 0; we then obtain T,y (@;V) =
—TyV from which we deduce that TyV + T,y (@;V) = 0. Applying the lemma, we get
T =0. 0

THEOREM 3.7. Let f: (M*"*2 g, ] (@:,&,ni)2_,) — (M™4™ g’ ,(J1)3_,) be an almost
Hermitian almost contact metric submersion of type L If the total space is Sasakian-
Kdhlerian, closely cosymplectic nearly Kdhlerian, nearly K-cosymplectic nearly Kdihle-
rian, or nearly cosymplectic nearly Kdhlerian, then the fibres are totally geodesic.

PROOF. We recall that the fibres of a Riemannian submersion are totally geodesic if
the configuration tensor T vanishes identically. For each of the manifolds in hand, it is
not hard to show that the preceding corollary applies. O

In [4, page 465], O’'Neill has shown that a Riemannian submersion is Riemannian
sectional curvature increasing on horizontal tangent planes. In the following, we will
investigate the relations between the holomorphic sectional curvature tensors of the
total space, of the base space, and of the fibres. We will be interested in the case where
equality can be obtained. In other words, we want to determine the classes of almost
Hermitian almost contact metric submersions which preserve the holomorphic sec-
tional curvature tensor on the horizontal and eventually on the vertical vector fields.

Recall that for an almost contact metric manifold (M, g, @,&,n), the p-holomorphic
sectional curvature tensor is defined by

Hg(E) = |IEl"*g(R(E,@E)E,E), (3.4)

where g(E, &) = 0.

PROPOSITION 3.8. Let f: (M*"™*2 g, J,(9i,&,n0)%_,) — (M'*™ ,g’,(J1)3_,) be an al-
most Hermitian almost contact metric submersion of type 1. Then, the holomorphic sec-
tional curvature tensors satisfy
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@ Hei(U)=HeU)+UI* Ty (@) 1> - g(TyU, Tp,u (@:iU)} fori=1,2,
(b) H;(U) = Hj(U) + |UI*{I TyJUI? = g(TuU, TyyJU)},

(©) Hy(X) = Hy (X)) = 3IX[I*[AxJ XI?,

(d) Hy, (X) = Hpy (Xs) = 3IIXI7*|Ax (@1 X)11%,

(€) Hp2(X) = Hy, (X)) =3IIXI* | Ax (@2 X) 1%,

PROOF. It is an adaptation of [14, Theorem 5.1]. 0O

PROPOSITION 3.9. Let f: (M*™*2 g, J,(®i,&,n:)%_;) — (M'*™  g’,(J1)3_,) be an al-
most Hermitian almost contact metric submersion of type 1. Let X be a basic vector field
on M. If the total space is Sasakian-Kchlerian, quasi-Sasakian-Kchlerian, cosymplectic-
Kdihlerian, or closely cosymplectic nearly Kdhlerian, then

(@) Ho,(U) =Hg, (U), fori=1,2,
(b) H;(U) =H;(U),

(¢) Hy, (X) = Hy; (Xy),

(d) He, (X) =Hy (X4),

(e) Hj(X) =Hj; (X4).

PROOF. Since T = 0 by Theorem 3.7, we get the proofs of (a) and (b). Assertions
(0), (d), and (e) follow from the fact that A;xY = 0 = JAxY, Ap,xY = @1AxY, and
Ap,xY = @2AxY from which we deduce AxJX =0 = Ax(@1X) = Ax(@2X). 0

Now, we want to examine the properties of a type of submersions which is closely
related to those initiated by Chinea [1].

3.2. Submersions of type II

DEFINITION 3.10. Let (M*™*2 g ] (;,&,n:)?_,) be an almost Hermitian almost
contact metric manifold and let (M’4™'+3 g’ (@i, &, r/;)?:l) be an almost contact metric
manifold with 3-structure. We say that a Riemannian submersion f : M4m+2 — pf74m’+3
is an almost Hermitian almost contact metric submersion of type II if it satisfies

(@) f«(@iE) =@ f«E, fori=1,2,
(b) f«JE = (Péf*E_ n%(f*E)Eéy
(0 fi& =& and fi& = &,.

