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We generalize min-neighborhood groups to arbitrary T-neighborhood groups, where T is a
continuous triangular norm. In particular, we point out that our results accommodate the
previous theory on min-neighborhood groups due to T. M. G. Ahsanullah. We show that
every T-neighborhood group is T-uniformizable, therefore, T-completely regular. We also
present several results of T-neighborhood groups in conjunction with TI-groups due to
J. N. Mordeson.
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1. Introduction. Menger in [19] introduces an important class of T-uniformities
(T being a continuous t-norm) that is generated by a probabilistic metric [21]. Moti-
vated by the Menger’s T-uniformities, Hohle [13] brought into light in his celebrated
article the idea of probabilistic metrization of fuzzy uniformities. While developing his
theory, he showed that a fuzzy T-uniformity is probabilistic metrizable if and only
if it is Hausdorff-separated and has a countable base. He also pointed out that when
T = min is considered, his fuzzy T-uniformity reduces to min-fuzzy uniformity of R.
Lowen—a fuzzy uniformity widely used over the years. One of the interesting features
of this min-fuzzy uniformity [16] is that it gives rise to a fuzzy neighborhood space
[17]; an interesting and very well-behaved class of fuzzy topological spaces [15], used by
many authors in a wide variety of ways. Among the prominent classes of so called fuzzy
neighborhood spaces are, for instance, Katsaras linear fuzzy neighborhood spaces [14],
fuzzy metric neighborhood spaces [18], fuzzy neighborhood groups, rings, modules,
algebras, and commutative division rings [1, 2, 3, 4, 5].

Very recently, following the famous articles of Menger [19], Hohle [13], Frank [9],
Hashem and Morsi [10, 11, 12] introduced a class of fuzzy topological spaces [15] as
they put it: fuzzy T-neighborhood spaces herein called T-neighborhood spaces—a nat-
ural generalization of min-fuzzy neighborhood spaces of Lowen [17]. Our main target
here in this article is to generalize the notion of min-fuzzy neighborhood groups in-
troduced in [2]. We show that every T-neighborhood group is a T-uniform space, and
therefore, a T-complete regular space in the sense of Hashem and Morsi [12]. We also
generalize the two important characterization theorems, which give necessary and suf-
ficient condition for a T-neighborhood system and a group structure to be compatible,
and a prefilter to be a T-neighborhood prefilter.

As an application, we present some results on T-neighborhood groups in conjunction
with Mordeson’s TI-groups [7], which we believe will open the opportunities to look
into further work on fuzzy algebraic structures in connection with the T-neighborhood
groups.
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2. Preliminaries. Let T be a continuous two-place function (known as continuous
triangular norm or t-norm) mapping from the closed unit square to the closed unit in-
terval satisfying certain conditions. In other words, T : IXI — I, («, ) — «T 3, satisfying
the following conditions:

(Ta) 0T0=0, «T1 =« forall x eI;

(Tb) TP =BT forall (x,B) €IXI,
(Tc) if x < Band y < 6, then «Ty < BT6 for all &,B,y,0 €1;
(Td) («TB)Ty =«xT(BTy) for all x,B,y €1.

DEFINITION 2.1 [6, 16]. A nonempty subset & C I€ is called a prefilterbase if and
only if the following conditions are true:
(PB1) O ¢ %;
(PB2) for all vi,v, € %, there exists v € % such that v < v; Avs.

If B is a prefilterbase in I¢, then by its saturation we understand the following col-
lection:

B ={v:G—I,Ve>0IVv. EBDVe—€ <V}, (2.1)

DEFINITION 2.2 [10, 11, 12]. A T-neighborhood space is an I-topological space [15]
(G,~) whose closure operator “—” is induced by some indexed family Q = (Q(x))xeq
of prefilterbases in I¢ defined by

E(x)= inf sup&(z)Tv(z) VEeI® xeG. (2.2)

veQ(x) zeG
THEOREM 2.3 [10, 11, 12]. A family Q = (Q(x))xec of prefilterbases in I¢ is a T-
neighborhood base in G if and only if it satisfies the following two properties for all
x €G:
(TB1) forallv € Q(x),v(x)=1;
(TB2) for all v € Q(x), there exists a family (vye € Q(Y))(y,e)ecx1, Which satisfies for
all (y,e) € Gxly,

SUp [Vi,e (2)TVze (V)] < v(y) +e. (2.3)

zeG

The family Q is said to be a T-neighborhood basis for (G,”), and every v € Q(x)
is called T-neighborhood at x. This I-topology is denoted by t7(Q). However, from
now on we will be calling the triple (G, ,t(Q)) the T-neighborhood space with Q a
T-neighborhood base in G.

