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AN APPROXIMATION TO DISCRETE OPTIMAL
FEEDBACK CONTROLS
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We study discrete solutions of nonlinear optimal control problems. By value func-
tions, we construct difference equations to approximate the optimal control on
each interval of “small” time. We aim to find a discrete optimal feedback control.
An algorithm is proposed for computing the solution of the optimal control prob-
lem.

2000 Mathematics Subject Classification: 49M25, 49K15.

1. Introduction and statement of the problem. For nonlinear analytic sys-
tems, there have been many works on control problems since the eighties of
the last century. In [3, 4, 5, 6], Lie series was used in studying the controllability
of nonlinear analytic systems. In [1], the discrete method in solving Hamilton-
Jacobi-Bellman equations for value functions of nonlinear problems was dis-
cussed. In this paper, we use Lie series to construct difference equations by
value functions in obtaining the discrete solutions of nonlinear optimal control
problems. Taking advantage of the uniform convergence of Lie series on an in-
terval of “small” time, we focus on the integral of the optimal control function.
We aim to find a discrete optimal feedback control. We see that the optimal
controls of a given problem can be constructed by these integral dates. We pro-
pose an algorithm which includes the process of pre-estimation and correction
of an approximation to the solution of the optimal control problem.

We begin by considering the following nonlinear control system:

x=f(x)+G(x)u, x(0)=xoeXCcR", te[0,T], (1.1)
where f:R" — R" and G : R"* — R,
G= (gh---agm): (12)

are real analytic mappings. We consider the admissible controls u(t), which
take values in some compact set U C R™, to be integrable. Throughout this
paper, it is assumed that the state space X is bounded. Let Q (x) be a Lipschitz
function. Denote by x, (t) the solution of system (1.1) relative to the control
u. We pose the following optimal control problem: find an admissible control


http://dx.doi.org/10.1155/S0161171203211042
http://dx.doi.org/10.1155/S0161171203211042
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com

2990 J. ZHU AND Z. ZOU

1(-) such that
Q(X(T)) =min{Q (xy (7))}, (1.3)
uel
where X (-) is the solution of (1.1) relative to the optimal control 7i(-).

2. A lemma on Lie series. We introduce Lie series for system (1.1) and real
analytic function P(x) (see [4, pages 698-699]) in the following lemma.

LEMMA 2.1. Let P(x) be a real analytic function on R"™ and let ¥ be compact
in R™. Suppose that xo € # and consider the admissible controls u(-) satisfying
l(-)|l <M, a.e. on [0,T]. The solution of (1.1) corresponding to an admissible
control u(-) is denoted by x,(-). For a given positive integer l, denote N =
wml. Further, define fy = f and f; = gi, i = 1,2,...,m. Meanwhile, for each
positive integer k, denote I = (iy,iz,...,ix), 0 <i; <m (j = 1,2,...,k), and
[Ix| = i1 +1ip + - - - + ix. Further set

Sery (1) (P)(t,x0)

- i «Hot ui(S)dS} (fiP) (x0)

i=0

+ > {Lj J:ui(s)uj(T)deS}(fifjp)(XO)+"'

i+j<2m

+ z {L}t LTI"'L)Tzuiz('rl)"'un(Tl)dTl---dn}(fil...filp)(xo)’

|I;I<N

(2.1)

where uo(t) =1 and (fi, P)(x) = Lfl,1 P, and in turn, for each positive integer
k, (fi, -~ fuP)(x) = (fi - - - fi, (fi; P)) (x). Then there exists a positive number
6 < 1 which depends only on P, f, G, M, and % such that if 0 <t <9,

P(xy(t)) —P(xq) = Sery(u) (P)(t,x0) + Ry (u)(P)(t,x0), (2.2)

where Ry (u)(P)(t,xo) is uniformly convergent to zero, when N — oo, as long
as xo € X and ||lu(s)ll < M, a.e. on [0,t]. Moreover, for the sufficiently large N,

| Ry () (P)(t,x0)]| < 2t2, (2.3)
m t
Sery (1) (P) (t,x0) = > {Jo ui(S)dS}(fiP) (x0) | < Ct?, (2.4)
i=0

where C only depends on N, %, M, m, fi (i=0,1,2,...,m), and P.

