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ABSTRACT. The fourth-order boundary value problem -Z—x% +f(xu=ex), O<x<m
u’(0) = u’(m) = u”"(0) = u”(x) = 0; where f (x) <0 for 0 <x <=, describe the unstable static equilibrium
of an elastic beam which is supported by sliding clamps at both ends. This paper concerns the nonlinear

4
analogue of this boundary value problem, namely, — %x_% +gxu)=e@), 0<x<m u(0)=uin) =

o9 oy

u”"(0) = u”"(n) = 0, where g (x,u)u 20 for a.e. x in [0,n] and all u € R with lu | sufficiently large. Some
resonance and nonresonance conditions on the asymptotic behavior of u~'g(x,u), for lu | sufficiently
large, are studied for the existence of solutions of this nonlinear boundary value problem.

KEY WORDS AND PHRASES. elastic beam supported by sliding clamps, asymptotic conditions, reso-
nance, nonresonance, L *-resonance, Wirtinger’s inequalities, coincidence degree theory.
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1. INTRODUCTION
The static deformations of an elastic beam supported by sliding clamps at both ends are described by
the following fourth-order two-point boundary value problem:
d*u

;xT+f(x)u=e(x), O<x<m, (1n

u®=u@=u"0)=u"(m=0.
The static equilibrium of the elastic beam described by the boundary value problem (1.1) is said to be
unstable if f(x) <0, for 0 < x <. This instability is caused by the fact that the term f (x)u may interact
with the eigenvalues, A = n*, (n =0,1,2,...), for the linear eigenvalue problem
d*u

P =M, O<x<m,

(1.2)
WO =u(m)=u"0)=u"(m=0,
when f (x)<0,0 <x <.

The purpose of this paper is to study th i i
(L1): y the following nonlinear analogue of the boundary value problem



698 C. P. GUPTA

_L“_u_ = 0 1.3
! +gxu)=e(x), O<x<m, (1.3)

U0 =um@=u"0)=u"(nM=0,
where the nonlinear function g (x,u) is such that for some p >0, g (x,u)u 20 for x € [0,x], u € R with
lu 1 2 p. More precisely, the purpose of this paper is to give non-resonance and resonance asymptotic con-
ditions at infinity on g (x,u)u~! at the first two eigenvalues A = 0 and A = 1 of the linear eigenvalue prob-
lem (1.2).
The methods and results of this paper are motivated by the papers of Gupta and Mawhin ([1]) and
Mawhin ([2]) (see also [3], [4]) for the second order boundary value problem

d*u _ 0 )
) +g(xu)=e(x), O0<x<2m,

u@@-u@r)=u0)-uQ@r)=0.

We present in Section 2 some lemmas giving a priori inequalities that are needed to apply degree-
theoretic arguments to obtain existence of solutions for the problem (1.3). In Section 3, nonresonance con-
ditions for the existence of solutions of (1.3) are studied, and in Section 4 we study the problem (1.3) when
it is at resonance. We sharpen the theorem of Section 4 in Section 5 when (1.3) does not have any L>-
resonance at the second eigenvalue A = 1 of the linear eigenvalue problem (1.2).” Additionally, we present
a necessary and sufficient condition that the righthand member e in (1.3) needs to satisfy for the existence
of a solution for (1.3) when, among other conditions, g (x,u) is nondecreasing in u for every x in [0, x].

In this paper, we use classical spaces C[0,x], C "[0,1:], L"[0,1t], and L>[0,n] of continuous, k-times
continuously differentiable, measurable real-valued functions whose k-th power of the absolute value is
Lebesgue integrable or measurable functions that are essentially bounded on [0,x]. In addition, we use the
Sobolev-spaces H k[o,n] (k = 2,30r4) defined by

H*[0,7] = {u:[0,n] » RI1u abs. cont. on [0,x] ,
j=01,.k-1, u® e L?0,n)}
with the inner product defined by
k 1 n . . 1 T 1 T
V)t = Z—Iu(')(x)v(’)(x)dx+ —ju(x)dx —Jv (0)dx
=1%o To Ty

and the corresponding norm by |- 1¢. We define, for convenience, the norm in L¥[0,7] by
1

