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COMPOSITION OPERATORS FROM THE BLOCH SPACE
INTO THE SPACES Qr
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Suppose that @(z) is an analytic self-map of the unit disk A. We consider the
boundedness of the composition operator Cg from Bloch space % into the spaces
Qr (QT,0) defined by a nonnegative, nondecreasing function T(r) on 0 <7 < co.
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1. Introduction. Let A = {z:|z| < 1} be the unit disk of complex plane C
and let H(A) be the space of all analytic functions in A. For a € A, Green’s func-
tion with logarithmic singularity at a € A is denoted by g(z,a) =log|(1-az)/
(a—z)|.For 0 < p < oo, the space Q, consists of all functions f analytic in A
for which

supﬂ | f(2)]*(g(z,a))" dA(z) < oo, (1.1)
acA JJA

where dA(z) is the Euclidean area element on A.

Qp-spaces have been investigated by many authors (cf. [1, 2, 3, 9]). We know
that Q; = BMOA, the space of all analytic functions of bounded mean oscilla-
tion (cf. [4]). Further, the spaces Q, are the same for each p € (1, ), and each
space equals to the Bloch space %, which is a Banach space with the norm

£ lla =[O | +1Fllp = | F(O)] +sug(1—|z\2) | f(2)]. (1.2)

Recently, we introduced a new space Qr (cf. [5, 10]) by a nondecreasing
function T(¥) on 0 < r < o as follows.

DEFINITION 1.1. Let T'(7) # 0 be a nonnegative, nondecreasing function on
0 <7 < . A function f € H(A) is said to belong to Q7 if

2 . 7 2 oS
1fNG, = ilérA)HAlf (2)]°T(g(z,a))dA(z) < . (1.3)
If
lim ﬂ | f(2)|°T(g(z,a))dA(z) =0, (1.4)
lal-1JJA

then f is said to belong to Q.
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For 0 < p < oo, if we take T(r) = v?, the space Q1 coincides with the space
Qp. Wenote that Q7 C @ for all nondecreasing functions 7. We have previously
shown that Qr = Q, under certain growth conditions on T'(r) (cf. [10]).

In the present paper, first we give some basic properties of Q1 spaces, some
of which are also new for the special case Qr = Q. For example, Q r is a Banach
space with the norm || f||1 defined by

Il = [£O) [+ fllar (1.5)

Then we investigate the boundedness of the composition operators from the
Bloch space & into Q7 or Qr,. These results extend some previously known
results (cf. [6, 8]).

2. Basic properties of Q1 spaces. We give the following propositions.

PROPOSITION 2.1. The space Qr is a subspace of the Bloch space %.

The proof of Proposition 2.1 can be found in [10].

PROPOSITION 2.2. The space Qr is a Banach space with the norm defined
in (1.5).

PROOF. For f € Qr and a € A, define
I*(f,a) = ﬂA |f(2)°T(g(z,a))dA(2). 2.1)
Let f1, f> € Q7. It follows from Schwarz’s inequality that
[ 1f@s@ T @) <11, 2.2)

and then

FP(fi+ fo,a) <I*(f1,a) +21(f1,a)I(f2,a) +1*(f2,a)

2 (2.3)
= (I(f1,a) +1(f2,a))".
Thus, I(fi + f2,a) <I(fi,a) +1(f>,a) for all a € A. Hence
1A+ follor < lfillgy + 1 f2llgp- (2.4)

Therefore,

1fs + £l = (1A + £0) | +Lfi+ fallg,)
< (1A |+ £0)] +Allo, +I£llo,) (2.5)
= (Al + 120l
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thatis, ||.fi+f2llr < lf1llt +|lf2ll7. On the other hand, it is obvious that || f||7 >
0 for each f € Q¢ and that ||f||; = 0 if and only if f = 0. It is obvious that
llcfllT = |clll.fIl for any constant c. Thus, Q7 is a normed space.

Let f € Qr and let ¢ (w) = (a—w) /(1 —aw), a € A. Then by changing a
variable w = ¢, (z), we obtain

£l = [ 152 *T(az andacz)

j | (foba) (w)| T<10g| ‘)dA(w)
, (2.6)
()] om0
ZWTZT<lOg11,) —lal?) lf (11)|
For rg, 0 <79 < 1, such that T(log(1/7p)) # 0, we have
Il fllor
< . 2.7
1l = ro(mtT (log1/vp)) " &7
Since f € Q1 C B, we have for z € A,
ILf 1l 1+|z]
[f@] = [£O]+75log 17
Ilfllor 1+|z|
< 0 g
A 270 (T (log (1/70))) "/ R (2.8)

1 1+]z|
<|fllr{1+ log .
T( ZVo(nT(logl/Vo))m) 1-1z|

Suppose {fy} is a Cauchy sequence in Q r. Then there is a constant M > 0 such
that

Wil =M, n=1,2,.... (2.9)

By the estimate (2.8) for a fixed vy € (0,1), we obtain that

1 1+|z]
(z)| =M|1+ lo (2.10)
| fu(2)] ( ZTQ(TTT(lOgl/To))l/Z) g1—|Z|
holds for all integral numbers n = 1,2,.... Hence, there exist a subsequence