PROOF. Since P(x), fi(x) are real analytic and ¥ is compact, [4, Proposi-
tion 4.3] indicates that there is a positive 6 < 1 such that, when 0 <t < 9,
Ry (u)(P)(t,xp) is uniformly convergent to zero for all admissible controls
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u(-) (satisfying ||u(-)|| <M, a.e. on [0,T]) and all xq in J{. Following the proof
of Proposition 4.3 due to Sussmann [4, pages 698-699], we can get a constant
C > 0 only depending on N, 3, M, m, f; (i =0,1,2,...,m), and P such that,
when0<t<d<1,

| Ry (u)(P)(t,x0) | < [CMt(m+1D)]V", (2.5)

CMt(m+1)<%. (2.6)
It is easy to see from (2.6) that, when N is sufficiently large, we have
CMtN=D/N+D (4 4 1) < 1. (2.7)

Consequently, by (2.5) and (2.7), we conclude (2.3) by the following estimation:

|RN(7/L) (P)(t!x()) ’ < CN+1MN+1tN71(m+ 1)N+1t2

]N+1 (2'8)

< [CMEN-DIND (g 4 1))V 42 < 22,

On the other hand, fixing the positive N = lm, by (2.1), we see that, by (2.2),

m

Sery (w) (P)(x0) — >, {Jot ui(S)dS} (fiP)(x0)

i=0

=2 {IOJOS |ui(s)] |uj(T)|deS}|(fifjp)(xo)|+"'

i+j<2m

+ D {J;LTI' : 'JOTZ lwi (T0) [ - -+ Juiy (1) |dTy - - -dn}|(fi, < fi, P) (x0) ]|

|I;|<N
< BN‘%(MQtZ TR +Ml+ltl+1)

< BN’%(MZ +M3t+ - +Ml+1tl—1)t2’
(2.9)

where By only depends on N, ¥, f; (i =0,1,2,...), and P. Since t < § < 1,
from (2.9), we conclude (2.4). O

3. The formulation of discrete solutions to the optimal control problem.
We define the value function, for (t,x) € [0,T] x X,

V(t,x) = inf {Q(xu(T,x)) -Q ()}, 3.1
where x, (s,x) is the solution of the following equation:
x=f(x)+Gx)u(s), x({t)=x, sel[t,T]. 3.2)

It is well known that the value function is granted the following boundary
condition:

V(T,x)=0 VxelX. 3.3)
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We introduce the discrete scheme as follows. For a given positive integer L,
divide [0, T] into L parts: [(i—1)T/L,iT/L],i=1,2,...,L.Denote t; = iT /L. Let
xi,1=1,2,...,L, be the state point associated with t;. For every j, j = 1,2,...,n
denote eJT = (0,...,0,1,0,...,0) which has a 1 on the jth place and zeros on
other places. For every vector x € R", x\/) = eJTx, which is denoted by P;(x).
We need the following elementary lemma.

LEMMA 3.1. Let {x;, i =1,...,L} be a set of state points. Suppose that, for
eachie {1,2,...,L},

V(ti,xi) =V (0,x0) +Q(x0) —Q(x;). (3.4)

If there exists an admissible control 1i;(-) in [t;_1,t;] Steering system (1.1) from
Xi-1 tox,1=1,2,...,L, then the admissible control i (-) which equals u;(-) on
each [t;_1,t;] is an optimal control for the nonlinear optimal control problem
(1.3).

PROOF. By the formulation of 71(-), we see that
xi =x3(T). (3.5)
By (3.3) and (3.4), we have, for i =L
0=V(T,x.) =V(0,x0) +Q(x0) - Q(xL). (3.6)
Thus

V(0,x0) = Q(xa(T)) —Q(x0). (3.7)

But (3.7) means that 7i(-) is an optimal control of (1.3) according to definition
(3.1). O

REMARK 3.2. By Lemma 2.1, we see that when T (= T/L) is sufficiently
small, 71(-), given by Lemma 3.1, steers x;_; to x;, which amounts to, for
j=12,...,n

x —x = Sery (i1) (P;) (T,xi_1) + Ry () (P;) (T,xi_1)

13

(3.8)

ti

=7 (fP;) (xi1) +,§1{L

aik) (S)ds}(gkpj)(xi_l) +O(T2);

i-1

where the term Ry (1) (P;)(T,x;-1) converges uniformly to zero (N — ). On
the other hand, condition (3.4) ensures the optimality of state points.

