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A NOTE ON SOME APPLICATIONS OF x-OPEN SETS
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The object of this note is to introduce and study topological properties of «-
derived, x-border, x-frontier, and «-exterior of a set using the concept of x-open
sets. Moreover, we study some further properties of the well-known notions of
«x-closure and «-interior. We also obtain a new decomposition of x-continuous
functions.
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1. Introduction. The notion of x-open set (originally called x-sets) in topo-
logical spaces was introduced by Njastad [2] in 1965. Since then, it has been
widely investigated in the literature. For these sets, we introduce the notions
of x-derived, x-border, x-frontier, and «-exterior of a set and show that some
of their properties are analogous to those for open sets. Also, we give some
additional properties of x-closure and «x-interior of a set due to Njastad [2].

Throughout this paper, (X,T) (simply X) always mean topological spaces.
A subset A of (X, T) is called x-open [2] if A € Int(Cl(Int(A))). The comple-
ment of an x-open set is called x-closed. The intersection of all x-closed sets
containing A is called the x-closure of A, denoted by Cly(A). A subset A is
also o-closed if and only if A = Cl4(A). We denote the family of «-open sets
of (X, T) by T%. It is shown in [2] (see also [4]) that each of T C T® and T% is a
topology on X.

2. Applications of x-open sets

DEFINITION 2.1. Let A be a subset of a space X. A point x € A is said to be
o-limit point of A if for each x-open set U containing x, Un (A\{x}) + &. The
set of all x-limit points of A is called an «-derived set of A and is denoted by
Dy(A).

THEOREM 2.2. For subsets A,B of a space X, the following statements hold:
(1) Dy(A) C D(A), where D(A) is the derived set of A;

(2) if ACB, then Dy(A) C Dy(B);

(3) Dy(A)UD(B) CDy(AUB) and Dy(ANB) C Dy(A) NnDy(B);

(4) Da(Dx(A))\A C Dy(A);

(5) Dy(AUDy(A)) CAuDy(A).
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PROOF. (1) It suffices to observe that every open set is x-open.

(3) Follows by (2).

(4) If x € Dy(Dy(A))\A and U is an x-open set containing x, then U N
(Dy(A)\{x}) = D.Let y e Un (Dy(A)\{x}). Then, since v € Dy(A) and y €
U, Un(A\{y}) + . Let z€ Un (A\{y}). Then, z + x for z € A and x ¢ A.
Hence, UnN (A\{x}) = @. Therefore, x € Dy(A).

(5)Let x € D4x(AUDy(A)).If x € A, the result is obvious. So, let x € Dy (AU
Dy (A))\A, then, for x-open set U containing x, U N (AU Dy(A)\{x}) = &.
Thus, U N (A\{x}) = @ or Un (Dy(A)\{x}) = &. Now, it follows similarly
from (4) that U n (A\{x}) = &. Hence, x € Dy(A). Therefore, in any case,
Dy(AUDK(A)) CAUDy(A). O

In general, the converse of (1) may not be true and the equality does not
hold in (3) of Theorem 2.2.

EXAMPLE 2.3. Let X = {a,b,c} with topology T = {J,{a},X}. Thus, T =
{@,{a},{a,b},{a,c},X}. Take the following:
(i) A= {c}.Then, D(A) = {b} and Dy(A) = @. Hence, D(A) ¢ Dy(A);
(ii) C = {a} and E = {b,c}. Then, Dy(C) = {b,c} and D4(E) = &. Hence,
Dyx(CUE) # Dy(C)UDy(E).

THEOREM 2.4. For any subset A of a space X, Cly(A) = AUDy(A).

PROOF. Since Dy(A) Cc Clyx(A), AUDy(A) c Cl4(A). On the other hand, let
x € Cly(A). If x € A, then the proof is complete. If x ¢ A, each x-open set
U containing x intersects A at a point distinct from x; so x € Dy(A). Thus,
Cly(A) c AuDy(A), which completes the proof. |

COROLLARY 2.5. A subset A is «x-closed if and only if it contains the set of its
«-limit points.

DEFINITION 2.6. A point x € X is said to be an x-interior point of A if there
exists an x-open set U containing x such that U C A. The set of all x-interior
points of A is said to be «-interior of A [1] and denoted by Inty(A).

THEOREM 2.7. For subsets A,B of a space X, the following statements are
true:

(1) Inty(A) is the largest x-open set contained in A;

(2) A is x-open if and only if A = Inty(A);

(3) Inty(Inty(A)) = Inty(A);

(4) Inty(A) = A\D(X\A);

(5) X\Inty(A) = Cla(X\A);

(6) X\Cly(A) =Inty(X\A);

(7) ACB, thenInty(A) C Inty(B);

(8) Inty(A) ulnty(B) C Inty(AUB);

(9) Inty(A) NnInty(B) D Inty(ANB).
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PROOF. (4) If x € A\Dy(X\A), then x ¢ Dy(X\A) and so there exists an
x-open set U containing x such that Un (X\A) = &. Then, x € U C A and
hence x € Inty(A), that is, A\Dy(X\A) C Inty(A). On the other hand, if x €
Inty(A), then x ¢ Dy (X\A) since Inty(A) is x-open and Inty(A) N (X\A) = <.
Hence, Inty(A) = A\D«(X\A).