THEOREM 2.4 [10, 11, 12]. Let (G1, ,t(Q1)) and (G2, ,t(Q2)) be T-neighborhood
spaces with T-neighborhood bases Q1 and Q, respectively. Then a function f : G — G»
is continuous at x € Gy

S Ve (fx), fHu) e (x),
=V € Q(f(x) Ve>03Ium €Qi(x) s —€< f 1 (), (2.4)
= [f U o)]x) <[fd)](x) VoeI?,
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If A,T € I%C¢ and v € I¢, then T-section of A over v is given by

A{v)r(x) =supv(y)TA(y,x) VxegG. (2.5)
yeG

The T-composition of A and T is defined as

AorT(x,y) =sup[l'(x,z)TA(z,y)] V(x,y)eGXG. (2.6)

zeG
I is called symmetric if T* =T, that is, I'(yv,x) =T(x,y), for all (x,y) € GXG.

DEFINITION 2.5 [10, 11, 12]. A subset B c I“*C is called a T-uniform base on a set
G if and only if the following properties are fulfilled:
(TUB1) % is a prefilterbase;
(TUB2) forall x € G, forall v e B,v(x,x) =1;
(TUB3) for all B € B, for all € > 0, there exists B € B such that Bcor B —€ < ;
(TUB4) for all B € &, for all € > 0, there exists B € B such that S —€ < B.
The collection % of fuzzy subsets of G x G is called T-quasi-uniform base on a set
G if and only if it fulfills the preceding conditions (TUB1), (TUB2), and (TUB3), while
a is called T-quasi-uniformity if and only if B = A T-uniformity AU is a saturated
T-uniform base %.

THEOREM 2.6 [10, 11, 12]. If B is a T-quasi-uniform base on a set G, then for all
x € G, the family

S(x)={B(lx) I BB~} ={B(1x) | BE B} (2.7)

is a T-neighborhood system on G.

PROPOSITION 2.7 [10,11,12]. Let(G,W) be a T-quasi-uniform space. Then the closure
of the T-neighborhood space (G,t(W)) is given by

fi=inf o{u)r Vue 1°. (2.8)

THEOREM 2.8 [10, 11, 12]. If(G,T) is a topological space and V+ = (V' (X)) xec IS its
associated neighborhood system in G, then (G, ,t(Q+)), a generated topological space,
generated by T, is a T-neighborhood space with a T-neighborhood basis Q = (Q(x)) xec,
where for all x € G,

Qi=Q1(x)={ly:G—I; M eV (x)} CI%
Qi=Q(x)={1y:G—1I; xeMe T} I (2.9)

Q3:=03(x)={v:G—1I; vislsc inxand v(x) =1} C IC.

Just for the sake of convenience, we provide the proof of the following proposition.

PROPOSITION 2.9. A function f: (G,V+) — (G',V%,) between two topological spaces
is continuous at a point x € G if and only if f : (G,t(Q+)) — (G',t(Q~,)) is continuous at
x € G between two generated T -neighborhood spaces.
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PROOF. Let f:(G,V¢) — (G,V+) be continuous at x € G and ' € Q7 (f(x)); in
view of Theorem 2.4, we show that f~1(u’) € 5:(;).

Choose M’ € ¥7.(f(x)) such that u’ = 1. This implies that there exists an M €
¥+ (x) such that f(M) c M’, and hence for all € > 0,

Iy(x)—€e=1-€<1papp(x)=F"(u). (2.10)

With i = 1y, one obtains p—€ < £~ (u) implying that £~ (i) € Qx (x).

Conversely, we show that the function f: (G,V+) — (G',¥".) is continuous at x € G.
If U € V., (f(x)), then 1y € Q. (f(x)) implies f~'(1y) € QO (x) by continuity of f
between the generated spaces.

Thus, for all € > 0, there is a u = pe € Q- (x) such that

u—ce=<f1(1y). (2.11)
This implies that for all € > 0, there exists a Ve € ¥+ (x) such that 1y, = 4 = py and

1V5 —€=< 1f’1(U)' (212)
Now V. € ¥+ (x) implies x € V¢ if and only if 1y, (x) = 1. Therefore,

O<l-€= 1V€(X)—€S ]'f’l(U)(X) S ].f—](U)(X) >0= 1f—I(U)(X)

=1 xef (). (2.13)

This means that V. < f~1(U) implies f~1(U) € ¥+ (x). Thatis, f is continuous at x € G.
O

THEOREM 2.10 [11]. Let (G,~) be an I-topological space. Then (G,”) is a T-neigh-
borhood space if and only if «Tu = «Tji for all p € I¢ and for all x € 1.