PROPOSITION 3.11. Let f: (M*™*2 g, J (@i,&,ni)7;) — (M43 g' (@, &,nHi )
be an almost Hermitian almost contact metric submersion of type II. Then,
(a) the vertical and horizontal distributions induced by f are invariant by @, and
P25
(b) the vector fields &, and &, are horizontal;
(©) ni(U) =0 fori=1,2;
(d) the fibres are almost contact metric manifolds, invariant by @; for i = 1,2, and
semi-invariant by J;
(e) A(JV) =0 for all V tangent to the fibres.

PROOF. See [9, 10]. O
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Let u be a unitary vector field of M which is orthogonal to the fibres. We recall from
[9] that the almost contact structure (¢, &, n) on the fibres is given by

£E=-Ju,
N(E) = g(JE,u), (3.5)
@®(E) =JE-N(E)u.

THEOREM 3.12. Let f: (M*™*2,g,],(@i,&,ni)5,) — (M4™3, g' (@, &, n))}.,) be
an almost Hermitian almost contact metric submersion of type II with u analytic and
Ju parallel. If the total space is G- (vesp., G»-) Sasakian-Kdhlerian, then the base space
is a (3—Gy)- (resp., (3 — Gp)-) Sasakian manifold, while the fibres are G- (resp., Go-)
Sasakian.

PROOF. We examine the structure of the base space when the total space is a G;-
Sasakian-Kdhlerian manifold. Consider a basic vector field X. We have to show that
the base space is defined by (Vy, @) Xsx — (V' @iy, @) (@i Xx) + 0 (X:) (V' @iy, &) =0,
where i = 1,2, 3. Since the total space is a G;-Sasakian-Kdhlerian manifold, we have

(Vx@i) X = (Vox (@) (@iX) +ni(X)(Ve,x&) =0 fori=1,2,

(VxJ)X =0, 50

which leads to

(Vx@i) X = @iVxX + (Ve x) X+ @iV x (@iX) =0,

VxJX-JVxX=0. 3-7)
Using the fact that fi (JX) = @5f«X — n3(f«X)&;, a straightforward computation of
S5 (Vx(@iX) = @iVxX + Vo xX + @iVex(@iX)) and fi(VxJX — JVxX) establishes
this part, keeping in mind that p is analytic and Ju is parallel. The case where the
total space is G»-Sasakian-Kdhlerian is treated in the same way. Now, we examine the
structure of the fibres when the total space is a G»-Sasakian-Kédhlerian manifold. We
want to show that 5{(Vy ) (V,W) = (Veud) (PV,W) — (V) (VeuR) W} = 0, where U,
V,and W are vector fields tangent to the fibres. In [9], it is shown that (f)(U, V)=Q(U,V),
from which we have

(Vud) (V,W) = (VyQ)(V,W). (3.8)
The analyticity of u gives

(Voud) (PV,W) = (VpQ) (JV,W). (3.9)

On the other hand, (VguR)W = (V;uR)W —A(U)(V,A)W; since u is analytic, we have
(V4A)W =0 so that we get

(VoumW = (Vun)W. (3.10)
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But, by virtue of (2.4), (V,uf)W = g(W,V ;u€) which leads to
(VouR)W =0 (3.11)
because é = —Ju and Ju is parallel. Relations (3.8), (3.9), and (3.11) then give

S{(Vud)(V,W) = (Voud) (@V,W) —AU) (Veui) W}

(3.12)
=6{(VyQ)(V,W)—(V,;uQ)(JV,W)}.

The right-hand side of (3.12) is the defining relation of a G,-manifold; therefore it van-
ishes and the proof is obtained. |

3.3. Submersions of type III

DEFINITION 3.13. Let (M2 g, J, (i, &;,n:)7_,) and (M*™'+2 g', J' (@}, E,n})7_)
be almost Hermitian almost contact metric manifolds. By an almost Hermitian almost
contact metric submersion of type IIIl we mean a Riemannian submersion

f:M4m+2 . M’4m’+2 (313)

such that
(@) fe@iE=@fsE fori=1,2,
(b) f*JE:J,f*E,
() f¥& =¢&;,fori=1,2.