1t k
lulpe = ;Ilu(x)l"dx
0

We also use the Sobolev space W* 1[0, 7] defined by
w410, = {u:[0,x] > Rlu’,u’",u’", abs. cont. on [0, 7]}

with norm

4 %
lulyes = 3 [lud(oyide .
j=00

2. A PRIORI INEQUALITIES
For u € L'[0,], let us write
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T
i= %Iu(x)dx, B0 =u() -, @.1)

n
so that [#(x)dx = 0. Let A2[0,x] = {u € H2[0,x] 14 = 0).
0
LEMMA 1. Let T e L'[0,7] be such that, for a.e. x € [0,7],

rx)<1 .2
with strict inequality holding on a subset of [0,%) of positive measure. Then there exists a 8 = &T) > 0
such that for all & € H*[0,7] with 4 (0) = & (x) = 0,
T
Br(@) = i[{(fi ) -T2 )dx 2 811 32 . .3)
0

PROOF. Using (2.2), Wirtinger’s inequality [5], and the method of expanding a function i e A*0,m)
with #(0)=u(m)=0 into a cosine-Fourier series, we see that, for all 7 e A*0.] with
u0)=u"(m=0,

n
Br(i)> i]{(ﬁ “(x))? - w2 (x)ldx 2 0. 2.4
0
Moreover,
Br@) =0, 2.5
if and only if
u(x)=Acosx, (2.6)

for some A € R. But then by (2.5),(2.6) we get

n
0=Br@ = 11 - T ()
0

A_n 2
J 1 -T'(x)lcos“xdx ,
L

so that by our assumption (2.2) on I" we have A = 0 and hence u=0.
Let us next assume that the conclusion of the lemma is false. Then there exists a sequence {i,},
i, € A?[0,n) for every n = 1,2,3,... such that

Br(, -0 as n—>o 2.7

luylyz =1, foreveryn =1,2,3,....

It follows from (2.7) and the compact embedding H2[0,7] &> C![0, ] that there exists a & € A?[0.x] such
that

i, — i weakly in H2[0,7] , (2.8)

4, —uinC[0,x].

Now (2.8) implies that & (0) = # () = 0 and 1@ | ;2 <lim inf 1%, | y2. Hence,
n —»oo
0 <Br(@ <lim inf Br(#,) = 0. 2.9)
n —»oco

It follows from (2.9) and the first part of this proof that # = 0. Also, (2.7)-(2.9) imply that
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L

2n 1 n )
U |
- { [ ()1Pdx = Br(ii,) + n{F(x)u,.(x)dx

1f 1f e~ o
- +[FEa2eydx = —[[i@ “eo))dx
7(0 1|:0

so that it,, — it in H2[0,7] and & | ;;2 = 1. We have thus arrived at a contradiction. O

LEMMA 2. LetT =T +T +T.. where T, € L™[0,x], Ty € L'[0,n], and Ty € L'[0,n] be such that
To(x) <1 for a.e. x € [0,%] with strict inequality holding on a subset of [0,x] of positive measure. Let
8(Ty) > 0 be as given by Lemma 1. Then for every i € H*[0,x] with & (0) = & (%) = 0,

2
Br(i) 2 6(1‘0)-"?|r,|u — T lp=| i1 (2.10)
PROOF. We have

n
Br@ = 1@ 0)? - Lo @ldx
0

n n
- ljrl ()it (e)dx - l,,‘1“.,,(x)172(x)dx .
Ty 1[0

Using, now, the fact that H2[0,%] < C [0, 7] and the inequalities (see [9])

~ ~ ~ ~ T~ T~
lulpe <lulpz<lulyr, lulp-<—lu’lpz<—luly: 2.11
L L H L= =g tuln 2.1

for i € H?*[0,x] with i (0) = & “(r) = 0, as well as Lemma 1, we get that

Br@)28To) i1z — ITy I - @ 1= = 1T+ 1 32
n? PO
2 [8(o) = “~ 1Ty Ip» = T lp=11@ 1

Remark 1. The best value for 8(0) is clearly %, so that Brl(if)z( —1t2|F1 ILn)IFIIf,z for all

1
2
i € A*0,n] with & (0) = & ‘() = 0.

LEMMA 3. Lerye L'[0,x], T = Ty + Ty + T, be as in Lemma 2 and 8(Ty) > O be given by Lemma 1.
Then for all measurable functions p (x) on [0,%] such that Y<p, p (x) ST'(x) for a.e. x € [0,n] and all
ue W“’I[O,u] withu’(0) = u’(n) = u”"(0) = u”"’(r) = 0, we have

%J{E — ZON- EW () + p o ()1 dx @.12)
0

2
>yl + S(I‘O)—%IFIIU—II‘,,IL- li1 e .