(5) X\Inty (A) = X\ (A\Dy(X\A)) = (X\NA) UDx(X\A) = Clu(X\A). O

DEFINITION 2.8. by(A) = A\Inty(A) is said to be the x-border of A.

THEOREM 2.9. For a subset A of a space X, the following statements hold:
(1) by(A) C b(A) where b(A) denotes the border of A;

(2) A=Inty(A)Uby(A);

(3) Inte(A)Nby(A) = Q;

(4) A is an x-open set if and only if by (A) = J;

(5) bx(Inty(A)) = O;

(6) Inty(bx(A)) = O;

(7) ba(by(A)) =by(A);

(8) bx(A) = AnClx(X\A);

(9) ba(A) = Du(X\A).

PROOF. (6) If x € Inty(by(A)), then x € by(A). On the other hand, since
by(A) C A, x € Inty(by(A)) C Inty(A). Hence, x € Inty(A) N by(A), which
contradicts (3). Thus, Inty(by(A)) = O.

(8) ba(A) = A\Inty(A) = A\N(X\Clu(X\A)) = AnClu(X\A).

(9) ba(A) = A\Inty (A) = A\(A\D(X\A)) = Dy (X\A). O

ExXAMPLE 2.10. Consider the topological space (X, T) given in Example 2.3.
If A= {a,b}, then by(A) = @ and b(A) = {b}. Hence, b(A) ¢ by(A), that is, in
general, the converse Theorem 2.9(1) may not be true.

DEFINITION 2.11. Fry(A) = Clyx(A)\Inty(A) is said to be the x-frontier of A.

THEOREM 2.12. For a subset A of a space X, the following statements hold:
(1) Fry(A) C Fr(A) where Fr(A) denotes the frontier of A;
(2) Clg(A) = Inty(A) UFrg(A);

(3) Inty(A)NFry(A) = T;

(4) ba(A) CFra(A);

(5) Fra(A) = by(A)UD(A);

(6) A is an x-open set if and only if Fry(A) = Dy (A);
(7) Fro(A) = Cly(A) NCly(X\A);

(8) Fra(A) = Fro(X\A);

(9) Fry(A) is x-closed;

(10) Fro(Fro(A)) C Fra(A);

(11) Fra(Inty(A)) C Fro(A);

(12) Fru(Cly(A)) CFra(A);

(13) Inty(A) = A\Fry(A).
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PROOF. (2) Inty(A) UFry(A) =Inty(A) U (Clx(A)\Inty(A)) = Clx(A).

(3) Inty (A) NFry(A) =Inty (A) N (Cly(A)\Intx(A)) = D.

(5) Since Inty(A) U Frg(A) = Inty(A) U by (A) U D(A), Fra(A) = b(A) U
Dx(A).

(7) Fro(A) = Cle(A)\Inty(A) = Clx(A) NClx(X\A).

(9) Cla (Fr(A)) = Cla (Clx(A) NCla (X\A)) C Cla(Cla(A)) NCla(Cla (X\A)) =
Fry(A).

Hence, Fry(A) is x-closed.

(10) Fra (Fra (A)) = Cl{x (Fr(x (A)) N Clo( (X\Fra (A)) c Cla (Fro( (A)) = Fr(x (A)

(12) Fra(Cla(A)) = Cla(Cla(A))\Inty (Cla(A)) = Cla((A)\Inta(Cla(A)) =
Clx(A)\Inty (A) = Fry(A).

(13) A\Fry(A) = A\ (Clx(A)\Inty(A)) =Inty(A). O

The converses of (1) and (4) of Theorem 2.12 are not true in general, as
shown by Example 2.13.

ExXAMPLE 2.13. Consider the topological space (X, T) given in Example 2.3.
If A= {c}, thenFr(A) = {b,c} ¢ {c} = Fry(A), and if B = {a, b}, then Fry(B) =
{c} &€ bs(B).

DEFINITION 2.14. A function f: (X,T) — (Y,0) is said to be x-continuous
[1] if f~Y(V) € T« for every V € ¢ and, equivalently, if for each x € X and
each open set V of Y containing f(x), there exists U € 7% with x € U such
that f(U) C V.

In the following theorem, # x-c. denotes the set of points x of X for which a
function f: (X,T) — (Y,0) is not x-continuous.

THEOREM 2.15. #«x-c. is identical with the union of the «-frontiers of the
inverse images of «-open sets containing f(x).

