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A general procedural lemma for fixed-point theorems for three and four maps
in a D-metric space is proved, and it is further applied for proving the common
fixed-point theorems of three and four maps in a D-metric space satisfying certain
contractive conditions.

2000 Mathematics Subject Classification: 47H10.

1. Introduction. The concept of a D-metric space is introduced by the first
author in [2]. A nonempty set X, together with a function p : X x X X X —
[0,0), is called a D-metric space with D-metric p if p satisfies the following
properties:

i) p(x,y,z) =0 < x =y =z (coincidence),
(ii) p(x,v,z) = p(pix,z,y}) (symmetry), where p is a permutation func-
tion,

(iii) p(x,y,z) <p(x,y,a)+p(x,a,z)+p(a,y,z)forall x,y,z,a € X (tetra-

hedral inequality).

A few details along with some specific examples of a D-metric space appear
in [3].

A sequence {x,} C X is said to be convergent to a point x € X if

lim p(xm,xn,x) =0. (1.1)
m,n—oo
Similarly, a sequence {x,} C X is called D-Cauchy if

myli&gmp(xm,xn,xp) =0. (1.2)
A complete D-metric space is one in which every D-Cauchy sequence converges
to a point. Further, a subset S of a D-metric space X is called bounded if there
exists a constant k > 0 such that p(x,y,z) < k for all x,y,z € S, and the
constant k is called a D-bound of S. The infinimum of all such D-bounds k is
called the diameter of S, and it is denoted by 6(S). Finally, it is known that a
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mapping f : X — X is continuous if and only if, for any sequence {x,} C X,
Xn — x* implies fx, — fx*.

It has been shown in [5] that the D-metric p is continuous on X3 in the
topology of D-metric convergence which is Hausdorff. For details of a D-metric
space, the reader is referred to Dhage [5].

The general existence principles for the fixed-point theorems for a single and
a pair of maps in D-metric space have been established in Dhage and Rhoades
[6] and Dhage [1], respectively. However, the extension of these existence prin-
ciples to three or four maps is not possible.

In this paper, we just formulate the general procedure for common fixed-
point theorems for more than two selfmaps of a D-metric space and discuss
some of its applications.

We need the following auxiliary results in the sequence.

PROPOSITION 1.1. Let {x,} be a sequence in a D-metric space X satisfying
p(Xn,Xn+1,2) < Ap(Xn-1,Xn,2) (1.3)
forallm e N and z € {x,}, where 0 < A < 1. Then,
P (Xn,Xni1,Xm) < A"k (1.4)
for allm > n, where k = (2/(1 —A)) max{p(xo,Xo0,X1),p (X0,X1,X1)}.
PROOF. From (1.3),
(X0, Xni1,Xm) < AP (Xn_1,Xn,Xm) (1.5)
for each m > n € N. By induction,
P (Xn, Xni1,Xm) < A"p(x0,X1,Xm). (1.6)
Let g = max{p(xo,X0,X1),p(X0,X1,X1)}. Using the tetrahedral inequality,

p(x0,X1,%m) < p(X0,X1,Xm-1) + P (Xm-1,X0,Xm) + P (Xm—1,Xm,X1)

X0,X1,Xm-1) + P (Xm=1,Xm,X0) + P(Xm-1,Xm,X1)

IA

IA

X0,X1,Xm-1) +2A™ g

<

p( )
p( )
p(x0,X1,Xm-1) +A™ 1 p(x0,x1,%0) + A" p(x0,Xx1,x1)
p( )
p( )

X0,X1,Xm-2 +2/\m’1q+27\m’2q (1.7)

< p(x0,x1,x1) +2(A+A% +- - - +AM™ g
<2(1+A+A%+- - +AM™ Ng < IEAq:k-

Substituting (1.7) into (1.6) yields the desired inequality (1.4). ]
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PROPOSITION 1.2. Every sequence {x,} C X satisfying (1.3) is bounded with
aD-bound k = (2/(1 —A))max{p(xg,xo0,Xx1),p(X0,Xx1,X1)}.