DEFINITION 2.11 [12]. An I-topological space (X, T) is called T-completely regular
if T is the initial I-topology for the family of all continuous functions from (X, T) to
(DT (Fx)).

Here, 9" stands for the collection of all distance distribution functions from R* to
the unit interval I, and the pair (9", t7 (%)) is the T-neighborhood space induced by
the well-known Hohle’s probabilistic T-metric %¢. For details, we refer to [12, 13].

THEOREM 2.12 [12]. T-complete regularity is equivalent to T-uniformizability.

3. Some results on T-neighborhood spaces

THEOREM 3.1. Let (G1,7,t(Q1)) and (G2,7,t(Q2)) be two T-neighborhood spaces
with bases Q1 = (Q1(x))xeq, and Q2 = (Q2(x))xeq, N G1 and G, respectively. Then
their T-product (G X G2,—®T,t(Qy) ®1 t(Q2)) is the T-neighborhood space with base
Q =Q, 01 Qy defined by

Qx,y) ={vierva | vi € Qi(x), v2 € (1)}, (3.1
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where v @ vy is given as

vi®rva(x,y) =vi(x)Tv2(y) V(x,¥) € G1XGo. (3.2)
Moreover,
VIi®r Vo =vi®rva Vv €6, vy €12, (3.3)
Conversely, if
VI®r Vo =vi®rve Vv, €If v, €102, (3.4)

then both the I-topological spaces (G1,~) and (G2, ) are T-neighborhood spaces.

PROOF. First we show that for all (x,y) € G; X G2, Q(x,y) is a prefilterbase.
(PB1) Obviously, Q # @ and 0 ¢ Q.
(PB2) Let &1,& € Q(x,y), then there are v,v> € Q;(x) and py, ir € Q2(y) such that
&1 =vi®ru and & = Vv2 O 2.
Now, &1 A& = (vi®rU) A(Vo®T U2). For any (x,y) € G) X Ga,

E(x, ) A& (x,y) = (vieru) (x,¥) A (v2@ru2)(x,¥)
= (Vi) Tur () A (va(x)Tuz(y))
= (Vi) Av2 (X)) T(vi () Ap2 ()
= (VviAv2) )T (ur Apz) ().

(3.5)

Therefore, & A &2(x,y) = v(x) A u(y) for some v € Qi(x) and pu € Q2(y), since
both Q; (x) and Q- () are prefilterbases in G, and G», respectively.
This implies that & A & (x,y) = veru(x,y) = &E(x,y) and & € Q(x,y), and hence
& <& A&, proving that Q(x,y) is a prefilterbase in G X G».
Now we prove the conditions of Theorem 2.3.
(TB1) If x € G and & € Q(x,x), then for some v € Q;(x) and u € Q2(x), we have
E(x,x)=veru(x,x),v(x)Tu(x)=1T1=1.
(TB2) Let (x,¥) € G1 X G2, € € Q(x,Vy), and € € Iy. Then there exists v € Q;(x) and
ueQ(y)suchthat E=verpu.
Consequently, there is a family (vy,e € Q1(1))(»1,0)e6, x5 @ T-kernel for v which
satisfies for all (y1,€) € G X Iy,

sup [vae(21)Tvz,c(On)] <= v(on) +e. (3.6)

z1€G1

Also, there is a family (uy,e € Q2(2)) (3,,0c62x19, @ T-kernel for pu which satisfies for
all (y2,€) € Gy x I,

sup [Hye(z2) Tz (32)] < u(y2) +e. (3.7)

226Gy
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Now for all (y1,y2) € G1 X G2,

(verp)(yi,y2) +0 =[v(y1)Tu(y2) ]+ = (v(y1) +€)T(u(y2) +e) (3.8)

with € = €15 > 0.
This yields that

(veru)(yi,y2) +6
= sup [Vx,e(zl)TVzl,e(yl)]T sup [Uy,e(ZZ)TUzz,e(yZ)]

z1€G1 zpeGy

= sup [(Vx,e(Zl)Tuy,e(22))T(Vzl,e(yl)TlJzz,e(yZ))]

(21,22)€G1 XG

= sup  [((Vee®THy,e) (21,22)) T((Vz e ®T Hzpe) (11,02)) ]

(21,22)€G1 XGp

(3.9)

= sup [Vx,e ®TUy,e(21;ZZ)TVzl,€ ®TUzz,e(y1|_y2)]
(21,22)€G1 XG2

<veru(yi,y2) +0.