PROOF. For ue W‘“[O,n] with #70) = u(n) = u”"(0) = u”"(x) = 0, we have (on integrating by
parts and using Lemma 2) that

€T
L[l - G- 4™ x) + p (oou (0)1x
0

T
>put+ = i@ @) - p ae)ldx
0

a|—
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=2 n? ~2
2yu +[8(l"0)—7ll"1 Ipp = Il l=lu 2. O

3. NONRESONANCE CONDITIONS FOR THE EXISTENCE OF SOLUTIONS
Let g :[0,7]xR — R be a function satisfying Caratheodory conditions, namely,

(i) for each u € R, the function x € [0,n] — g (x,u) € R is measurable on [0,x];
(ii) for a.e. x € [0,n], the function 4 € R — g (x,u) € R is continuous on R; and

(iii) for each r > 0, there exists a function o, (x) € L1[0,%] such that lg (x,u)! < a,(x) for ae. x € [0,n]
andallu € Rwith lul <r.

THEOREM 1. Let ye L[0,x] with ¥> O be given. Also let T =T+ Ty +T.. with T; e L'[0,m],
I.. € L=[0,x], Ty measurable on [0,x], To(x) <1 with strict inequality holding on a subset of [0.71] of

positive measure, and % ITy I + 1T 1= < 8(Tg), where 8(Tg) > O, is given by Lemma 1. Assume that
the inequalities
Y(x) €lim inf u~'g (x,u) < lim sup ulg(xu)<T(x), 3.1
lu | =00 lu | =00

* hold uniformly for a.e. x € [0,x].
Then, for every given e (x) € L{0,x) the boundary value problem (1.3) has at least one solution.

PROOF. Letm = -;-min{?, 8(Tp) - % ITy It = 1T 1=} > 0. Then, by (3.1) we can find an r >0
such that for a.e. x € [0,%] and every u € R with lu | 2 r we have
Yo)-n<guu STE)+m. (3.2)
Next, define ¥: [0,x]xR — R by

u'lg(x,u) if lul2r
riger) if O<u<r
—-rlg@x,-r) if -r<u<0
I'(x) if u=0.

Yx,u) =

Note that Y(x, u)u satisfies Caratheodory’s conditions and, from (3.2),

¥x) - <Yxu) ST +1 (33)
for a.e. x € [0,n] and all u € R. Now, define A: [0,t]xR — R by
h(,u) = g (u) —Y(x,u)u , (3.4)
for x € [0,%], u € R. We then see that
lh(eu)l < 'Elllg’|g(x,u) —Y0x,u)u | (3.5)
<o),

for x € [0,7], u € R, where a(x) € L![0,n] depends on ¥, T, and o,.
The equation in (1.3) is equivalent to the equation
d*u  ~
wy +Yxu@)ux) +h(xux) =ex),
to which we apply coincidence degree theory [6,7] in a manner similar to the method used in Theorem 1 of
[3]. LetX = C[0,n], Z = L'[0,n], domL = {u € W*[0,n] | u’(0) = u'(m) = u”"(0) = u”"(m) = 0}.
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4
L:domLcX->2Z, u-—;—-d—j':-
dx

G:X>5Z, u->YuEuc)
H:X-5Z, u->hCu@)-e()

A:X5Z, u-sY:,0uC)=TOu).
It is easy to check that G, H, A are well defined and L-compact on bounded subsets of X and that L is a
linear Fredholm mapping of index zero. We consider the homotopy ®: dom L x [0,x] — Z defined by
®u,\) =Lu + (1 - AMAu +AGu + MHu ,
foru € dom L, A € [0,1]. Now, in order to apply Theorem IV.5 of [7] (see also [8],[9]), it suffices to show

that the set of possible solutions of the family of equations

- —5;5 +[(1 = M) + Ay u (x))ux) + A (xu(x)) —re(x) =0, Ae (0,1) (3.6)

uO=u@=u"0)=u"(m=0,

is, a priori bounded in C[0,n] independently of A € (0,1). If u is a solution of (3.6), then multiplying (3.6)
by u — i, integrating over [0, %], and using (3.3),(3.5) together with Lemma 3 with I"., replaced by I'.. + N
and yreplaced by Y- 1, we get