PROOF. Letq =max{p(xo,Xo,Xx1),p(X0,X1,X1)}. Then, for any integers r >
s > n, there exists positive integer p and t such that
P (Xn, Xr, Xs) = P(Xn, Xnip, Xnst)
< P(Xn,Xn+1,Xn+t) +p(xn,Xn+1;xn+p) +P(Xn+1;xn+p;xn+t)
<2A"q+p (Xn+lnxn+plxn+q)

<2A"q+ 2+ q+p (Xn+2,xn+pixn+t)

n+p-2
<2 ( Z /\J> A+ P (Xnip-1,XnipsXnir)

j=1
n+p-1 ) 2
J J = _g=
SZ( Z A >q<2<22\ )q< 4 k.
Jj=1 J=1
(1.8)
Then, {x,} is bounded and the proof is complete. O

2. Main results. Before going to the main results of this paper, we state a
lemma proved in Dhage [4].

LEMMA 2.1 (D-Cauchy principle). Let {y,} be a bounded sequence in D-
metric space with D-bound k satisfying

P (Vn, Yns1,ym) <Ak (2.1)
for allm > n € N. Then, {yy} is D-Cauchy.
Let A,B,S,T : X — X be four maps such that

AX) e T(X), B(X) c S(X). (2.2)

Condition (2.2) ensures that it is possible to define a sequence {y,} in X as
follows. Let x € X be arbitrary. Then, in view of condition (2.2), there exists a
sequence {x,} such that

X0 = X, Axop = TXons1, BXons1 = SXons2, m=0. (2.3)
Now, define {y,} in X by
Yo = Sxo, Yons1 = ITXont1, Yoniz = SXons2, n=0. (2.4)

A point x € X is called a coincidence point of two maps A,B : X — X if
Ax = Bx, and in this case, the mappings A and B are called coincident on X.
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Similarly, a coincidence point of three or four maps on a D-metric space is
defined.

LEMMA 2.2. Let A,B,S,T : X — X satisfy (2.2), and let {y,} C X be defined
by (2.4). Further, assume that {y,} is complete. Suppose that there exists a
A €[0,1) such that

p(yn,yn+1,2) Sf\p(yn—hynvz) (2.5)

foralln e N and z € {y,}. Then, either
(@) A and S have a coincidence point,
(b) B and T have a coincidence point,
(c) A, S, and T have a coincidence point,
(d) B, S, and T have a coincidence point, or
(e) {yvn} converges to a pointu € X and, forallm >n €N,

n

m
; A
p(Vnyymou) <2 > Mk, p(yn,u,u) <2 k, (2.6)

< 1-A
j=n

where k = 5({yn}).

PROOF. Suppose that y», = Vo, for some n. Then, Sxo, = TXop11 = AXop
and (a) holds. Also, if x2,, = x2n+1, then Tx,, = Tx2,+1 and so (c) holds. Sim-
ilarly, if y2,+1 = Yon+2 for some n, then it is shown analogously that (b) and
(d) hold.

Suppose now that y, # ¥,.1 for each n. Then, from Proposition 1.1, it fol-
lows that

P (Vns Y1, Ym) < A"p(vo, ¥1,Ym) < A"k (2.7)

for all m > n € N. Now, an application of Lemma 2.1 yields that {y,} is D-
Cauchy. Since {y,} is complete, there exists a point u € X such thatlim,, y,, = u.

Now, for any positive integers m and n, m > n, by repeated application of
the tetrahedral inequality,

P (Y, Ym, ) < p(Vn, Yne1, Ym) + P (Vs Yns1, W) + P (Vns1, Ym, )
<A"0(¥0, Y1, m) + A" p(yo, y1,u) + P (Vni1, Ym, )
<2A"k+p (Y1, Ym,U)

< 2AMK 420 k4 p (Vi Vo W)
(2.8)

<2(A" AL 4 Ak

m .
=2> Mk.

Jj=n
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The above inequality further gives that

m
(Y ymou) <2 > Mk

j=n
=20 (1+A+- -+ AM™ Mk (2.9)
l_AWL*‘VL
— n
_2)‘( 1-A )k'

Taking the limit as m — o in the above inequality,

n

1-A

p(yu,u,u) <2 k. (2.10)

The proof of Lemma 2.2 is complete. |

The three-maps version of Lemma 2.2 is obtained in two ways: one by setting
S = T and the other by setting A = B. In the situation when S = T, condition
(2.2) reduces to

A(X) € S(X), B(X) € S(X). (2.11)
Then, it is possible to choose a sequence {x,} C X such that
X0 = X, AXon = SXon+1, BXoni1 = Sxoni2, m=0. (2.12)
Now, define a sequence {y,} in X as follows:
Yo =S5X0,  Yen=S8Xon, Yen+1=SXoni1, MEN. (2.13)

LEMMA 2.3. Let A,B,S : X — X satisfy (2.11). Suppose that there exists an
x € X such that the sequence {y,} C X defined by (2.13) is complete. Further,
suppose that

P (Vn, Yn+1,2) <Ap(Yn-1,Yn,2) (2.14)

foralln e N and z € {y,}, where 0 < A < 1. Then, either
(@) A and S have a coincidence point,
(b) B and S have a coincidence point, or
(c) {yn} converges to a point u € X and, for all positive integers m and n,
m>mn,

m . A‘VL
p(yn,ym,u)SZZAJk, p(yn,u,u)s2l_/\k, (2.15)

Jj=n

where k = 6 ({yn}).

