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ABSTRACT. Using elementary methods, the following results are obtained:(I) If p is

p-1ap” " n,.
-7 ( b ) (mod p );

n
prime, 0<m<n, 0<b<ap™™, and p4 ab, then (:Em)

If r,s are the roots of x2= Ax-B, where (A,B) = 1 and D = AZ-AB >0, if

n_n
u = Em_ﬁ_’ v = rn+sn, and k > 0, then (II) v EIY (mod pn);
n r-s n n n-1
kp kp
: = (D ny.
(III) If p is odd and p 4’D, then u n - (p ) u n-1 (mod p );
kp kp
(I w2 D% (mod 2.
k2 k2
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1. INTRODUCTION.

Following Lucas [1], let A, B be integers such that (A,B) = 1 and

v

2 2.

1
D = A%2-4B > 0. Let the roots of x2= Ax-B be: =1/2(A+D/2), s =l (aD

Let n > 0. Let the sequences us vy be defined by:

n_n

_r-s
Yn T Tr-s 1.1)
v, = es” (1.2)

then

= = = - 3 .
U 0, uy 1, u Aun_1 Bu -2 for n > 2 (1.3)
v, = 2, v, = A, v = Avn-l —an_z for n > 2 (1.4)
r+s=A

(1.5)
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rs = B

r-s = D2

“2n T "n'n

Voo = vi -28"

2“m+n =uv + uvo

Let p be prime. Let Op(t) =jif pj | t, pj+l/rt.
If 0 < k < p, then pl(i).

n n
< =
If 0<k<n, then () = ()

n n-1 n
aP = aP (mod p)

n+l y

If x = ta (mod 2“), then x2 = a2 (mod 2
e p€
If 0<k<p® and pfk, then 0 (")) = e

REMARK. (1.1) through (1.10) appear in Lucas [1].
elementary. (1.15) is theorem 2 in Robbins [2].

2. MAIN RESULTS.

Lemma (2.1), If 0< m<n, 0<b< apn-m, and p*ab,

n n-m b( m_l)
then (:gm) = (*“’b ) (-1)°'P (mod p").

m
n bp -1 n_
PROOF. (:gm) = I iP;—i = PP, where P
j=0 bp -]

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.11) through (1.14) are

1 is the product of

all such factors where pmlj, and P2 is the product of all such factors where

pm'fj-

b-1 n m b-1
Now B, = n —2B-ip' U apt Ty N
1=0 bp™ip"™ 4= Pi boTr e
bpm—l n m
- ap -j - bp -b
P2 ; E X 3 = (-1)°P (mod pr_l). Therefore
j#ip"
n n-m m
ap . _ .ap b(p -1
Gam = P ) (PCPTD (g oy,
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THEOREM 2.1. If 0<m<mn, 0<b<ap" ", and pfab,

apn p-1 apn—m n
then (bpm) = (1) ( b ) (mod p ).
PROOF.  If p is odd, then b(p"-1) = p-1 = 0 (mod 2); if p = 2, then by
hypothesis, b is odd, so b(Zm-l)El =2~1 (mod 2). In either case, the conclusion now

follows from Lemma 2.1.

Kk
Von+1-2k

2n+1
k

n
LEMMA 2.2. ¥ = a2ty

2n+l k=1 B

PROOF. By (1.2) and the binomial theorem, we have

2n 2n+l 2n+l-k k

v = r2n+1+ s2n+1 = (r+s)2n+l -y C k)r S, so (1.5) implies
2n+l k=1
n n
2n+l 2n+l, 2n+l1-k k 2n+1 k 2n+l1-k
Vobl ~ A - < kT s+ ] Co1-Kk)F S . Now (1.12) implies
k=1 k=1
n
v = AZn+1 -1 (2n+l) (rs)k(r2n+l 2k+s2n+l 2k), so (1.2) and (1.6) imply
2n+1 oy k
_ a2n+l 2n+1, k
Vot T A DR MBLA/SP
k=1
LEMMA 2.3. vp v (mod p)

PROOF. Lemma 2.2 and (1.11) imply vp = AP (mod p); (1.13) implies AP = A (mod
P), s0.(1.4) implies A = v (mod p).

. el
LEMMA 2.4. 1If i > j, then vi+j v,V B-v

PROOF. By (1.2) and (1.6),

G T SR Iar FRLLS DRSPS Fon A INS PRt LS S RN S

v i-j

Vivj -
LEMMA 2.5. 1f

i+j

0<m<n, yzz (mod p™), w = x (mod p™), and x = 0 (mod p™ ™),

then wy = xz (mod pn).

PROOF. Hypothesis implies y = z+ipm, w = x+jp", so wy T xz+ip™x (mod p™.
Hypothesis also implies pn—mlx, so wy = xz (mod pn).