0= _I(u - u(x) [ CR 4101 = M) + 0 ) (1) + A (5,1 (x)) = M () fdx

2(?-ﬂ)§2+ [a(ro)—%“qll[‘l - IF.,IL- -—n]lfil%z—(!aly + le |Ll)|E—I7|L-

> Lu P [5(1"0)— 2 irip - Ir.olL-]'ﬂ'%ﬂ-B'u'H’

for some constant B > 0, independent of A € [0,1]. It then follows that |u |2 < p/m, which implies that
lu |C[0.1t] <C,

where C is a constant independent of Ae [0,1], in view of the compact imbedding of
H[0,mlcC[0,1]. O

COROLLARY 1. Let Yy and I'=Ty+T) +I'.. be as in Theorem 1 above. Then, for every given
e(x) e L[0,x] the boundary value problem

d—u+l"(x)u =e(x), O<x<m G
dx*
uO)=um@=u""0)=u""(m=0

has exactly one solution.

PROOF. The existence of a solution for (3.7) is immediate from Theorem 1 since g (x,u) = I'(x)u obvi-
ously satisfies all the conditions of Theorem 1.
Let u; (x), u,(x) be two solutions of (3.5). Setting v(x) = u;(x) — u,(x), we get that
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—ﬂ r =0 0
dx4+ x)vx)=0, <x<m, (3.8)

vO0)=vi(m=v0)=v"(n)=0.

Multiplying the equation in (3.8) by v -V, integrating by parts on [0, 7], and using Lemma 3, we get that

I d*v
0=Jiw-vani- S F Ty [dx
0

2
2W2+[8(l‘o)—%ll"1 Ipt = 1T lp=1191%220.

Thus v = O and 1V |52 = 0. Since, now,
~ n o~ T~
Wip=<—=Iv’lp2<—=1vlg2=0,
V3 3o

wegetv =0andhencev =v+v =0. O

4. RESONANCE CONDITIONS FOR THE EXISTENCE OF SOLUTIONS
Let g: [0,x]XR — R be a function satisfying Caratheodory’s conditions.

THEOREM 2. Let T e L'[0,2n] be such that

lim sup
lu | —eo

uniformly for a.e. x € [0,r) and T = Ty + Ty + ., where ., € L=[0,x], T, € L'[0,%), and Ty e L'[0,7]
are such that T'o(x) <1 for a.e. x € [0,n] with strict inequality holding on a subset of [0,%] of positive

3—%;“1 <Tx) @

measure and 1T, | - + 1;—2 ITy I < 8(Tg), where 8(I'g) > 0 is given by Lemma 3. Suppose, further, that
there exist real numbers a, A, r, and R witha <A and r < 0 < R such that

gu)=2A 4.2)
fora.e.x € [0,n] and all u 2 R, and

gxu)<a 4.3)

forae xe [0,x]landallu<r.
Then, for every given e (x) € L'[0,n] with a <€ < A, the boundary value problem

4
-‘f;f'w(x,u(x)):e(x), 0< <m, 4.4

u@=u(m=u"0)=u"(m)=0
has at least one solution.
PROOF. Define g;:[0,nf][xR >R by g ;(x,u)=gxu)- %(a +A) and e;eL'[0,nr] by

e1x)=e(x) - —;—(a +A), so that for a.e. x € [0,n] we have, by using (4.2),(4.3), and the assumption

a<e <A, that

gl(x,u)Z%(A—a)ZO if u2R, 4.5)

gl(x,u)sé(a—A)so ifu<sr, 4.6)
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and
-l—(a—A)<E SL(A—a) @.n
2 =12 : .
The equation in (4.4) is clearly equivalent to the equation
d*u
Y +g1u(x)=e1(x), O<x<m. 4.8)

Moreover, we have
lim sup u'lgl(x,u) <I'x)
lu | —o0
uniformly for a.e. x € [0,n] and for lu | 2 max(R, -r), a.e. x € [0,x], g, (x,u)u 20. Hence, I'(x) 20 for
a.e. x € [0,x].
Now let n = %[8(1"0) - ? ITy 1t = IT.1z=]1> 0. Then, there exists an ry >0 such that for a.e.
x € [0,nr] and forallu € R, lu | 2r,, we have
0<ulg (ru)ST(x)+M. 4.9

Proceeding as in the proof of Theorem 1, we write the equation (4.8) in the equivalent form
d*u -~
Y +YxLu @)U )+ hux) =ex), 4.10)

where 0 <Y(x,u) <I'(x) + 1, lh(x,u)! Sax), for ae. x € [0,n], all ¥ € R and some o e L'[0,7]. Once
again degree arguments will ensure the existence of a solution for (4.4) if the set of all possible solutions of
the family of equations

