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We try to generalize an explicit construction for an orthonormal system of eigen-
functions of the Vladimirov operator on LZ(Q;‘) which was originally given by
Vladimirov (1988). Also the multiwavelet analysis can be considered as the p-adic
spectral analysis in LZ(QQ), using in part the recent work of Kozyrev (2002).
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1. Introduction. Let Z, C,Qp, and C,, denote the ring of integers, the field
of complex numbers, the field of p-adic rational numbers, and the completion
of the algebraic closure of Q,, respectively. Let ord, denote the unique p-adic
ordinal over @p such that ord, (p) = 1. The corresponding non-Archimedian
absolute value is |x|, = p~ o),

Any p-adic number x # 0 is uniquely represented in the canonical form
X = z,‘;‘;y(x) x1p¥, where y = y(x) € Z and xj are integers such that 0 < xy <

p—-1, xo>0, k=0,1,2,.... The fractional part {x}, of a number x € Q, is
defined by
0, ify>=0o0rx =0,
-1
X}y = 1.1
txdy > xkpk, ify <o. (1.1

k=y

It is easy to see from this definition that p¥ < {x}, <1—-p?¥ if y <0. The func-
tion xp (Ex) = exp(2mi{&x},) for every fixed & € Q, is an additive character
of the field Q, and the group B, (see [10]). From the relation for fractional
parts we have {x +y}, = {x}, + {y}p —N, N = 0,1. For later use, we define
the step function Q(t) by

1, if0<t<1,
Qt) = ] (1.2)
0, ift>1.
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The space Q} consists of points x = (x1,...,Xn), Xj € Qp, j=1,2,...,n. The
norm on Qy is [x]p = maxi<j<n |Xjlp, Xj € Qp. This is a non-Archimedian
norm since |x + y|, < max(|x|p,ylp), x,¥ € Qy. The space Qy is clearly
complete metric, locally compact, and totally disconnected space. We intro-
duce the inner product by (x,y) =x1y1+ - +Xn¥Vn, X,V € Q-

We denote by Bj(a) the ball of radius p¥ with center at the point a € Qy
and by S} (a) its boundary (sphere), that is,

Bj(a)={xeQy:|x—al, <p”},

Spla)={xeQy:Ix—al,=p”}.

For the notational convenience, let B}(0) = B} and §7(0) =8}, y € Z. If a=
(ai,...,an) € Qy, then B} (a) = By(ai) X -+ xBy(ay) in Qp. Clearly, B;}(a)
and S} (a) are closed-open sets.

Recently, very interesting properties of spectral theory in the p-adic number
field were studied (cf. [5, 6, 8, 10]). The important basic operator in the analysis
on complex-valued functions over non-Archimedian local fields K = Q,, is the
fractional differential operator D% (see Section 1) introduced and studied by
Vladimirov in [8], and for a general local field K by Kochubei [5]. This operator
considered on L>(Q,) has a pure point spectrum with eigenvalues of the in-
finite multiplicity. An explicit construction of an eigenbasis was first given by
Vladimirov [8]. Due to the infinite multiplicity, it is possible to construct eigen-
bases with different properties, and a new simpler construction was proposed
recently by Kozyrev (see [6]) and applied by him to the 2-adic interpretation
of wavelets. His result was a motive for our study (see Section 3). A detailed
analysis of the spectrum and eigenfunctions of the Schrodinger-type operator
D*+V(|xlp) over Qp, with V(r) — o0 as r — oo, is given in [10].

In Section 2, we try to generalize an explicit construction for an orthonor-
mal system of eigenfunctions of the Vladimirov operator on LZ(QQ) which was
originally given by Vladimirov [8], and their properties of dimension 1 are
also given in [6]. In Section 3, we give a generalization of Kozyrev’s results
(see Theorem 3.4). Those of multidimensional case with some conditions are
proved. Also the multiwavelet analysis can be considered as the p-adic spectral
analysis in L2 (QJ).