In order to prove the final part, we proceed as follows. Let v € I¢1, v, € I, and
(x,y) € G1 XGo.
Then in view of Definition 2.2, we have

vierva(x,y)= inf inf  sup sup (vi®rva)(z1,22)T (& ®1&2)(21,22)
£1€01(x) E26Q2(y) 21€G1 22662

= inf inf  sup sup {vi(z1)TVv2(22)}T{& (21)TE(22)}
£1€Q1(x) £E2€Q2(y) 21661 22662

= inf inf  sup sup vi(z1)T& (z1)Tv2(22)TE(22)
£1€Q1(x) E26Q2(y) 21€G1 22662

= inf sup vi(z1)T& (z2)T inf  sup va(z2)T&(22)
£1€Q1(x) 21€6G; 2600 (y) 226G

=vix)Tva(y) =vierva(x,y).
(3.10)
To prove the converse part, we proceed as follows. Since

VI®T V2 =V ®T V2 VV1€IGI, V2 EIGZ, (3.11)
in view of Theorem 2.10, we have

(xTvi®rVv2)(x) = (xTVI &7 V2)(X)
= x(x)T(Vi®rV2)(x) (3.12)
= x(x) T (Vi(x)Tv2(x)).

Since this holds for all x and for all v; and v,, with v, = 1, we have

(aTvi®rva)(x) = («TVI®7V2)(x) = a(x) T (Vi(x)T1) (3.13)
= x(x)TVi(x) = («TV1)(x) = («Tv1)(x), '
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so (G1,7) is a T-neighborhood space. Similarly, with v; = 1, we see that (G2, ) is a
T-neighborhood space. This completes the proof. O

PROPOSITION 3.2. Let (G1, ,t(Qq)) and (G2, ,t(Q2)) be T-neighborhood spaces.
Then the projections

pry: (G X Ga, %7, t () ®7t(Q2)) — (G1, ,t()), (x1,%x2) — x1, 3
1
pry: (G X Go, %7, t(Q1) ®7t(Q2)) — (G2, 7, 1(Q2)), (x1,x2) — x2,

are continuous.
PROOF. Letv e Q;(x;) and € > 0. Then

prit (vi) (x1,x2) =vi (pry (x1,%2)) =v1 (x1) T1 = v (1) Tva (x2) = vi @7 va (x1,X2) — €

= Vvi®rva—€e<pr; (vi) = pr;! (vi) € Q(x1,x2)".
(3.15)

This implies that pr; : (G1 X G2, =®7T,t(Q1) @7 t(Q2)) — (G1,,t(Q1)), (X1,X2) — X1, 1S
continuous, and similarly, one can prove that pr; : (G; X G2,—®7,t(Q;) ®7 t(Q2)) —
(G2, ,t(Q2)), (x1,x2) — X2, IS continuous. 0

DEFINITION 3.3. A T-neighborhood space (G, ,t(Q)) is said to be a TN-regular
space if and only if for all z € G, for all u € Q(z), and for all € > 0, there exists a
v € Q(z) closed such that

e+u(z)= inf supv(t)Tpt)(=v(z)). (3.16)
peQ(z) teG

THEOREM 3.4. Every T-quasi-uniform space (G,Y) is TN-regular.

PROOF. Suppose that z € G, ¢ € ¥, and € > 0, and choose . € ¥ such that
YeorPe <P +€. (3.17)
If t € G, then by using Proposition 2.7,

Wel2) (1) = inf supye(z)()TYL(y,t) < SUD Y (2,) TWe(,1)
ye

YeeY yeG
=Weor Pe(z,t) <yw(z,t)+e (3.18)
=y(z)(t) +e.
Hence the result follows. O

4. T-neighborhood groups. In what follows, we consider (G,-) as a multiplicative
group with e as the identity element. If y: G — I, then u~!(x) is defined as u='(x) =
u(—x), and p is said to be symmetric if and only if pu = u~'.
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DEFINITION 4.1. Let (G,-) be a group and (G, ,t(Q)) a T-neighborhood space with
T-neighborhood base Q on G. Then the quadruple (G, -, ,£(Q)) is called a T- neighbor-
hood group if and only if the following properties are satisfied:

(TG1) the mapping m : (G X G,—%T,t(Q) &1 t(Q)) — (G, ,t(Q)), (x,y) —» xy, is con-
tinuous;
(TG2) the inversion mapping v : (G, ,t(Q)) — (G,,t(Q)), x — x~1, is continuous.

A group structure and a T-neighborhood system is said to be compatible if and only
if (TG1) and (TG2) are fulfilled.

REMARKS 4.2. A T-neighborhood group may not be a fuzzy topological group in the
sense of Foster [8] since we have used T-neighborhood topology, which differ from the
product fuzzy topology.