PROPOSITION 3.14. Let f : (M*™*2 g J (9, &,ni)%,) — (M*™+2 g ] (@&,
n;)le) be an almost Hermitian almost contact metric submersion of type III. Then,

(@ f*n;=n; fori=1,2,

(b) f*p; =i, fori=1,2,

(0 f*Q'=Q,

(d) the vertical and horizontal distributions are invariant by J and @; fori=1,2,
(e) the fibres are almost quaternionic metric manifolds,

(f) &; is horizontal fori=1,2,

(g) if' V is vertical, thenn;(V) =0 fori=1,2.

PrROOF. Each of the proofs of (a), (b), (c), (d), (f), and (g) is an adaptation of what
is done in [6, 15]. We can examine the case of (e). It is clear that the dimension of the
fibres is 4(m —m') which is a multiple of 4. We define three almost Hermitian structures
(g,Ji), where i = 1,2, 3, by setting

LU =Ju,
JoU =@U, (3.14)
J3U = @oU.

Considering (g, .j»), we have (J2)2U = @1 (@ U) = —U +n1(U)E, = —U because n; (U) =
0. On the other hand, §(J>U, J.V) = §(@1U, V) = —g(U,(91)2V) = —-g(U,-V) +
n1(V)E; since n; (V) =0, then §(f>U, j.V) = §(U,V). We have thus shown that (g, J»)
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is an almost Hermitian structure. By the same procedure, we can show that (g,f 1) and
(g,J3) are also almost Hermitian structures. It remains to show that j» o j3 = J;. In fact,
(J2 0 J3)(U) = J2(J3U) = Jo(@2U) = @1(@2U). Since (@10 @) (U) = JU + ni (V)& +
n2(U)E and n;(U) = 0, then (@, o @,)(U) = JU = j,U which shows that J» o J3 = Ji.
In the same manner, we can show that f30J; = Jo = —=J o J3 and J30J> = —J1U = —J»0 J3.

|

PROPOSITION 3.15. Let f : (M*"*2 g, ] (pi,&,ni)e,) — (M*™*2 g J' (@l E,
n;)le ) be an almost Hermitian almost contact metric submersion of type III. Then,
@ O (U,V) =QU,V);
(b) Q(U,V) = $1(U,V);
© Q3(U,V) = ¢2(U,V);
(d) (Vx@;)Y is the basic vector field associated to (V, @)Yy and #(Vx]J)Y is the
basic vector field associated to (V%*J VY., when X and Y are basic.

PROOF. We refer to [15]. O

Concerning the structures of the base space and the fibres, one can see that this type
of submersions is closely related to the almost contact metric submersions of type I
[15]. Thus, we can easily obtain the properties similar to those established in [7, 8]. For
instance, [7, Proposition 2.3] can be reformulated in the following way.

PROPOSITION 3.16. Let f : (M*"*2 g, J (pi,&E,ni)2,) — (M*™*2 g J' (@), E,
n;)$: 1) be an almost Hermitian almost contact metric submersion of type IIL If the to-
tal space is cosymplectic Kdhlerian, quasi-Sasakian-Kcihlerian, or Kenmotsu-Kdhlerian
manifold, then the base space inherits the structure of the total space, while the fibres
are almost quaternionic Kdhlerian.

PROOF. It is clear that the manifolds under consideration have in common the fol-
lowing defining relations:

d¢i(D,E,G) = §§{m(D)¢i(E,G>} (3.15)

where b is some real number;

N© =0,

(3.16)
dQ(D,E,G) =0 =N.

In fact, if b = 0, we obtain one of the defining relations of a cosymplectic Kdhlerian and
quasi-Sasakian-Kdhlerian manifolds. Taking b = 2, we get one of the defining relations
of Kenmotsu-Kahlerian manifolds. Concerning the structure of the base space, we have
to show that

4 b 4 4
A (X, Yy, Zs) = §§{r)i(X*)¢i(Y*,Z*)},
dQI(X*’Y*’Z*) =O =N’)



THE DIFFERENTIAL GEOMETRY OF ALMOST HERMITIAN ... 1933

and eventually,
dn’ = 0. (3.18)