It is known that the fixed-point theorems for more than two maps require
some sort of commutativity condition on the mappings under consideration.
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Below, we will apply Lemma 2.2 for proving the common fixed-point theorem
for four maps on a D-metric space under a suitable commutativity condition.

A sequence {x,} C X is called a sequence of coincidence for the maps A,B:
X - X if lim, Ax, = lim,, Bx;,. In this case, the mappings A and B are called
limit coincident on X. Similarly, two maps A,B: X — X are called commuting
or commutative if (AB)(x) = (BA)(x) for all x € X and limit commuting if
there exists a sequence {x,} C X such that

1111111(AB)(xn) = liylln(BA)(xn). (2.16)

Finally, two maps A, B : X — X are called limit coincidentally commuting if their
limit coincidence implies the limit commuting on X, that is, for any sequence
{xn} cXif

lignAxn = lirI;nBXn = linLn(AB)(xn) = lirl:n(BA)(xn). (2.17)

It is known that the limit coincidentally commuting mappings commute at
their coincidence points. See, for details, Dhage [4].

Now, we are ready to give some applications of Lemma 2.2 for proving the
existence of a common fixed point of four maps on a D-metric space X.

An orbit of four selfmaps A, B, S, and T of a D-metric space X at a point
x € Xisaset Osp(S,T:x) in X defined by

OA,B(S,TZX) =

{vo =Sx0, Yon+1 = AXon = TXon+1, YVons2 = BXons1 = Sxon+1 :n = 0},
(2.18)

Clearly, the orbit O4 (S, T : x) is well defined if A, B, S, and T satisfy con-
dition (2.2). By O 5(S,T : x), we denote the closure of the orbit O (S, T : x)
in X.

THEOREM 2.4. Let A,B,S,T: X — X be four selfmaps of a D-metric space X
satisfying (2.2) and

p(Ax,By,z) < Amax{p(Sx,Ty,z),p(Sx,Ax,z),p(Ty,By,z)} (2.19)

for all x,y,z € X, where 0 < A < 1. Assume further that
(@ Oap(S,T:x) is complete for each x € X,
(b) {A,S} and {B,T} are limit coincidentally commuting,
(c) anyone A, B, S, or T continuous.

Then, A, B, S, and T have a unique common fixed point.

PROOF. Let x € X be arbitrary, and define a sequence {y,} C X by (2.4),
which is possible in view of condition (2.4). Now, taking x = xo,, and ¥ = X2y41
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in (2.19),

p(Von+1,Yon+2,2)
= )\maX {p(y2n1y2n+lsz)ap(y2n1y2n+lsz)ap(y2n+1:y2n+2,z)}
=Ap(Y2n, Yon+1,2)
(2.20)

for all m > 0 and z € {y,}. Similarly, taking x = x2, and ¥ = x2,,—1 in (2.19),

P (Von, Yons1,2) < Amax {p (Von-1,Y2n,2), P (Von, Yon+1,2), P (Von-1,Von, 2) }
= Ap(yZn—lsyZn,Z)
(2.21)

for all m € N and z € {y,}. Hence, in general,

P (Vns Yns1,Ym) AP (Yn-1,YnYm) (2.22)

foralm>neNand 0 <A< 1.

We prove the conclusion of our theorem in two cases.

CASE 1. If v, = Yu41, then vy, = vy for all k > 0. If v,11 + Ynso2, then,
replacing n in (2.22) by n+1,

0< p(.yn+1,_yn+2,yn+1) < Ap(yn,yn+1,yn+1) =0, (2.23)

which is a contradiction and v, 1 = Yn+2, and, by induction, v, = v,k for
all k > 0. Therefore, by Lemma 2.2, there are points u and v in X such that
wy=Au=Suand w, =Bv =Tv.