4
i—:i +[(1 = A)(T(x) + M) + A¥(x, u (x))]u (x) @.11)

+AM(u(x)) =Aey(x), Ae(0,1)

u @) =um@=u"0)=u"(r)=0,

is, a priori, bounded in C[0,x) independently of A € (0,1). If, now, u (x) is a possible solution of (4.11) for
some A € (0,1), then integrating the equation in (4.11) over [0,%] after multiplying it by u — &, we get
(using Lemma 3 with y = 0, and I, replaced by I'.. + 1)

= 4
= if[ﬁ —ux)) [— % +[(1 =)@ ) +M) + Y0, u (x))]u (x) + Ak (x,u (x)) — ey (x) pdx
0

2
2 [8(1‘0)—‘":?”-'1 Ipy = 1T I~ —’l’]] |L7‘|%12 —(lalpr + |81'Ll)|E—E|L-

>l fz -Blul + 1@ 142)

for some constant > 0, irdependent of A € (0,1). Hence
12 < @MUl + 17 1) . 4.12)

Next, integrating the equation in (4.11) over [0, 7], we get
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%(1 - K)I(F(x) +Mu (x)dx + %lf[gl(x,u(x)) -e1(x)]dx =0. 4.13)
0 0

If u(x)2R for all x € [0,n]), then (4.5) and (4.7) imply that (1 - 1.)(1_"+'n)R <0, contradicting
T'+n2n>0. Similarly, u(x) <r for all x € [0,n] leads to a contradiction. Thus, there must exist a
1 € [0,n] such that

r<u(t)<R.

X
It is easy to see from u (x) = u(t) + Ju (s)ds that
T

lul <max(R,-r)+ luly2 . (4.14)
The inequalities (4.12) and (4.14) now imply that
1@ 132 < @BM) & 1 g2 + BM)max(R, —r) ,
so there exists a constant p, independent of A € (0,1) such that
lulg2<p. (4.15)
Finally, (4.14) and (4.15) imply that there is a constant C independent of A € (0,1) such that
lulyz<C,

which implies that lu | co,x) < C, for some constant Cy, independent of A € (0,1). O

Remark 2. We say that the boundary value problem (4.4) has “no L™ -resonance” at the second eigenvalue
4

A = 1, of the linear eigenvalue problem _Zx_‘l: =AM u Q) =um=u"0)=u"(n)=0,ifIH=T.=0in

Theorem 2. In the case of no L= -resonance, Theorem 2 implies the existence of a solution for the boun-

dary value problem (4.4) if 1T 171 < 33; We develop this result further in Section 5.

5. RESONANCE CONDITION WHEN NO L*=-RESONANCE EXISTS
We need the following lemma for a sharper resonance condition which gives the existence of a solu-
tion for the boundary value problem (4.4) when there is no L~ -resonance.

LEMMA 4. Let e € L'[0,x), T e L'[0,x] with T20. Then every possible solution u(x) of the linear

boundary value problem
_d%

) +p@u(x)=e(x), O0<x<mx, (GR))

u©)=u(m=u"0)=u"(m)=0
withp € L[0,x] such that

psT, 0<pw) (5.2)

for a.e. x € [0,r), satisfies the inequality
- Er duf’ dlul = 2 5.3
-4 i LlSZIeIU? |+l‘lelLl'|ulL-+3Iele (-3)

PROOF. Letp € L'[0,x] be as in the lemma, and let u (x) be a solution of (5.1). Then, on multiplying

the equation in (5.1) by %u (x) and integrating over [0,7], we get
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1} 1} 1}
-= f(u"(x))zdx + = Ip (x)u2(x)dx = '*fe (x)u (x)dx .
To L) %o

Since p < T, we have, by using Schwarz’s inequality,
2
1} 17 1F .,
“fipmueiax| < |fp x| [ fpeoueax
To %o To

n
=1
<T | fp oowleodx|
%o
and hence, using the equation in (5.1),

Lﬂ
|

0

2
d*u =|1} 2
e (x) + ) <Tr n{p(x)u (x)dx| .