PROOF. Suppose that f is not x-continuous at a point x of X. Then, there
exists an open set V C Y containing f(x) such that f(U) is not a subset of
V for every U € T* containing x. Hence, we have U n (X \ f~1(V)) = @ for
every U € T containing x. It follows that x € Cly(X\ f~1(V)). We also have
x € f~1(V) c Cly(f~1(V)). This means that x € Fro(f~1(V)).

Now, let f be x-continuous at x € X and V C Y any open set containing
f(x). Then, x € f~1(V) is an x-open set of X. Thus, x € Inty(f 1 (V)) and
therefore x ¢ Fry(f~1(V)) for every open set V containing f(x). O

DEFINITION 2.16. Exty(A) = Inty(X\A) is said to be an x-exterior of A.

THEOREM 2.17. For a subset A of a space X, the following statements hold:
(1) Ext(A) C Exty(A) where Ext(A) denotes the exterior of A;

(2) Exty(A) is x-open;

(3) Exty(A) =Inty(X\A) = X\ Clx(A);

(4) Exty(Exty(A)) = Inty(Cla(A));
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(5) If A C B, then Exty(A) D Exty(B);
(6) Extq(AUB) C Exty(A) UEXty(B);
(7) Extq(ANB) D Exty(A) NExty(B);
(8) Exty(X) =Q;
(9) Exta (D) = X;
(10) Exty(A) = Exty(X\Exty(A));
(11) Inty(A) C Exty(Exty(A));
(12) X =Inty(A) UEXt4(A) UFry(A).

PROOF. (4) Exty(Exty(A)) = Exty(X\Cly(A)) = Inta(X\(X\Cly(A))) =
Inty (Cly(A)).

(10) Exty(X\Exty(A)) = Exto(X\Inty(X\A)) = Inty(X\(X\Inty(X\A)))
Inty (Inty (X\A)) = Inty (X\A) = Exty(A).

(11) Inty(A) C Inty(Cly(A)) = Inty(X\Inty(X\A)) = Inty(X\Exty(A))
Exty (Exty(A)). |

EXAMPLE 2.18. Let X = {a,b,c,d} with topology T = {{,{c,d},X}. Hence,
T™*=1{Q,{c,d},{b,c,d},{a,c,d}, X} If A= {a} and B = {b}. Then, Exty(A) &
Ext(A), Exty(ANB) # Exty(A) NExty(B), and Exty (A UB) # Exty(A) UEXt4(B).

3. A new decomposition of x-continuity

DEFINITION 3.1. A function f : (X,T) — (Y,0) is said to be weakly «-
continuous [3] if, for each x € X and each open set V of Y containing f(x),
there exists U € T containing x such that f(U) c CI(V).

THEOREM 3.2 (Noiri [3]). A function f : (X,T) — (Y,0) is weakly «-contin-
uous if and only if, for every open setV of Y, f~1(V) c Ints(f 1 (CL(V))).

The following notion is motivated by the above theorem.

DEFINITION 3.3. A function f: (X,T) — (Y, 0) is relatively weakly x-contin-
uous, if for each x € X and each open set V in Y containing f(x), the set
f~1(V) is x-open in the subspace f~1(Cl(V)).

THEOREM 3.4. An «-continuous function is relatively weakly x-continuous.
PROOF. Straightforward. O
The following example shows that the converse of Theorem 3.4 is not true.

EXAMPLE 3.5. Let X be the set of all real numbers, T the indiscrete topology
for X, and o the discrete topology for X. Let f: (X,T) — (X, 0) be the identity
function. Then, f is relatively weakly «-continuous but it is not weakly «-
continuous (hence it is not «-continuous) because Inty(f 1 (CL(V))) = @ for
any subset V of (X,0).
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EXAMPLE 3.6. Let X = {a,b,c}, T = {J,X,{c}}, and o = {D,X,{a}, {b},
{a,b}}. Let f: (X,T) — (X,0) be the identity function. Then, f is weakly -
continuous but not relatively weakly x-continuous.

Examples 3.5 and 3.6 show that weakly x-continuous and relatively weakly
«-continuous are independent.

The significance of relatively weakly «-continuous is that it yields a decom-
position of x-continuous with weakly «-continuous as the other factor.

THEOREM 3.7. A function f: (X, T) — (Y,0) is x-continuous if and only if it
is weakly «-continuous and relatively weakly «-continuous.

PROOF. The necessity is given by Theorem 3.4 and by the fact that every
x-continuous function is weakly «-continuous.

SUFFICIENCY. Let V be an open set in Y. Since f is relatively weakly -
continuous, we have f~1(V) = f~1(Cl(V)) n W, where W is an «x-open set of
X. Suppose that x € f~1(V). This means that f(x) € V and also x € W. By
the fact that f is weakly «-continuous, there exists U € T containing x such
that f(U) c C1(V). Therefore, U C f~1(Cl(V)). We can take U to be a subset of
W. It follows that x € U € f~1(Cl(V))nW = f~1(V) and thus the claim follows.

O
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