PROPOSITION 4.3. Let (G, -) be a group and (G, ,t(Q)) a T-neighborhood space with
a T-neighborhood base Q. Then the quadruple (G, -,”,t(Q)) is a T-neighborhood group
if and only if the mapping

h:(GXG, =T, t(Q)ert(Q)) — (G,7,t(Q)), (x,y)— xy, (4.1)

is continuous.

PROOF. Observe that the conditions (TG1) and (TG2) are equivalent to the following
single condition:

(TG3) the mapping h: (GXG,—8T,t(Q)®rt(Q)) — (G, ,t(Q)), (x,y) — xy~1,is con-
tinuous.

In fact, if we let f(x,y) = (x,y~1), then by (TG2), f is continuous and hence in
conjunction with (TG1), one obtains the continuity of h. On the other hand, (TG3)=(TG2)
for x — ex~! = x71 is then continuous; while (TG1) follows from (TG3) and (TG2),
because (x,y) — x(y~1)~! = xy is then continuous. |

PROPOSITION 4.4. Let (G,-) be agroup and (G, ,t(Q)) a T-neighborhood space with
Q a T-neighborhood base in G. Then
(@) the mapping m : (G X G,-,—°T,t(Q) @1 t(Q)) — (G,-,~,t(Q)), (x,y) — xy, Is
continuous at (e,e) € GXG if and only if for all u € Q(e), for all € > 0, there exists
v € Q(e) such that

VOTV < U+E; 4.2)

(b) the inversion mapping v : (G,-,”,t(Q)) — (G,-,~,t(Q)), x — x~1, is continuous at
e € G if and only if for all u € Q(e), for all € > 0, there exists v € Q(e) such that

v<ul+e (4.3)
PROOF. (a) In view of Theorem 2.4, continuity at (e,e) € G X G is equivalent to

VueQe) =m(u) € (Qe)erQe))” »
= VYueQle), Ve>0,Iv=veeQe)averv=m '(u)+e. 44)
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Butm(verv)(z) =supyyem-1(z) V(X)TV(y) =supy,_, v(x)Tv(y) = vorv(z). Thus,
in this case, continuity at (e,e) € G X G is in fact equivalent to

VOTV < U+E. 4.5)

(b) This follows almost in the same way as in (a). O

COROLLARY 4.5. If (G,-, ,t(Q)) is a T-neighborhood group, then the mapping (4.1)
is continuous at (e,e) € G x G if and only if for all u € Q.(e) and for all € > 0, there exists
av € Q(e) such that

1

vVoOrv S < u+eE. (4.6)

PROOF. This follows at once from the composition of (a) and (b) in Proposition 4.4.
O

PROPOSITION 4.6. Let (G, ,t(Q)) be a T-neighborhood space and A C G. Then
(A,7,t(Q4)) is a T-neighborhood space, a subspace of the T-neighborhood space
(G,7,t(Q)).

PROOF. The proof follows by easy verification. |

THEOREM 4.7. The triple (G,-,T) is a topological group if and only if the quadruple
(G,-,7,t(Qr)), where Q is the generated T-neighborhood basis, is a T-neighborhood
group.

PROOF. With the help of Proposition 2.9, it follows that the mapping
h:(GXG, Ve xV7) — (G, V), (x,¥)— xy 1, 4.7)
is continuous if and only if
h:(GXG,t(Qr)8rt(Qr)) — (G,t(Qr)), (x,7) —xy7!, (4.8)

is continuous, where € is the basis for the generated T-neighborhood spaces. |

LEMMA 4.8. Let (G,-, ,t(Q)) be a T-neighborhood group and a € G. Then
(1) the left translation%, : (G,-,”,t(Q)) - (G, -, ,t(Q)), x — ax, and the right trans-

lation R, : (G-, ,t(Q)) - (G,-, ,t(Q)), x —» ax, are homeomorphisms;
(2) the inner automorphism 9, : (G,-,”,t(Q)) = (G,-,~,t(Q)), z — aza™', is an iso-
morphism;

(3) veQle) ifand only if £,(v) € Q(a)” if and only if R,(v) € Q(a)”. In other
words, if Q is saturated, then v € Q(e) if and only if 1{4, 07v =aorv € Q(a) if
and only if vora € Q(a);

4) veQa) ifandonly if £_,(v) € Q(e)” if and only if R_,(v) € Q(e)". In other
words, if Q is saturated, then v € Q(a) if and only if 1;,-1, 07V = aloveQle)
if and only if vora! € Q(e);

(5) ifveQle), thenv'! € Q(e);

6) vorv~lis symmetric.
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PROOF. (1) follows at once from the definitions while (2) follows from the fact that
Fa=LaoR 4=R_40%, forall a € G.