2. The Vladimirov operator D* on L2 (Q}). We now recall the definitions
and results from the p-adic spectral theory on the p-adic space Q} (see [2, 4,
5,6,8,9, 10]). The Haar measure dx; (i = 1,2,...,n) is the essentially invariant
measure on the additive group Q, : d(x;+a) = dx; for any a € Q, and so it is
extended up to an invariant measure dx = dxdx; - - - dx, on Qyina standard
way, and all integration theories are carried over to Qp. Normalization is fixed
by taking the measure of Z}}, the n-times Cartesian product of p-adic integers,
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as being equal to 1:

u(zy) = dx:J dx =1. (2.1)
7y Ixlp=<1

It is now straightforward to calculate the measure of any »n-ball and also of
n-sphere, that is, for y € 7,

ug) = | dx=pm, 2.2)
By

1
- [ave [ ax [ ax-m(iL) e
u(sy) @ x " x - X=p o (2.3)

A complex-valued function f(x) defined on Qy is called locally constant if
for any point x € Qy there exists an integer [(x) € Z such that

flx+x)=f), 1x'lp, <p'™. (2.4)

For the set of locally constant functions on Qp we denote € = %(Q;‘). We call a
test function for each function in € compact support. The set of test functions
which are linear is denoted by % = %(Q}). Let @ € %. Then there exists L € Z
such that

px+x)=@x), x €B, x €Qy. (2.5)

Such largest number [ we call it the parameter of constancy of a function @,
l = I(p). We denote by ng/ = @;(Qg) the set of test functions with support
in the disc B} and with parameter of constancy greater than or equal to L. Let
@ € %. Its Fourier-transform F[@] = @ is defined by the formula

B(E) = Flp1(E) :anxp(@,x»cp(x)dx, EcqQl. (2.6)
»

The Fourier transform @ — @ is the linear isomorphism from % onto %, and
also the inversion formula is valid:

P00 = FH100 = [ xp (- ENPEAE, Bipea  @7)
p

LEMMA 2.1. Let %' be the set of linear continuous functionals on %. Every
function f € LIIOC(Q”}) defines a generalized function f € 9" by

(o) = | Feowtodx, @ea. 2.8)
P
The Vladimirov operator D : ¢ — D® is defined by the convolution of gener-
alized function f_, and  :

(D) (x) = (foa*x @) (x)

2.9
={(fra)Ww(x-y)), a+x-neC x,yeQy, 9
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where f_y(x) = (1-p%)/(1 —p~ M) |x|,%". Then

(D¥g) (x) = (F' o [E1%- FLy]) (x)

p-1 W) - ) , (2.10)

|0(+1’L

l-p~@ oy Ix-»Ip

PROOF. By (2.2) and (2.3) we calculate the following integrals:

J x5 dx = > py“")J dx

—oo<y=<0

1 1-p
:(1-—) > P =1 = px (Rea>0),

(2.11)
Ix |5 "dx = yla= "}J dx
JQQ\BO Z p

l<y<eo

:(1—L> 2. pw:_l—p*" (Rex < 0),

p" I1<y<oo l-p=«

and we have an analytical continuation for Rex > 0, & # o = 2kmi/Inp, k €
7. Therefore,

[ lgrae = [ xlgraxes [ ixigrax=o, @a2)
Qp By} Qp\Bf

P ‘20

where « + g, k € Z. Then we see that
(IxI57™ @) = x5 " (x)dx = [x|% " [w(x)—w(0)]dx  (2.13)
p P P
Qp Qp
for o+ oy, k € Z. Set
1_ (64
foalx) = 1%le;“‘*”. (2.14)

We obtain

(D*y) (x) = (frax W) (x) = Iy, wix-y))

1 p ox—n
1-p*
1_p*0(*1’l,

| e -y - wndy
Qp

2.15
_pel [ e -wy) (19
L—p=on Jop vl

p*-1 Y(x)—y (?)d
l-p-*nJaor Ix-yIp"

On the other hand, by the formula (2.3) we obtain

FUfat0)] = Py e el | = Jelg, 216)
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for & + &y, k € Z. Since D*y = f_4 * @, we have

FID“y] =F[f-a* @] =F[f-al-Fly] (seel5,10])
< F[D*y] = |Ely - Fly] (2.17)
= Dy =Fo[E[S-Fly].