LEMMA 2.6. If

P = m -
k20, m> 1, and v n >V ool (mod p ), then v 23V o1 (mod pm).
P P kp kp

PROOF. (Induction on k). Lemma 6 holds trivially for k=0, and by hypothesis for
k=1,
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v v
(k+!)Pm kpm+pm kpm pm kpm_pm kpm pm (k—l)pm

Now induction hypothesis and (1.13) imply that

= v v —Bp v

v
u 1
(k+l)pm kp p (k—l)pm_

- m
= 1 (mod p ).

v v
(k+1)p™  (k+1)p

LEMMA 2.7. 1If p is odd and n > 1, thenv Zv _, (mod M.
P P

PROOF. (Induction on n) Lemma 2.7 holds for n=1, by Lemma 2.3.
2.7 holds for all m < n, where n 3> 2. Then Lemma 2.2 implies

1Yy ") a1
Vo= AP - (pi )BTV n-1 . » also
P i=0 p -2i

n ™1
v = Ap - 2

(pn)ij .
P j=0 ] "

p -2j

n
1f p4 j, then (1.15) implies (pj) 20 (mod p™).

Th f -1
erefore Pn 1/2 (prj -1) n \ip
voaE AP - ) (pip)B v

p j=0 p-2ip

Let ip = hpm, where p* h and m < n. Now

(mod pm). Now Lemma 2.4 implies

=v v -8Py =v v -8P v by Lemma 2.4.

Suppose Lemma

ip _ hpm_ hpm_l_ i m
B " =B = =B (mod p ), by (1.13); also v =
p -2ip
v =v v = v (mod pm) by induction hypothesis
n -
p"-2hp™ (p" ™-2h)p™ (pn-m—Zh)pm_l ol 1_21
and Lemma 2.6. Therefore Bipv H Biv (mod pm). Also
n_,. n-1
p -2ip p -2i
pn pn l»n-—l pn-l pn-m n
(ip) = (hpm) = ( hpm_l) = ( i ) = ¢( h) (mod p) by Theorem 2.1, and (1.15)
implies
pn-m n-m
( h ) =0 (mod p 7). Therefore Lemma 2.5 implies

n
i -
(EP)B Py (P )Biv (mod p™). Now (1.13) implies
P
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1 "y .
Vo = AP - ) (pni )B v =1 (mod p ), that is,
p 1=0 =21
: n
vn_vn_l(modp).
p P
- n+l
LEMMA 2.8. If 2|A, then v =2 (mod 27 ) for n > 0.
2
PROOF. (Induction on n) v 0=V1 "~ A =2 (mod 2 ) by (1.4) and hypothesis. Now
2
induction hypothesis implies v n-1 = 2 (mod Zn), so (1.14) implies
2 n+l 2! n
Vo1 = 4 (mod 2 )+ Hypothesis implies 2 ’rB, so B =1 (mod 27). Now (1.9)
2
2 2! o+l
implies v A -2B z 4-2(1) = 2 (mod 2 ).
2 2
- nt+l
LEMMA 2.9. If 24 AB, then v L -1 (mod 277) for u > 0.
2
PROOF. (Induction on n) Vv 0=V = A = -1 (mod 2) by (1.4) and hypothesis. Now
2
induction hypothesis implies v n-1 = -1 (mod Zn), so (l1.14) implies
n+l 2! n
vl = 1 (mod 2 ). Again, B odd implies B =1 (mod 2), so (1.9) implies
n-1
v =v? __ -28% = 1-2(1) = -1 (mod 2™1).
n n-1
2 2
- ntl
LEMMA 2.10. 1€ 2 | B, then v =1 (mod 2" ') for n > 0.
2
PROOF. (Induction on n) Hypothesis implies A is odd, so (1.4) implies
vo=v, = A =1 (mod 2). By hypothesis, B = 0 (mod 2), so
2
2n_l 2'1.1 n-1 2ﬂ_1 n
B = 0 (mod 2 ). Since 2 >n forn?>1, we have B =0 (mod 27). By
- n 2 - ntl
induction hypothesis, v n-1 - 1 (mod 27), so (1.14) implies v -1 > 1 (mod 2 ).
2 2
n-1
Now (1.9) implies v _ = v2__ . -2B> = 1-2¢0) = 1 (mod 2™1).
n n-1
2 2
LEMMA 2.11. v = v (mod 2™)
n n-1
2 2
- n - mtl
PROOF. Lemmas 2.8, 2.9, 2.10 imply v -1 - € (mod 27), v n°t (mod 2 ),
2 2
where t = 2 or tl. Therefore v =t = v (mod 2“).
o 2n—l
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- n
THEOREM 2.2. In n > 1, then vpn Vo (mod p ).

PROOF. Follows from Lemmas 2.7 and 2.11.