Since u”*(0) = u”"(n) = 0, we have

Tdu Td%u
ux) = {},‘7(“)‘“ = —{;;(S)ds ,

so that
LA P
d’u
2l <) |7/ |dx .
® {dx‘
Hence,
. 2
1F 2y B L g“_u‘d,
n{lu 1< N(I) e

Now, we get from (5.4), (5.6), and (5.7) that

2
1|1} d*u 1? 2
L ooy + L8] + L ooyax
= “g W+ |
x 2
4
R FINCI i | = |1f|d
L - x)dx +
sng(u (x))dx+u£e(x)u() 4 n{ ot
So,
4 |? 4,?
_1‘14—:‘ slle+ 8 swiB-w iR letp tu g
4 dx Ll r dx Ll

Sle'Ll' 'u'L"’

which then gives that

5.4)

(5.5)

(5.6)

(X))
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2 _|[ 44,2 4, |2
T a’u d’u =
~—T)|=—| +le@)+—| <TClelp-lul;~-.
4 |axt L! dx* L!
Finally,
2 )| 44,2 4 2 14 ]2
1- BT |4 A ) —er) ——"iri—“f
4 dx” |, dx L1 4 |dx L1
2 2
d*u d*u 2 =|d*u
S| +e@)| +2lelp-|—r+e®)| +lelp ——T|—-
dx‘ Ll dx4 Ll 4 dx4 L|

< .
<2lelp .

4 -
dul L Fleip - lul-+3letd. O
ax”® |,

THEOREM 3. Let g: [0,n]xR — R be a function satisfying Casatheodory’s conditions. Assume that
there exists a T e L[0,x] such that

lim sup u~' g (x,u) ST (x)
|1 | =00

uniformly for a.e. x € [0,n] and that < -:7 Suppose further that there exist real numbers a, A, r, R with

a<Aandr <0 <R such that for a.e. x € [0O,n], g (x,u) 2A when u 2R and g (x,u) <a when u <r. Then
the boundary value problem

a'u - 0 8
~ et +tgrux) =ek), <x<rm, (5.8)

B0 =um=u"0)=u"(n)=0,
has at least one solution for each given e € L[0,x] witha <& < A.

PROOF. We first define g, and e; as in the proof of Theorem 2 so that the equation in (5.8) can be
written as

du + = 5.9
- dx“ gl(xau(x))‘el(x)’ ( . )
with g (r,u) 2 0 where ¥ 2 R and g (x,u) <0 when u <r for a.e. x € [0,n] and lim sup u'lgl(x,u) <T(x)
uniformly for a.e. x € [0,x]. Consequently, for a.e. x € [0,n], ['(x)20. Letn = é- —:7 -T|> 0, so that
r+n< 442— and let 7, > 0 be such that
T

0<u'g(xu)<Tx)+1n (5.10)

fora.e.x € [0,n], lu | 2ry. proceeding as in the proof of Theorem 1, we can write (5.9) in the form

d*u -

y YU (x) + h(xux) =e (x), (5.11)

where 0 <¥(x,u) <T(x)+1, lh(x,u)| <ax) for a.e. x € [0,n] and all u € R and some a € L'[0,x]. The
same degree arguments will imply the existence of a solution for (5.8) if the set of possible solutions of the
family of equations
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a* ~
- dx—‘j +[(1 =M@ +M) +Fou @)U @) = - MEuE) +Ahe (), Ae O,  (5.12)
u®=um=u"0)=u"Mm=0,
is, a priori, bounded in C[0,n] independently of A e (0,1). Let u(x) be a solution of (5.12) for some
Ae (0,1). Since
0< (1 =M)(T(x)+n)+AYxu () <T(x) +n

for a.e. x € [0,x], with '+ n< —4—2-, and since
n
|81 —h(',u('))|Ll < lel |Ll + |0.|Ll s

it follows from Lemma 4 that
2

<2leylpt + lalpr)
Ll

d*u

2 =
I—T(I‘+n) P

d*u (5.13)
ax? |,

+@+M)(leglp + lalp)lul=+3(ley I+ lalp)?.

Also, we see as in the proof of Theorem 2 that there exists a T € [0,x] such that

r<u(t)<R. (5.149)
4
Next, since it is easy to obtain the solution u, with % =0, of the linear problem 'if': =y,
u0)=u’(x) =u"""(0)=u"""(r) =0, for any given y € L1[0,1t] with y = 0, we see that there exist con-
stants §; > 0, 8, > 0 such that

- d*u
lulp-<8 =/ . 5.15
at | (5.15)
and
d*u
lu'lp- <8 |44 . 5.16
dc? L' (5.16)

Using (5.15) in (5.13), we find that

d*u z =
4 <(leglp + lalp1)@+6;(C+1))

_ﬁ_
[1—- 4 (F+n)} P

d*u L (5.17)
daxt |,

Ll

+@+M(leg g+ lalg)lml +3(ley I+ lalg)? .

d*u
x| .