This completes the proof. |

LEMMA 2.2 (see [2, 5, 10]). Let x, be the additive character of the field Q.
Then

Janp(@x))dx=p"”9(|§n’y|p); (2.18)
Y
pY(1-p), [Elp<p?,
[, xr(Edx = {—pron, gl =, (2.19)
! 0, Elp = p Y
0, IElp <p7Y,
[, oo (Ex) ~ 11dx =4 -pm, Ep=p, (220)
Y

—p(1-p™), |&l,=p V2

COROLLARY 2.3 (cf. [5, page 37, Proposition 2.3]). Let & € Q;} with |El, <1
and let Rex < 0. Then

1—p«
g1, = 1_10%[@? 515" [xp ((E,%)) — 1]dx. (2.21)

PROOF. Since Q) = UyezSY,

JQn €18 [xp ((€,x)) —1]dx
p (2.22)
-2 pymﬂ)b[Xn((E,x))fl]dx.

—oo<y<oo

Let |E], = p~K, k > 0. By Lemma 2.2, we see that

z py(o(—n) Lm [xp((E,x))—l]dx:—p(k“)"‘— Z pycx(l_p—n)

—o<y<oo 4 k+2<y<oco
1 _ xXx—n
= pk‘x Ty« 4 et
-p
(2.23)
We therefore obtain the corollary. ]

LEMMA 2.4. For a € Qy with |alp > 1, the Vladimirov function

P(x) =xp({a,x))Q(Ixlp) (2.24)
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is an eigenfunction of the Vladimirov operator
D*yp(x) = lalyy(x). (2.25)
PROOF. Note that, by Lemma 2.1,

(DY) (x) = (F o [Ely - FIywl) (x)

_ (P“—I)Xp((a,x))J Q(|X‘p)_Xp(<asy_x))9(|y|p)dy
1-p-om Qp Ix—ylp™ '
d(cx) = lclpdx forceQ;.
(2.26)

Let |x|, < 1. Then using the fact that every point of a disk is the center of this
disk, we get

J Q(lep)—Xn(<a,y—X>)Q(|y|p)dy:J L-xp @,y =xNQ(Yly) .,
Q} Ix—-ylp™ Q} Ix—-ylp™
1-xp({a,2))Q(zlp)
= dz.
JQ{; [z|p*"
(2.27)
Let x|, > 1. We see that
(a,y —x))Q(I¥] 1
Xp( Y o)(+n( Y p) = zx+nJ xp((a,y—x))dy
Qp Ix->lp [x1p lylp=<1
1 (2.28)
= MJ % ((a y))dy
x5 Sy, '
By (2.18) of Lemma 2.2 with |al, > 1, we have
| xo(ta)dx = 0 talp>1, (2.29)
g 1, if |al, <1. '
Therefore, for a,x € Q;} with |x|, > 1 and |al, > 1,
Q(lx1p) —xp({a,y —x))Q(I¥1p)
Q} Ix—ylp™™ dy
p
(2.30)

_ xp(<a,y—x>)9(|ylp)dy _o.

Qy Ix-ylp™
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If |z], > 1, that is, |z], = p!, |z], = p?,..., then Q(lzlp) = 0. From (2.19) of
Lemma 2.2 we obtain

1-xp({a,2))Q(Izlp)
J ) S 4 dz:J lzl‘”" = > J |zI5%"dz
@ r Izlp=p l<y<oo (2.31)
_ z p—y(own)pyn(l_in) _ 1_0(}9_71.
I<y<o p p -1