(3)Letv € Q(e)” Cc Q(e), thatis, v € Q(a'a) = Q(£;' (a)). Since £, is continuous,
then in view of Theorem 2.4, $,(v) = (£;)1(v) € Q(a)” implies £,(v) € Q(a)”.
Conversely, let £,(v) € Q(a)” € Q(a) implies £, (v) € Q(a) implies £,(v) € Q(a) =
Qae) = Q(£,(e)), and since £, : G — G is continuous injection again by Theorem 2.4,
v=%1(2L,(v)) € Q(e)”. For the calculations of the other part, see [7, Theorem 5.1.1].

(4) follows from (3) while (5) follows from the fact that the inversion mapping v : G —
G, x — x~1 is a homeomorphism.

(6) We have vorv! = (vorv 1)-1 If x € G, then

vorv ) ') =(veorv ) (x ) = sup v(a)Tv(b!)
ab=x-1
= sup Vv(s)Tv(t)= sup v(t)Tv(s)

stl=x-1 ts~l=x

sup v(H)Tv((s™) ™) (4.9)

ts—l=x

sup v(H)Tv=i(s7!)

ts—l=x

=vorv Hx).
This completes the proof. |

DEFINITION 4.9. A T-neighborhood space (G, ,t(Q)) is called homogeneous space
if and only if for all (a,b) € G x G, there exists a homeomorphism f : (G,”,t(Q)) —
(G,™,t(Q)) such that f(a) = b.

THEOREM 4.10. Every T-neighborhood group is a homogeneous space.

PROOF. This follows from the fact that for all a,b € G x G, the function
Ra-1:G— G, x— xa b, (4.10)

is a homeomorphism. O

LEMMA 4.11. Let (G,-) be a group, and let, for all p € I¢, up : GXG — 1, (x,y) —
up(x,y) = u(x=ty) (resp., ug : GXG — 1, (x,y) — ug(x,y) = u(yx-1)) be the vicinities
L-associated (resp., R-associated) with u.

Then forallp,0,v €16, (x,v) € GXG, and triangular norm T : 1 xI — I, the following
hold:

(1) pr({0)r =00oru (resp., ur{0)r = uoT0);

(2) puTvy = (uTv) (resp., urTvg = (UTV)R);

(3) (ui) = (up)*;

4) pyporvy =(voru)y (resp., g @7 Vg = (V O1 L)R).

PROOF. (1)Forall (x,0,u) € GXI® XIS,
pr(0)7(x) =sup [0(¥) Tur(v,x)] =sup[0(») Tu(y'x)]
YeG yeG

4.11)
=0oru(x) (byl7, Theorem 5.1.1]).
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(2) and (3) are obvious.
(4) For all (x,y) € GXG,

UL OTVL(X,Y) = suyc)[vL(x,z)TuL(z,y)] =sup[v(x'z)Tu(z"'y)]

zeG

= sup [V Tut)] = (voru)(x~'y) (4.12)

st=x"lzz"ly=x-1ly
=(voru) (x,»). O
THEOREM 4.12. Every T-neighborhood group is a T -uniform space.

PrOOF. If (G,-,7,t(Q)) is a T-neighborhood group, then (G, ~,t(Q)) is a T-neighbor-
hood space with the T-neighborhood basis Q.
We consider the following collection:

Q={u lueQe)} cI1éxe, 4.13)

We claim that Q is a T-uniform basis.
(TUB1) Clearly Q is a prefilterbasis.
(TUB2) If ¢ € Q, then there exists a u € Q(e) such that ¢ =y, and for all x € G,

W(x,x) =pur(x,x) = ue) =1. (4.14)

(TUB3) If ¢ € Q, then there exists a u € Q(e) such that ¢ = p;.
Thus, by virtue of Proposition 4.4(a), for all € > 0, we can find v¢ € Q(e) such that

veorvei—-e<pu. (4.15)
If we let vi = ., then one obtains

PeOTWPe—€=VviOrVi—€=(V¢orve), —e<pu

= YeOrTYPe—€ =Y.

(4.16)

(TUB4) If ¢ € Q, then there is a y € Q(e) such that ¢ = y;. Consequently, by
Proposition 4.4(b), for all € > 0, there exists a v¢ € Q(e) such that

vée—e<pu L (4.17)

Therefore, vi —€ < (u=1) = (u)~! implies Ye —€ < Ws.

This shows in accordance with Definition 2.5 that Q is a T-uniform basis, which in
turn gives rise to a left T-uniformity U; = Q™.