{fn, i (2)} of {fn(2)} and an analytic function f defined on the unit disk A such
that both {fy;(2)} and { fn (z)} converge uniformly to f and f’, respectively.
The conditions here are such that both the sequence of functions and the
sequence of derivatives converge since we know that {f,(z)} is bounded on
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compact subsets of A by inequality (2.10). By Fatou’s lemma, we get that
||, 1#@ 1@z

- || 1m £, @) T @) dA)

alme (2.11)
shminfﬂ |f,’tj(z)|2T(g(z,a))dA(z)

j—eo Ma

< liminf|| fu, ||5, < M?
Jaoo

holds for all a € A, so that f € Q. By a similar reasoning, we can prove that
lfin—fllT — 0 as n — co. The proof of Proposition 2.2 is complete. O

3. Boundedness of composition operators. Let @(z) be an analytic self-
map of the unit disk A. Let the composition operator C, induced by @ from
H(A) toitself be defined by Cy, (f) = fo for f € H(A). The boundednesses of
composition operators from & to itself and from % to Q, have been studied
in [6, 8], respectively. In this paper, we consider the same problems for the
general spaces Q7.

THEOREM 3.1. Let T(r) # 0 be a nonnegative, nondecreasing function on
0 <¥ < o and let @ be an analytic self-map of A. Then Cy : B — Q7 is bounded
if and only if

ﬂ @It T(g(z,a))dA(z) < . (3.1)
aca -lo2)]| )

PROOF. Let(3.1)hold and let Kf (K7 > 0) be the supremum in (3.1). If f € %,
then for all a € A, we have

JA |[(Co.f) (2)|°T(g(z,@)dA(2)

:H If’(cp(z))Izlcp’(z)|2T(g(z,a))dA(z)

< (z (3.2)
||f||2ﬂ 2 T(g(z,a))dA(z)
- |p(2)] )
<K} ||f||b.
Consequently, [|Cy fllor = Killfllp. Since f(z) € %, we obtain

2

ICo fll7 = ([fo@(O) | +[ICop.fllo, )
Ifll 1+ |@0)] ? 3.3
= (Lr @1+ M3 tog {1 EC + KillF ) (3.3)

<KX(| O] +1£1Ip)° = K21 £113,
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where K = max{1,K; + (1/2)log(1 + [@(0))/(1 ~ |@(0))}. Thus, [|CefliT <
KI|I.f lg, which shows that Cy, : B — Q7 is bounded.

Conversely, assume that Cyp : B — Qr is bounded, there exists a constant
K > 0 such that for each f € %, we have

[[Cofllr <Kl flls. (3.4)

On the other hand, by a result in [7], there exist fi, f> € % such that
1

Tz = <[fi@|+|f(2)] (3.5
holds for all z € A, so that
, 2
L)'ﬂS2|(flO(P),(Z)|2+2|(fz°q9)’(2)|2- (3.6)
(1-1e@1?)
Thus, the inequalities
ﬂ @l rzaaac)
~lp@]?)

! (3.7)
SZﬂA [(Fro@) @ + [ (f209) (2)°)T(g(z,@)dA(2)

<2k (LAl + 1L 1)

hold for all z,a € A, which establishes (3.1). The proof of Theorem 3.1 is com-
pleted. O

REMARK 3.2. Note that if Cy, : B — @, then (3.1) holds for any increasing
function T satisfying Qr = %A. Indeed, we know that Q7 = B (see [5]) if and
only if

J‘;T<log(%))(lfrz)721fdr<oo. (3.8)

The Schwarz-Pick lemma guarantees that ((1—|z|%)/(1—|@(2)|?)|@’(z)] <1,
so that (3.8) leads easily to (3.1). It means that Cy, : B — & is always bounded
(cf. [6]).

REMARK 3.3. If one considers the composition operator C, from the Bloch
space to the Dirichlet space

- {feH(A):ﬂA | f/(2)|2dA(z) < oo}, (3.9)

then Cyp : B — 9 is bounded if and only if

ﬂ |"’(Z)| SdA(2) < . (3.10)
1—|cp(z
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For the spaces Qr,, we have the following results.

THEOREM 3.4. Let T(v) be a nonnegative, nondecreasing function on 0 <
¥ < o and let @ be an analytic self-map of A. Then Cy : B — Q7,0 is bounded if
and only if

lim H _le@l” T(g9(z,a))dA(z) = (3.11)
s (12 g )

PROOF. Suppose Cy : B — Qr, is bounded. Using a way similar to the proof
of Theorem 3.1, we choose functions fi, f> € % such that

#
—lz|?2 ™

<|fi@)|+1]f:2)] (3.12)

for all z € A. Then Cy, fi and Cy f> belong to Qr,9. Therefore,

\ i 1H o'l T(g(z,a))dA(z)
B P ) (3.13)
Sz\tlli\ml,ﬂ 10()9 (Z)| +| f2° )’(Z)|2>T(Q(Z,a))dA(z)=

which shows that (3.11) holds.
Conversely, by Theorem 3.1, we know that Cy : B — Q7 is bounded since
condition (3.11) implies that

H @l T(g(z,a))dA(z) < oo. (3.14)
as s (12 g )’

We need only to prove that Cyp, f € Q1 for each f € &, and this follows from
the inequality

JA | (Cof) (2)]°T(g(z,a))dA(2)

- [[ 17 @@ P19 @ P T aaac)

(3.15)
<IfI ﬂ e @F ganaac.
~lo@]?)
The proof of Theorem 3.4 is completed. |
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