Suppose that |z], < 1, thatis, Q(|z|,) = 1. Then by (2.19) of Lemma 2.2 and
u(Sy) =p™ (1 —-p"), we have

dz

J 1-xp((a,2))Q(Izlp)
Qp

|Z|%+n

= Z pylesn) (L” (1 —xp((a,z)))dz>

—oo<y=<0 y (2 32)
1 .
1-p™ p’”}/(l—ﬁ>, lal, < p?,
= — — (ax+m) | o
T 1 pe Osémpytx n —pny-1), lal, = pr*,
0, |fl|p Zpy+2.
We now set |al, = p¥, k> 1. Then
1- ,2))Q
J Xp ({a iil (zlp)
Qp P4
p—n}’(l—pin>, ksy,
l
yla+n) | -
0<yz<oop —p oy, k-1=y, (2.33)
0, k-2=>y
= 11__pp_(:l . ( z py(wrn)pfny(l _ %) _p(kl)(ﬂ“rn)pnk)_
k<y<oo

Hence we have

(p*-1)xp({a,x)) J 1-xp((a,2))Q(1zlp)
Qp

1_p—o<—n |Z|g+"
(p*-1) (1-p" N l-p" 1-pnpke + pk-Da-n

(p*-1) p**(1-p M)
l_pfo(*n po(_l

= px)p* = lalfy(x)

D%y (x) = dz

=y(x)

=y(x)

(2.34)

that finishes the proof of the lemma. O
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We will consider a direct product group

G =Qp/sz---XQp/ZpJ.

v
n times

Then any nonzero element N € Gy, is representable in the form

my ) mn )
N = (Ny,...,Np) = (zNupl,---, aniPl),
i=1
where Ny; € {0,1,...,p—1}, k=1,...,n
THEOREM 2.5. Suppose that Vladimirov functions are as follows:

p—yn/z

(n)
e )= P
YN cQalym)

wherey € Z, Ne Gy, j=1,...,p—1, anda,xe@:} such that

Denote by (-,-) the inner product in LZ(Q;‘). Set the inner product

(n) (n)
(‘l’y,j,w Wy’,j’,N’)
pf(ymy’n)/z

~ c(lalp,n) Jo nXp( (aj,px)) <|pyx N|)

xxp((aj,p' x)Q(|pY x - N'|,)dx
Then

o _ 1 S S
(Wy,j,w‘l’y’,j’,N’) ~ c(laly,n) Syy ONN'Ojj,

where 6 g Is the Kronecker symbol.

Xp((aj,p?x)(IpYx=N|,), lalp>1,

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

PROOF. Without loss of generality, we now assume that y < y'. If [p¥x|, +
N1, > 1, then by the isosceles triangle principle of the non-Archimedian norm,

Q<|pyx—N|p) =0

This means that we can set |[p¥x|, = [N|, and also denote

(2.41)

o(lp*x-N|,)e(|p"'x-N'[,) =Q(lp*x-N|,)o(|p” IN-N'|,).

(2.42)



ON THE p-ADIC SPECTRAL ANALYSIS ... 2627

Therefore we have

(n) (n)
(wy,j,N’ (-Uy'.j’,N’)
B p—(yn+y n)/2

= clalpn) Jap xp({a(p”' j —pYj),x))

xQ(|pYx-N|,)Q(|pY YN-N'|,)dx
(Ip L)y ) (0.43)
0, ify<y’,
_pn
c(lalp,n) JopX?
XQ(|p>’x—N|p)Q(|N—N’|p)dx, ify=y'.

(ap” (' =j),x))

Since N,N’" € Gy, Q(IN—=N"[,) = 6nn’. Let |alp > 1. We note that

pJ X (Gap” (' =), x)Q(|pYx ~N|, ) dx
Qp

= v‘”‘f xp({ap? (j' —j),x))dx
[pYx—Nlp=<1

L . (2.44)
=xp((a(j —J),N>)J| xp({a(j =j),Xx))dx

Xlp=1
{a J*J
L j=Jj,
using (2.18) of Lemma 2.2. From above it follows the formula

m ) _ 1 y
(Wi i) = il O S i (2.45)

This completes the proof. |
THEOREM 2.6. Let the inner product (-, -), and so forth, be as in Theorem 2.5.
Then

p—yn/Z

0(y,a)dno, (2.46)
c(lalp,n)

(Q(|x|n),‘l/;,1},zv) =

where 0(y,a) =0 if lal, = p¥*! and O(y,a) =1 iflal, < p?.