We will show that w; = wy. By (2.19),

p(wi,wo,wy) = p(Au,Bv,w;)

<Amax{p(Su,Tv,w1),p(Su,Au,w1),p(Tv,Bv,w,)}

(2.24)
= Amax {p (w1, w2, w1),p (w1, wi,w1),p (w2, wa,w1)}
= Ap(wi, wa, wy).
Again,
p(wi, w2, wz2) = p(Au,Bv,w>)
<Amax{p(Su,Tv,w),p(Su,Au,w,),p(Tv,Bv,w>)}
(2.25)

= Amax {p(w, w2, w>), p (Wi, w1, w2),p (w2, w2, w>)}

=Ap(wi, wa,wy).
Substituting (2.25) into (2.24),

p(wi, w2, wr) < A%p(wi,wz,w1), (2.26)
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which is possible only when w; = w» since A < 1. Hence, Au = Bv = Su =
Tv = w. Next, we show that w is a coincidence of A, B, S, and T. Since {A,S}
and {B,T} are limit coincidentally commuting, they commute at coincidence
point. Therefore, Sw = SAu = ASu = Aw and Tw = TBv = BTv = Bw. Now,

p(Aw,Bw,Aw) < Amax {p(Sw,Tw,Aw), p(Sw,Aw,Aw),p(Tw,Bw,Aw)}
= Amax {p(Aw,Bw,Aw),p(Bw,Bw,Aw)}
=Ap(Aw,Bw,Bw).

(2.27)
Similarly,
p(Aw,Bw,Bw) < Ap(Aw,Bw,Aw). (2.28)
Substituting (2.28) into (2.27),
p(Aw,Bw,Aw) < A’p(Aw,Bw,Aw), (2.29)

which is possible only when Aw = Bw. Hence, Aw = Sw = Tw = Bw is a
coincidence point of the four maps A, B, S, and T. Finally, we prove that w is
a common fixed point of A, B, S, and T. If w = Aw, then, by (2.19),

p(Aw,w,w) = p(Aw,Bv,w)
<Amax{p(Sw,Tv,w),p(Sw,Aw,w),p(Tv,Bv,w)} (2.30)
=Ap(Aw,w,Aw).

Similarly,

p(Aw,w,Aw) < Ap(Aw,w,w). (2.31)
From (2.30) and (2.31),

p(Aw,w,w) < A’p(Aw,w,w), (2.32)

which is a contradiction to Aw = w and hence, w = Aw = Sw = Tw = Bw.
CASE 2. Suppose that y, = v, for each n. Then, by Lemma 2.2, there
exists a point w € X such that lim, y,, = w. By definition of {y,},

limys, =limSxo, =limAxy, =limTxo,1 = w,
n n n n

. . ) . (2.33)
limyoy1 =limTxo,41 =limBxoy =limys,0 = w.
n n n n
Since {A,S} and {B, T} are limit coincidentally commuting, then
limASxy, =limSAxs,,
" " (2.34)

IIELIIB Tx211+1 = 11};1’1 TBXZYHI .



A GENERAL LEMMA FOR FIXED-POINT THEOREMS 669

Suppose first that S is continuous on X. Then,
liyrlnSsz” = liﬁnSszn = lirrlnASxM =Sw. (2.35)

First, we show that w is a fixed point of S. If w # Sw, then, by (2.19),
p(Sw,w,w)

=li¥lnp(ASX2n,BX2n+1,W)

<Alimmax {p (SSx2n, TX2n+1,W), P (SBX2n, ASX2n, W), p(TX2n+1,BX2n11, W)}

=Amax {p(Sw,w,w),p(Sw,Sw,w)}

=Ap(Sw,Sw,w).
(2.36)
Similarly,
p(Sw,w,Sw) <Ap(Sw,w,w). (2.37)
Substituting (2.37) into (2.36),
p(Sw,w,w) <A’p(Sw,w,w), (2.38)

which is a contradiction and hence, Sw = w. Similarly,

p(Aw,w,w)
< lirrlnp(Aw,szylH,w)
< )\liyrlnmax{p(Sw,szMl,w),p(sz,Hl,BXZnH,w),P(SW,Aw,w)}
=Amax{0,0,p(Aw,w,w)}