Now we derive the following difference equations. Foreachi =0,1,2,...,L—1,
when Xx; is obtained,

m

x —x =Tel f(xi) Z Se(elgi(xi), j=1,2,...,m, (3.9)
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where for i =0,1,...,L -1, Sk (i) stands for the following integral form for an
admissible control u(-):

it
Sk (i) :J 1u<’<>(s)ds. (3.10)

t;
We establish
V(tiv1,xi+1) = V(0,x0) + Q(x0) — Q(xit1). (3.11)

We see that (3.9) can be rewritten in the vector form as follows:

Xip1 =X +Tf(xi) + > Sk(i)gr(xi). (3.12)

Mz

k=1

Substituting expression (3.12) for x;,; in (3.11), we have

m
V[twl,xﬁTf Xi) Z Sk () gr (xi }

(3.13)
=V(0,X0)+Q(X0)Q[X1+Tf Xi) ZSk(l)gk(Xl)]

k=1

The discrete solution for each i will be constructed by solving (3.13) for

$1(1),52(1),...,Sm (1), (3.14)
satisfying
1Sk (D) | SM, k=1,2,...m (3.15)

Next suppose we have got x;.1 such that
V(tiv1,xi+1) = V(0,x0) + Q(x0) — Q(xi11), (3.16)

and Sy (1), [Sk(i)] < Tsup,cy llull/L (k= 1,2,...,m), such that

m

Xiv1=Xi+Tf(x Z v (D) g (xi). (3.17)

We take a control i;(-) on each [¢t;,tiz1],1=0,1,...,L —1, such that
N Liv1 X
Sk (i) :J ' (s)ds. (3.18)

Suppose that ii;(-) steers system (1.1) from x; to X;,1. We have, by Lemma 2.1,

m

Xir1 = xi+Tf(x;) Z Sk(D)gr(xi) +O(T?). (3.19)
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By (3.17) and (3.19), we have
Xit1 — X1 = O(T%), Q(xis1) —Q(Xi41) = O(T?). (3.20)
Further, we have
V(tisn,Xiv1) =V (ti, Xin) = 0(1?), (3.21)

noting by hypothesis that Q(x) is a Lipschitz function and so is V(t,x) by
Lemma 3.3. Therefore, we have Sy (1), |Sk (i)| < Tsup,cy lull/L (k= 1,2,...,m),
such that

V(tl’+1,5€'i+1) = V(O,Xo) + Q(Xo) —Q()?Hl) + O(Tz). (3.22)
Then define x;,; = X;41 to carry out the process (3.11), (3.12), (3.16), (3.17),
(3.18), and (3.19) again.
LEMMA 3.3. For a givent, V(t,x) is a Lipschitz function with respect to x.

PROOF. Given x’, x"" € X, we show, for arbitrarily given € > 0, that
[V(t,x")-V(t,x")| <Clx"—x"|+e. (3.23)
By definition (3.1), we are able to get admissible controls u’,u’” such that

V(t,x") > Q(xuw(T,x")) —Q(x") —¢,

4 ” // (324)
Vi(t,x") > Q(xy (T,x"))-Q(x") —e.

Then we see that

V(t,x") =V (t,x") <Q(xy (T,x)) = Q(x") = [Q(xu (T,x"")) —Q(x") — €],

V(t,x")-V(t,x") <Q(xuw(T,x")) -Q(x") - [Q(xuw (T,x")) —Q(x") —€].
(3.25)

Noting that Q(x) is a Lipschitz function, f(x) and G(x) are real analytic, and
the state space is bounded, we deduce that

[V(t,x")=V(t,x")] = ]Q(x")-Q(x") | +|Q(xuw (T,x")) —Q(xuw (T,x"))|
+1Q (xu (T,x")) = Q(xu (T,x")) | +€

<Clx'—x"|+¢€
(3.26)

by means of Gronwall inequality [2, page 829]. Since € > 0 is arbitrary, we see
that V (t,x) is a Lipschitz function with respect to x. ]
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4. The algorithm for computing an optimal endpoint and an optimal con-
trol. The discussion in Section 3 suggests the following algorithm which in-
cludes the process of pre-estimation and correction.

ALGORITHM 4.1. (i) Take the initial value xo = Xy.
(ii) (Pre-estimation). Fori=0,1,2,...,L—1, after having got X;, we solve

V|:tl+1,X1+Tf Xi) Z k(l)gk Xi :|
4.1)

m

—V(O,x0)+Q(x0)—Q{xl+Tf x;) z (D) g (% }

for Si(i), k = 1,2,...,m, satisfying [Sx(i)| < Tsup,cyllul/L, k = 1,2,...,
m, to get

m

Xic1 =X+ Tf (%) Z (1) gk (%:). (4.2)

(iii) (Correction). For i = 1,2,...,L — 1, we take an admissible control ;(-)
on each [t;,t;+1] such that

i+
Sk(i) = L 1115") (s)ds. (4.3)

Define X;,, to be the state point to which the control ;(-) steers system (1.1)
from Xx; in the time interval [¢;,t;.1].