PROOF. First, let [pYx|, # [N|,. Then |p¥Yx — N[, = max(|p¥xly,|Nlp).
Since N € G), IN|, = p. Hence we see that

Q(lpYx-N|,) =0 if [p¥x|, * INI,. (2.47)
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Next, let |pYx|, = |N|p, that is, ord, (p¥x) = ord, (N). Set p¥x = (p¥x1,...,
p¥xy) and N = (Ny,...,Ny). Then

min {ord, (p¥x;)} = min {ord, (N;)}. (2.48)
l<isn l<isn

If [x[, > 1, Q(Ix],) = 0, and we assume that x|, < 1, then it follows the
canonical form

Xi=Xijo+Xip+--- +Xi(\y\,1)p|y‘7l +Xi|y\p|y‘ +
(2.49)
Ni=p"Niy+---+p 'Na, i=1,...n,

where x = (x1,...,Xn) SWAl and 0 <x;;<p-1, j=0,1,.... Then we get

p’x—N=(pYx1,...,pYxn) — (N1,...,Np)
= (P (x10+ -+ X1y P+ )y P (Xm0 + -+ Xy pV )
—((PYNujy| + - -+ P "'N11), s (P Nujyi + - - -+ p~'Nua))
= ((Riop” +-- -+ X1y~ X1y X0y P )

~ ~ 71
(Xnop? + -+ Xn(yl- )P~ +Xnjy| + Xn(ylsnP + 7).

(2.50)
If Xio #0,..., or Xi(yj-1 =0 for i =1,...,n, then
Q(|p>’fo|p):0 since |pYx—-N|, = p. (2.51)
Let Xip = -+ - = Xi(jy|-1 = 0 for i = 1,...,n; we have
Q(lpYx-N|,) =0, (2.52)

that is, pYx—-N = ((Xl\y| +X1(yl+)P + ),...,(xnm +Xn(yl+nHP + ) EBSL.
Hence

—-yn/2
(Qxl)wiihs) = = ” j (1x1p)xp (@, 7 x))Q(| P x - N| , ) dx

p yn/2

\ |a|pl BO

Xp({ajp?,x))dx =0

(2.53)
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by (2.18) of Lemma 2.2 with y < 0. Under the assumption that N + 0, we always
obtain

(Qx1p). 9wl ) =0. (2.54)

On the other hand, now set N = 0, we see that

pir J .
Q(lx = aj,pYx))dx
( (| ‘ waN> \/W XEBS,XEB{,LXP(( J p >)
0, ifB"CB”
— p -yn/2
J p({aj,p¥x))dx, if Bf €B} (2.55)
Jelialym) xem
yn/2
P al, <p,
= C(“ﬂpan)
0, lal, = p¥+i.
Therefore, we have
(n) p Y2
(Qxlp), Wl ) = —E——0(y,a)8n0 (2.56)
C(lalp!n)

for O(y,a) =01if |al, = p¥*land O(y,a) =1 if lalp, < p¥. This completes the
proof. O

THEOREM 2.7. The system of Vladimirov function in Theorem 2.5 with |al|, >
1 is a complete orthonormal system of eigenfunctions of Vladimirov operator
D% jn L2 (Q”).

PROOF. To prove that {tpy 7 N} is a complete system, it is enough to check
that the Parseval identity for the function Q(|x|,) forms an orthonormal basis
in L2(Qp) (see [3,4]). Set |al, = p* for k = 1,2,.... By Theorem 2.6, it is obvious
that

2 o p-1 -yn
> ((Ux)wiyg) =X > =
y’j’N<< y1N>) = o cllalp,mn) 2.57)
p-1 p*

where ,/c(lalp,n) = p™(p—1)/lal}(p™—1). On the other hand, by (2.39),
(Q(Ixlp),Q(xlp)) = 1, (2.58)

which implies our result. ]
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COROLLARY 2.8 (see [6]). The system of Vladimirov function in Theorem 2.7
witha = p~! and n = 1 is a complete orthonormal system of eigenfunctions of
Vladimirov operator D* in L*(Qp).