Since, by Proposition 3.14, we have f*n; = n; and f*¢; = ¢;, then f*dn; = dn; and
[f*d¢; = dey, respectively; hence d¢;(Xy,Ys,Zy) = (b/3)5{n;(Xx)p;(Ys,Zs)}. From
Proposition 3.14(c), we deduce that dQ’ = 0 because dQ = 0. As dn; =0 and f*dn; =
dn;, then dn; = 0 because f* is an isometry. It is not hard to show that f*Nfl) = le(l)
and fxN = N’, from which we get N;m = 0 = N'. Concerning the structure of the
fibres, we have to show that dQ; = d{); = dQ3 = 0 and N{" = N = 0 = N. Since
by Proposition 3.15(a), Q1 (U,V) = Q(U,V), then dQ; = dQ from which dQ; = 0 be-
cause dQ = 0. Again, by Proposition 3.15(b) and (c), we have ¢ (U,V) = Q»(U,V) and
b2 (U,V) = Q3 (U,V). On the other hand, the vanishing of n; on vertical vector fields
leads to d¢; (U,V,W) = 0, from which dQ,(U,V,W) = 0 = dQ3(U,V, W) follows. Since
Nim =0 = N, we have 1\7;1) =0 = N which achieves the proof. O

We omit the properties of holomorphic sectional curvature tensor because they are
the same as in the case of almost contact metric submersions of type I [15].
4. Some examples

4.1. Submersions of typeI. Itis known that the quaternionic projective space P, (H)
is an almost quaternionic metric manifold. In [12], Watson has shown that the canonical
mapping

P1(C) — Pams1 (C) = P (1) (4.1)

is an almost Hermitian almost contact metric submersion of type L.

Let M = M"4m x M4m+2 pe the product of an almost quaternionic metric manifold by
an almost Hermitian almost contact metric one. It is clear that the manifold product M
is of dimension 4 (m’ +m) + 2 which we denote by 41 + 2. We define an almost Hermitian
almost contact metric structure (g, J, (@;, fi, ni), i =1,2) by setting

@1(D",D) = (J,D',p1D);
@2(D',D) = (J3D',@2D);
J(D',D) = (J1D',JD);
- on ) .
&= E(O'Ei)’ fori=1,2; (4.2)

ni(D',D) = %m(D), fori=1,2;
2
G((D',D),(E,E)) = g'(D',E') + %g(D,E),

where D' €e T(M') and D € T(M).
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So, the projection f : M’4m" x M4m+2 . p4m" i an almost Hermitian almost contact
metric submersion of type L. Indeed, we have f,J(D’,D) = f.(J1D',JD) = J{D'; since
D' = f.(D',D), we see that fyJ(D',D) = J; f«(D’,D) which shows that f.J = J{ f«.
Similarly, fx @1 = J5.f« and f.@2 = J;f«. This example is suggested by one that was
given in [6].

4.2. Submersions of type II. Following Watson [14, page 680], we can construct an
example of almost Hermitian almost contact metric submersions of type II.

Let p < m and consider Mf,l =1 a distribution of M4m+2 spanned by the vector field &,
as defined by (3.5). Obviously, the manifold M4m+2 /Mﬁ” ~!is an almost contact metric
manifold with 3-structure. So, the canonical projection f : M4m+2 — pMAm+2 paP~1 ig

an almost Hermitian almost contact metric submersion of type IL

4.3. Submersions of type IIl. Let M = M*4" x M'4™'+2 he the Cartesian product of an
almost quaternionic manifold with an almost Hermitian almost contact metric manifold
as constructed in Section 4.1.

It is clear that M is an almost Hermitian almost contact metric manifold. So, the
canonical projection map f : M4™m x M’4m'+2 _, p'4m’+2 g an almost Hermitian almost
contact metric submersion of type IIIL.

Indeed, setting @1(D,D’) = (JoD, @ D’), ¢2(D,D’) = (J3D,p4D’), and j(D,D’) =
(D,J'D’), we have f,@1(D,D’) = f«(J.D,9 D) = @D’ = @] f«(D,D') which
shows that f, @1 = @] f«. In the same manner, we can show that f,@, = @5 fx and

f*j:.]’f*-
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