=Ap(Aw,w,w),
(2.39)

which implies that Aw = w, since A < 1. From the condition A(X) < T(X), it
follows that there is a point p € X such that w = Aw = Tp. We show that
Bp = Tp. If not, then
p(Tp,Bp,w) = p(Aw,Bp,w)
<Amax{p(Sw,Tp,w),p(Sw,Aw,w),p(Tp,Bp,w)} (2.40)
=Ap(Tp,Bp,w),

which is a contradiction. Hence, Bp = Tp. Since {B,T} are limit coincidentally
commuting, we obtain Bw = BTp = TBp = Bw. Now,

p(Aw,Bw,w) < Amax {p(Sw, Tw,w),p(Sw,Aw,w),p(Tw,Bw,w)}
(2.41)
=Ap(Aw,Bw,Bw).
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Similarly,

p(Aw,Bw,Bw) < Ap(Aw,Bw,w). (2.42)
Substituting (2.42) into (2.41),

p(Aw,Bw,w) < A’p(Aw,Bw,w), (2.43)

which is possible only when Aw = Bw. Thus, w is a common fixed point of A,
B,S,and T.

Similarly, if T is continuous, then it is proved in an analogous way that A,
B, S, and T have a common fixed point.

Next, suppose that A is continuous. Then, we have

liernAAXZn = liranAngn = lignSAxZn = Aw. (2.44)

First, we show that Aw = w. If Aw # w, then

p(Aw,w,w)
= liernp(AAXZn,szml,w)
=Alimmax {p (SAXzn, TX2n1, W), p(SAX2n, AAX20, W), (T X2n41, BX2n 41, W)}

=Amax {p(Aw,w,w),p(Aw,Aw,w)}

=Ap(Aw, Aw,w).
(2.45)
Similarly,
p(Aw,w,Aw) < Ap(Aw,w,w). (2.46)
Substituting (2.46) into (2.45),
p(Aw,w,w) < A’p(Aw,w,w), (2.47)

which is a contradiction. Hence, Aw = w. Using condition (2.2), there exists a
point p € X such that Tp = Aw = w. We show that Bp = Tp. Now,
p(Aw,Bp,w)
= lim p (AAx2n, Bp,w)
< )\liyrlnmax{p(SszH,Tp,w),p(SAxZn,AAXZn,w),p(Tp,Bp,w)}

=Ap(w,Bp,w),
(2.48)
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which gives that Bp = Tp. Since {B,T} are limit coincidentally commuting,
they commute at coincidence point. Hence, Tw = TBp = BTp = Bw. Now,

p(Axon, Bw,w) < Amax {p(Sxon, Tw,w),p(Sxon,AXon, w),p(Tw,Bw,w)}.

(2.49)
Taking the limit as n — oo,
p(w,Bw,w) < Ap(w,Bw,Bw). (2.50)
Similarly,
p(w,Bw,Bw) < Ap(w,Bw,w). (2.51)
Substituting (2.51) into (2.50),
p(w,Bw,w) < A°p(w,Bw,w), (2.52)

which implies that w = Bw = Tw = Aw. Since B(X) < S(X), there is a point
q € X such that w = Bw = Sq. We show that Ag = Sq. Now,
p(Aq,Sq,w) = p(Aq,Bw,w)
<Amax{p(Sq,Tw,w),p(Sq,Aq,w),p(Tw,Bw,w)} (2.53)
=Ap(Sq,Aq,w),
which implies that Ag = Sq. Since {A,S} are limit coincidentally commuting
Sw = SAq = ASq = Aw = w. Thus, Aw = Sw = Tw = Bw, thatis, w is a

common fixed point of A, B, S, and T. Similarly, if B is continuous, it is proved
that A, B, S, and T have a common fixed point.

To prove the uniqueness, let w*(+ w) be common fixed point of A, B, S,
and T. Then,
p(w,w*,w*) = p(Aw,Bw*, w*)
<Amax {p(Sw,Tw*,w*),p(Sw,Aw,w™*),p(Tw*,Bw*,w*)}

=Ap(w,w,w*).

(2.54)
Similarly,
p(w,w,w*) <Ap(w,w*,w*). (2.55)
Substituting (2.54) into (2.55),
p(w,w,w*) <A%p(w,w,w*), (2.56)

which is a contradiction. Hence, w = w*. This completes the proof. ]
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Letting S = T in Theorem 2.4, we obtain the following corollary.

COROLLARY 2.5. Let A, B, and S be three selfmappings of a D-metric space
satisfying (2.11) and

p(Ax,By,z) < Amax{p(Sx,Sy,z),p(Sx,Ax,z),p(Sy,By,z)} (2.57)

forall x,y,z € X, where 0 < A < 1.
Further assume that
(@) Oap(Sx) is complete for each x € X,
(b) {A,S} and {B,S} are limit coincidentally commuting,
(c) any one of A, B, and S is continuous.
Then A, B, and S have a unique common fixed point.
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