In fact, we have for all x € G,

UL (x) = {p(le) lHEQ()} = {Lx(p) [HEQ() ) =Q(x)7, (4.18)

which is a T-neighborhood system on G and that (G,t(Q) = t(U)) is a T-uniform
space. Similarly, one can obtain right T-uniformity. |

THEOREM 4.13. Every T-neighborhood group is T-completely regular.
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PROOF. This follows from the preceding theorem in conjunction with Theorem 2.12
because every T-neighborhood group is T-uniformizable and every T-uniformizable
space is T-completely regular. |

THEOREM 4.14. Let (G,-) be a group, (G, ,t(Q)) a T-neighborhood space with T-
neighborhood base Q) in G. Then the quadruple (G,-,~,t(Q)) is a T -neighborhood group
if and only if the following are true:

(1) forallac G,Q(a)” ={Ls(u) | ueQle)}~ (resp., foralla € G,Q(a)” = {R,(u) |
HeEQe)}™);
(2) for all u € Q(e), for all € > 0, there exists a v € Q(e) such that

VOTV < U+E, (4.19)

that is, the mapping m : (x,y) — Xy is continuous at (e,e) € G X G;
(3) forall ueQ(e), for all € > 0, there exists a v € Q(e) such that

v=ul+e, (4.20)

that is, the mapping v : x — x~! is continuous at e € G;
(4) forall ueQ(e), foralle > 0, and for all a € G such that

aorvora ' <pu+e, 4.21)

that is, the mapping 9, : x — axa™' is continuous at e € G.

PROOF. Let (G,-, ,t(Q)) be a T-neighborhood group. Then the conditions (1), (2),
(3), and (4) are clearly true.

To prove the converse part, we remark that from Corollary 4.5, it follows that the
mapping h: GxXG — G; (x,y) — xy~! is continuous at (e,e), and since the translations
%, and R, are continuous at a and e, respectively, the continuity of m follows from
the following chain:

L1 XL m 9 L
GxG— " oxg 2 gL, g—ab

G, (4.22)

where (a,b) — (e,e) - e — e — ab™ 1. O

THEOREM 4.15. Let (G,-) be a group and F a collection of nonempty subsets of 1,
that is, @ + ¥ C I such that

(1) ¥ is a prefilterbasis and p(e) =1 for all u € F;

(2) forallu € %, for all e > 0, there exists av € ¥ such thatv—e < u~1;

(3) foralluc %, for all e > 0, there exists a v € F such thatv orv —€ < U;

4) forall u e %, for all a € G, for all € > 0, there exists v € F such that aorv or

al-e<p.

Then there exists a unique T-neighborhood system compatible with the group structure
of G such that ¥ is a T -neighborhood basis at e € G.

PROOF. Forallu € ¥, let uy : GXG — I be the vicinities L-associated with u. Evidently,
ur(a,a) =p(ata) =p(e) = 1.
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We let
RB={u | peF cI1x¢, (4.23)

We show that @ is a T-quasi-uniform basis for a T-quasi-uniformity. We verify Definition
2.5 upto (TUB3).

(TUB1) % is a prefilterbasis; for 0 ¢ % which is clearly true, since ¥ is a prefilterbasis.
Next, let A, & € B, then A = y; for some y € F and &€ = n; for some n € . Since &
is a prefilterbasis, there existsa 6 € ¥ suchthat 0 < uAnand 6y < ur AnL = AAE,
proving that @& is indeed a prefilterbasis.

(TUB2) For all x € G, and ¢ € %, we have ¢ = u; for some u € ¥ and @(x,x) =
pr(x,x) = p(e) =1 by (1).

(TUB3) Let ¢ € 9. Then there exists a y € & such that ¢ = p;.

Now by (3), for all € > 0, we can find a v € ¥ such that

vVOTV—€< U (4.24)
But then by virtue of Lemma 4.11(4), we get vy 67 vy —€ < ;. So, if we put ¢ = v, then
YeOTWPe—€ Y. (4.25)

This completes the proof that % is a T-quasi-uniform basis which in turn gives rise to
a T-quasi-uniformity and hence a T-quasi-uniform space. Then in view of the Theorem
2.6, since every T-quasi-uniform space is a T-neighborhood space, in this case, we have
the T-neighborhood system as given by the family

{UL<1X>T lp € B~} = {“L<1X)T | up € B}
={lxorulueF}” (4.26)
={lxoulueF} .