Also, it follows from (5.14),(5.16) that

lu @)l = |u(@) + Ju'(s)ds| < max(=r,R) + mlu’l - <max(-r,R) + 75,
T
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so that

lul <max(-r,R) + nd,

d*u
__dx“ . (5.18)

Finally, it follows from (5.15), (5.17), and (5.18) that there exists a constant p, independent of A € (0,1)
such that
lulp-< p. a
Remark 3. If there is no L~ -resonance, (i.e., I'g = I'.. = 0), Theorem 3 improves the condition on I—‘ to

I'< ;45-, when compared to Theorem 2, where T would be required to be such that r< %
Remark 4. If p (x) in Lemma 4 satisfies in addition that for a given 1 >0, p(x)2m > 0 for ae.

x € [0,m] and T< ’%2, then it follows easily from inequality (5.3) that the boundary value problem (5.1)

has at most one solution.

We need the following theorem of Mawhin (Theorem 1, [2]) which we state here as a proposition.

PROPOSITION 1. Let X and Z be normed vector-spaces such that C[0,x]c X cZ c L'[0,n]. Let
L:dom(LYcX —-Z be a linear Fredholm operator of index zero such that D (L) c CI[0,x],

kerL = {u e D(L)\u is constant on D}, ImL = {ve Z | {’"v(x)dx =0}. Let g:[0,x]xR — R be a func-
tion such that for a.e. x € [0,%], g (x,*) is non-decreasing and that the corresponding Nemytskii operator
NX — Z, defined by (Nu)(x) = g (x,u(x)), x € [0,x] is L-compact. Further, suppose that the canonical
injection J X — Z is L-compact and h € Z be given.

Let, now, there exist a positive measurable function a: [0,n] — R such that ker(L + A) = {0}, where
A X — Z is defined by Au(x) = a(x)u(x), and there exists a real number Ry >0 and a d, 0<8 < 1 such
that

Lu+(1-MAu+ANu=Ah, Xre (0,1)
implies
l@lg=-<R; +3lul.
Then the equation
Lu+Nu=h,

has at least one solution if and only if he Img where g:R — R is defined by
1 n
gw) = —Jg (x,v)dx .
Mo

THEOREM 4. Let g: [0,x]xR — R be a function satisfying Caratheodory’s conditions and suppose
that for a.e. x € [0,n), g (x,u) is nondecreasing inu. LetT' e L ! [0,%] be as in Theorem 2 or 3 and

lim sup u'lg (x,u) <T'(x)
lu | —oo

uniformly for a.e. x € [0,x].
Then, for e € L'[0,x], given the boundary value problem

4
- % +grux) =e(x),

w0 =um=u"0)=u"(m=0,
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has at least one solution if and only if
T T
1
1l ydx e im | Lo x, x| .
To o
In case I satisfies the conditions of Theorem 2, Theorem 4 follows from Proposition 1 in view of (4.12)

with
L: domL < C[0,x] = L'[0,x]

by
domL = {u € WH[0,n] | u(0) = u’(m) = u”"(0) = u”*"(n) = 0}
and
Lu=-%'for u € domL .
and A:C[0,n] 5L'[0,x] defined by (Aw)x)=(@T@)+mux), where M = % [S(FO) -

23 ITy I - Il IL-]. We note that ker(L + A) = {0} by Corollary 1.
And in case I satisfies the conditions of Theorem 3, Theorem 4 again follows from Proposition 1 in

and Remark 4

114 =
view of (5.15),(5.17) with L and A as in the above paragraph except now 1 = ; [n—2 -T

implies ker(L + A) = {0} in this case.

Example. Itis easy to see that the boundary value problem

d*u
-——+ux)=cosx, O<x<m,
dx*

uO)=u@=u"0)=u"m=0,
has no solution, even though

n
0= % Icosxdx € R = Im (identity) .
0

T
(Note here g (x,u) = u so that %Ig (x,u)dx = uforu € R.)
0

This example points out the necessity of some conditions on I' in Theorem 4,
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