REMARK 4.2. Inthe process of this algorithm, we see thatfori=0,1,...,L—1,
Xi+1 is determined by X; and x;.;. Under this algorithm, we have, by (3.22),

0=V(T,xr) = V(0,x0) +Q(x0) —Q(X1) + O(7?) (4.4)
and produce the admissible control 7i(-) (which equals i;(-) on each time in-

terval [t;,tiz1],1=0,1,2,...,L—1)which steers (1.1) from x( to x5 (T, x¢) = Xp.

In the following, we indicate that carrying out Algorithm 4.1, we can com-
pute to get approximation to an optimal endpoint and an optimal control in
general.

THEOREM 4.3. Suppose that there is an optimal control 1i(-) for problem
(1.1), (1.2), and (1.3). Denote by X(T) the endpoint of (1.1) with respect to 1i(-),
that is,

Q(%(T)) = min{Q (xu(T))}. 4.5)
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Meanwhile, for each positive integer L, with T = T /L, leti(-) and X be obtained
by Algorithm 4.1. Then there is a positive real C which only depends on the state
space X (which is assumed to be bounded) and f (x), G(x) such that, for every
large positive real L (t = T /L),

|Q(x1) —Q(X(T))| <CT2 (4.6)

PROOF. By (3.20) and (3.21), we have

xp—Xr = 0(1?), “4.7)
Q(xr) —Q(xr) =0(T?). (4.8)
Noting (see Algorithm 4.1(ii))
V(T,x1) =V(0,x0) + Q(x0) —Q(xr), 4.9)
we have, by (4.7) and (4.8),
V(T,x1) = V(0,x0) +Q(x0) —Q (%) +O(7?). (4.10)

By noting that, for each x € X, V(T,x) = 0, we deduce, from (4.10), that
V(0,x0) =Q (%) - Q(x0) +O(7?). (4.11)

Since X is the optimal endpoint, by the definition of V(0,x0) (see (3.1)), we
have

V(0,x0) = Q(X) —Q(x0). (4.12)

Combining (4.11) and (4.12), noting that the state space is assumed to be
bounded, we conclude that there is a positive constant C:

Q%) -Q(X(T))| <CT2. (4.13)
O

At the end of this section, we would state that in some cases by Algorithm 4.1
one can compute an exact optimal control. For example, if we consider the
simple linear system x = u in R!, the algorithm will be as follows.

(i) Take the initial value xy = Xo.
(ii) Fori=0,1,2,...,L —1, while having got X;, we solve

V[tHl,féi +S(i)] = V(O,X()) + Q(X()) — Q[)“cl +S(i)] (4.14)
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for S(i), satisfying |S(i)| < T supyey llull/L, to get
Xir1 =X;+S(i). (4.15)

(iii) Fori =1,2,...,L —1, take an admissible control 7t;(-) on each [t;,t;;1]
such that

Lis
S(i) :J a1 (s)ds. (4.16)
t,

1

It is easy to see that X;,; is just the state point to which the control 7;(-)
steers the system x = u from X; in the time interval [t;,t;41]. Under this algo-
rithm, we have, noting V(T,x) = 0 for each x € X,

0=V(T,x) =V(0,x0) +Q(x0) —Q(X1), (4.17)

and produce the admissible control 71 (-) which equals 7i;(-) on each time in-
terval [t;,t;+1], i =0,1,2,...,L — 1, and steers (1.1) from xo to x4(T) = Xi.
Together with (4.17), noting the definition of V(0,x(), we see that 7i(-) is the
optimal control.

5. An example demonstrating the results of Section 4. We would demon-
strate the above process by the following simple example.

EXAMPLE 5.1. Consider the following system in R':
X =XU, x(0) =1, te[0,1], uel-1,1]. (5.1)
Let Q(x) = x. We pose the optimal control problem

uerpjgl]Q(xu(l)). (5.2)

Since u(-) is integrable and |u| < 1, we have

x(et-1-1), forx =0,
V(t,x) = inf{[xeft1 ”(S)ds] —x} = ( ) (5.3)
u x(e'"t-1), forx <O.