Thus one obtains the T-neighborhood system with the following family: Q(x) =
{1xo7u | u € F}, a basis for the system in question. |

THEOREM 4.16. Let (G,-, ,t(Q)) be a T-neighborhood group. Then forallu:G — 1,
pg=inf{uorv|veQe) } =inf{uorv|iveQle)} . (4.27)

PROOF. Observe that every T-neighborhood group is a T-quasi-uniform space.
Therefore, by virtue of Theorem 2.6, we can write, in particular, that

g=inf{v(u)r|veQle)}. (4.28)
Then by using Lemma 4.11(1), we have the following:

pg=inf{uorviveQle) } =inf{uorviveQle)} . (4.29)
|
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COROLLARY 4.17. In a T-neighborhood group (G,-,”,t(Q)), the following property
holds:

g=inf{voru|veQe) } =inf{vorulueQle)} . (4.30)

PrROOF. This follows at once from the preceding results. |

THEOREM 4.18. If (G,-,,t(Q)) is a T-neighborhood group, then (G, ,t(Q)) is T-
regular.

PROOF. Letpu € Q(e) and € > 0. Since the map (x,y) — xy~lis continuous at (e,e) €
G X G, in view of Corollary 4.5, we can find a v € Q(e) such that

vorv ! zu+e. 4.31)

Then using Theorem 4.16, we obtain
f(x) = wie%f(e)voT wl<svorv !t <pu(x)+e, (4.32)
which ends the proof. |

PROPOSITION 4.19. If (G,-,”,t(Q)) is a T-neighborhood group, then for all u,v € I¢,
we have the following:

(i) peorv=porv;

(i) pt=pt;

(iii) xoruory =xorapory forall x,y € G.
PROOF. (i) If z € G, then we have

aorv(z) = sup fi(x)Tvy = sup  [a®rv](x,Vy)
xy=z (x,y)em=1(z)

=ml[perv](z) =m[pgerv](z) (4.33)
sml[uerv](z) =puorv(z).

(ii) and (iii) follow immediately. O
LEMMA 4.20. If(G,-) and (G',-) are groups and f : G — G’ is a group homomorphism,

then
flxoraoru) =f(x)orfla) " orfu). (4.34)

PROOF. This follows the same way as in [2, Lemma 2.15]; see also [7]. O

THEOREM 4.21. Let (G,-, ,t(Q)) and (H,-, ,t(E)) be T-neighborhood groups with
bases Q) and E in G and H, respectively. If f : G — H is a group homomorphism, then f
is continuous if and only if it is continuous at one point.

PROOF. Let f:G — H be continuous at the point a € G. We need to show that f is
continuous at each x € G. Let £ € E(f(x)) and € > 0. Then we have f(x) ' o7& € E(e)
and hence f(a)or f(x) 1 or& € E(f(a)). Then by Theorem 2.4, the continuity at one
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point a € G yields that f~'(f(a) or f(x)"'o7&) € Q(a)”, which in turn implies that
there exists a 0 = 0. € Q(a) such that

oc-e<f (fla)orf(x) ' orf). (4.35)

Now we have u:=xoraloro € Q(x).
Thus, one obtains

u(iz)—e=xoraltoro(z)—e=clax'z)-¢

<fla)orf(x) 'or&(flax'z))

(4.36)
= flax ") or&(f(ax)f(2))
=E(f(2) =f1(®)(2),
that is, y—e€ < f~1(€), which implies that f~1(§) € Q(x)". |

Now we present some results on T-neighborhood groups in conjunction with Morde-
son’s TI-group.
5. Application of T-neighborhood groups in TI-groups

DEFINITION 5.1 [7, 20]. An I-subset u of G is called a TI-subgroup of G if it fulfills
the following conditions:

(G1) p(e) =1,

(G2) p(x~1) = p(x), forall x € G;

(G3) u(xy)=pu(x)Tu(y), forall x,y €G.

We denote the set of all TI-subgroups of G by TI(G) and that of the set of all normal
TI-subgroups by NTI-subgroups, while by NI-subgroup we mean normal I-subgroups,
the one introduced by Rosenfeld [20] in which case T = min is used.

PROPOSITION 5.2. Let (G,-, ,t(Q)) be a T-neighborhood group and u € TI(G). Then
At e TI(G).

PROOF. In view of [7, Theorem 5.1.4], it suffices to prove that
AHQ op (H@) 7 < @), (5.1)
Since p € TI(G), we have pyoru~! < . Then by an easy calculation, one obtains
poru ' =h(uerut), (5.2)
which in conjunction with Theorem 3.1, yields the following:
(@) or (1) = [ (3" ) @y (A1) ] < g1, 63)

which proves that gt e TI(G). O
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PROPOSITION 5.3. If (G,-,,t(Q)) is a T-neighborhood group and u € NTI(G), then
At e NTI(G).

PROOF. Since u € NI(G), we have I,(u) = x orporx~! = u, where I : G — G,
z — xzx~! is an inner automorphism. But then using Proposition 4.19(iii), we obtain

xXorforx '=xorpox-l=j. (5.4)

Hence the result follows from [7, Theorem 5.2.1(N5)]. |
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