3. Interpretation of multiwavelets. Multiwavelets have been used in the
data compression, noise reduction, and solution of integral equations. Be-
cause multiwavelets are able to offer a combination of orthogonality, sym-
metry, higher order of approximation, and short support, methods using mul-
tiwavelets frequently outperform those using the comparable scale wavelets.
Multiresolution produces an orthonormal basis of wavelets at all scales y € Z
(cf. [1]).

The wavelet basis in L?(R") is a basis given by shifts and dilations of the so-
called mother wavelet function. For x € R", we define the Haar wavelet Y (x)
by

1, xe[o,%]n,
Y™ (x) = Y xe[%,l]"’ (3.1)

0, otherwise,
where

[a,b]" =[a,b]x---%x[a,b] fora,beR. 3.2)

o o
~

n times

A wavelet basis is a function ¥™ € L?(R") such that
f¥i () =272y W (2 Yx —N):y ez, Ne 7"} (3.3)

is a basis for L2 (R") (see [7]).

REMARK 3.1. Spline bases have a maximal approximation order with re-
spect to their length; however, spline uniwavelets are only semiorthogonal. A
family of spline multiwavelets that are symmetric and orthogonal is developed
(cf. [1]).

We may define a mapping p: Q} — R’ by

P( Z apph,..., Z flinlﬂi") = ;19( Z app™,..., Z ainlﬂi”), (3.4)

i1=y1 in=yn i1=y1 in=yn
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where y; € Z and ai; € {0,1,...,p—1} for j =1,...,n. This map p is clearly not
one to one. The following map is a one-to-one map:

p:Gumy — 11, (3.5)
where 7% = N"U {0}, N={1,2,...}.
LEMMA 3.2. (1) The map p satisfies the estimate
lp(x)=p(V) | < Vnlx—ylp. (3.6)
(2) For N € Gy and m,k € Z, the map p satisfies the conditions
p:p"N+p*zy — p "p(N)+[0,p7]",
p:Qu\{p"N+p*Zp} — RN {p ™ p(N)+[0,p7*]"}, o7

up to a finite number of points.
(3) The map p maps the Haar measure u on Qy onto the Lebesgue measure
v on R" : for measurable subspace X C Q¥,

H(X)=v(p(X)). (3.8)
(4) Suppose that
p* L2 (RY) — L3(Q})); f(x) — f(p(x)) (3.9)

is a unitary operator. Then the map p maps the Haar wavelet (3.1) onto the
Vladimirov function @ (x) in Lemma 2.4 with p = 2 and (27%,...,271) € QY,
that is,

p* ¥ (x) — i(x). (3.10)

PROOF. The proof is essentially due to [6, Lemma 3-6]. O

COROLLARY 3.3. LetSy ={x €Q} | |x|p =p”}. Then

p(P*Z}) = p(p*Sy),
y=<0
L oy (3.11)
p(p*Sy) np(pks,) ={ Pk
J, otherwise.

THEOREM 3.4. For p = 2, the map p maps the orthonormal basis of wavelets
inL?(R™) (see (3.3)) onto the basis ll’;},ll), ~ Of the eigenfunctions for the Vladimirov
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operator in Theorem 2.5 witha = (271,...,271) € Q} and |a|, > 1:
P* Wy () — (DN = 1)yl (), (3.12)

where [IN| = Nj + - - -+ Ny,.

PROOF. From (3.3) and Part (4) of Lemma 3.2, we obtain

Y ((x)) = 272%™ (27Y p (x) — p(N)

= 2729 (p(2Yx —N))
(3.13)
=272 (YW (2Yx —N))

=272y (2¥x —N).

Next, by the definition v/c([al,n) with a = (271,...,271) € Q¥, we have

Je(lalz,n) = ﬁ (3.14)

Hence

n 27}/11/2
Wi () = 2 ((@,2YX))Q(| 2V X =N )

= (=1)WNI2=yn2(n=1)y (2Yx — N)

since Yy (2Yx —N) = x2(—(a,N))x2({a,2¥x))Q(|2Yx —N|»). The proof now fol-
lows directly. O
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