Now the difference equations for i € {0,1,2,...,L —1} (L > 2) are as follows.
First, corresponding to (3.9), we have

Xi+1 :xi+S(i)xi. (5.4)
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By noting that xo =1 > 0 and |S(i)| < 1 (for L > 2), we see that x; > 0, i =
0,1,...,L. Another equation (corresponding to (3.11)) for each i is

Xirp (e —1) =e ' — x4, (5.5)
that is,
Xip1 = e titl, (5.6)
By noting that t; =i/L,i=0,1,2,...,L —1,L, we see that, by (5.4) and (5.6),
S(i)=e V-1, (5.7)

and we can choose 7i;(-) = L(e /L —1) on [t;,t;+1] by the following integral
equality:

Liv1
J u(s)ds =e V-1, (5.8)
ti

which steers x; to

.
[ g (s)ds e-1/L-1

Xir1 = Xx;e'ti = xie . (5.9)
By this process, we have, by (5.6),

~ (i i —-1/L _
Xiv] —Risg = e WHDIL_p=ilLoe 1

= e (i+DIL[] _e{l/L+e‘1/L—1}] _ O(%) (>.10)

Finally, from (5.6), (5.7), (5.8), and (5.9), we see that
K = e U DILge =l _ p=1pl/Lge™ V-1 o-1 ([, o), (5.11)
It is easy to see that the optimal control for this problem is 7(-) = —1 and

the optimal endpoint is X (1) = e~!. Note that Algorithm 4.1 suggests that the
approximation of the optimal control for this problem is i (-) = L(e !/t —1)
which tends to —1 as L — oo, by (5.11).

6. An application in singular linear quadratic optimal control problems.
We would like to present an application of the approximation approach in
Sections 2 and 3 in singular linear quadratic optimal control problems by the
following example. We aim to find a discrete optimal feedback control.
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EXAMPLE 6.1. Consider the following linear control system in R':
1
X=x+1Uu, x(0)=§, te0,1], uelU=[-1,1], (6.1)

where we consider the admissible control u(-) to be piecewise continuous. We
define the quadratic cost functional

1
Ju) = Jo (x%+xu)dt (6.2)

and pose the optimal control problem: find an admissible control 71(-) such
that

J(@) =minJ(u). (6.3)
uel
We define the value function for problem (6.1), (6.2), and (6.3):
1
V(t,x) = infj (x2 +xyu)ds, (6.4)
uel Jt
where x, is the solution of x = x +u, x(t) = x, and s € [t,1].

Next we transfer problem (6.1), (6.2), and (6.3) into the Mayer problem which
is equivalent to the original problem. Consider the system

X=x+u, y=x+xu, x(O):%, y(0) =0, te[0,1], (6.5)
and find the admissible control 7i(-) such that
ya(1) =miny, (1). (6.6)
uel
If, according to (3.1), we define the value function of problem (6.5) and (6.6):
V(t,x,y)=min (y,(t,1) =), (6.7)
uel

where y, (t,1) is the solution of X = x +u, ¥ = x2 +xu, x(t) = x, y(t) = vy,
and s € [t,1], we see that

Vt,x) =V(t,x,y). (6.8)

To carry out Algorithm 4.1 for this example, for given positive integer L,
we divide [0,1] into L equal parts: [i/L,(i+1)/L],i=0,1,2,...,L — 1. Denote
ti=i/L,i=0,1,2,...,L—1. The iterative process is as follows:

(i) take the initial values

X0 =75, Yo =0; (6.9)
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TABLE 6.1
L Control (u) Trace (X)
0 —0.333333333 0.333333333
1 —0.333333333 0.333333333
2 —0.333333333 0.333333333
3 —0.333333333 0.333333333
4 —0.333333333 0.333333333
5 —0.333333333 0.333333333
6 —0.333333333 0.333333333
7 —0.333333333 0.333333333
8 —0.333333333 0.333333333
9 —0.333333333 0.333333333
10 —0.333333333 0.333333333
11 —0.347917818 0.333333333
12 —0.622540238 0.332585571
13 —0.877211794 0.317719277
14 —0.934028646 0.289033482
15 —0.929048395 0.255963873
16 —0.912656792 0.221454092
17 —0.888671881 0.186015371
18 —0.863446877 0.149989402
18 —0.84136498 0.113409655
20 — 0.076086587

(ii) if x; and ¥; are obtained, solve

.1, . 1
V(ti+1,xi+ ZX1'+S(1)> = V(O,§>

(iii) define 71; = LS (i) and compute

then, go to (ii).

N 1. .
Vie1 =i+ zx;? +S()xs;

X = eV [%i+ LS (i) (et —eti1)],

1._. N\~
Yi— fo—s(l)xi

(6.10)

for S(i) satisfying |S(i)| < 1/L. Here we apply optimization method to
compute V(t,x) and approximate S(i) by an iterative process. Then

(6.11)

(6.12)

Carrying out the iterative process via Matlab, we list the data of X; and u;,
i=1,2,...,L, for L = 20 in Table 6.1.
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