THEOREM 2.3. If n > land k >0, thenv =y nop (mod ™
kp kp

PROOF. Follows from Theorem 2.2 and Lemma 2.6,

LEMMA 2.12. u

2n+1

n
: 2n+l
=p" -
kz S I YN

1
PROOF.  (1.1) and (1.7) imply D2 wy g = e2 oG
n

2n+1 -
(r-s) n+ kzl( l)k 2n+1) ntl ksk » so (1.7) implies
l/ .
D2u2n+1 = p /2_{2 (- 1)1&(2n+1) 2n+1- ksk + z (_l)j(2n+l )r2n+l-JSj }
k=1 j=n+1 N

Setting j = 2ntl-k in the second sum, we obtain

1/ + 1 k 2n+l 2n+1-k k 2 2n-k, 2n+l | k 2n+l-k
/) nt+ Y/ 2n 1y 2n n n
Uy py = D {kEI( DM e - Lot }

y, o - -
Y ke )k(2n+l) (2T 2nel=2ky o
k=1

1,0
o2 phay &h -k by (1.6) and (1.7), so

o 2n+1-2k

n
GO I E IR
=]

Yon+1 = 2n+1-2k

LEMMA 2.13. If p is odd, then up = (%) (mod p).

PROOF. Follows from Lemma 2.12, (1.11), and Euler's criterion.
1 n
LEMMA 2.14. If p is odd, p4'D, and n > 1, then p2 8P (%) (mod p™).

PROOF. (Induction on n) Lemma 2.14 holds for n=1 by Euler's criterion. Let
(%) =t = tl. Now induction hypothesis implies

1
Dl/zlif(p“>E 1, 9™ _ t+ip 1 Dl/zﬁ(pn+ ). o Yy U(p"))p

t (mod pn) so D

_ P -
= (e+1pMP = P+ pePhpN + ) @) P Jip™y. Now P = ¢,

j=2
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1

ntl t (mod pn+ ).

. 1 n+l
and p an for j » 2, so D/ZIJ(p )E

LEMMA 2.15. 1If k20, m>1, pisodd, t = (—g), and

u = tu (mod pm), then u Z tu (mod pm).
n-1 m m-1
P P kp kp

PROOF. (Induction on k) Lemma 2.15 is trivially true for k=0, and is true by
hypothesis for k=l. Now (1.10) implies

2u =u v +u v . By induction hypothesis,

2u m =
GerDp kp™+p"  kp" p p" kp"

_ m - m,
u Fru (modp),andum-tum_.1 (mod p );
kp kp P P

Theorem 2.2 implies v = v (mod pm) for k > 0. Therefore
kpm kpm—l

m
=2 .
I\ 1 + tu v 1 2tu . (mod p ) Since
kp p ] kp kp

2u(k+1)pm = tu

p is odd, we have u(k+1)pm Z tu n (mod pm).
kp

LEMMA 2.16. 1If p is odd, p/rD, and n > 1, then u n z (%)u -1 (mod pn).
P p

PROOF. (Induction on n) Lemma 2.16 is true for n = 1 by Lemma 2.13.

- I, (p% 1
1 n 1_ /2 (P, 1) -
Lemma 2.12 implies u -1 f (p bz ), (PZ l) (—B)iu =1

p 1=1 -21i

1 n_
1 n_ /o (p -1)
also u . 1)/2 (p-1)_ ‘ (p;) (-B)jupn-zj. If p/f/j, then (1.15) implies

P J

[ et

1

(p;) = 0 (mod pn). Therefore

1 n—l_l
- o"en 2D

L el B (mod pM.
P i=1

p -2ip
Let ip = hp" where p/”h and m < n. Llet t = ('3).
i hp" hp™ ! 1 m
Now (-B)'P = (-B)™ = (-B)"® = (-B)" (mod p™) by (1.13). By induction

hypothesis and Lemma 2.15, we have

i

= tu = tu =

u = u n-m m-1 n-1 m-1
(p "-2h)p P —2hp

= u
pn-Zip pn_thm (pn-m_

2n)p"
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i - i n
(mod p™. Therefore (-B) Pu n 2e¢-B)u (mod p).
p =21 p -2ip p 21

As in the proof of Lemma 2.7, we have
s n-1 i n
") Pu ze(® ) (-B)u (mod p ). Therefore
& n i 01y,
ip p -2ip P
n n-1_
u = ”b(P - —t(!)l‘/2 r D -u _1) (mod pn), that is
P nn
1

Y dh VD wh @)

u _ = tu -t) (mod pn). Since

n n-1
P P

1

20 = p"-p™ Lemma 2.14 implies u n = C%)u =1 (mod p™).

P P

LEMMA 2.17. TIf n> 1 and D is odd, then u = (-D"u _ (mod 2.
2 2

PROOF. By hypothesis and by the definitions of A, B, and D, A must be odd. If B

is odd, then Lemma 2.9 implies v n-1 = -1 (mod 2n); if B is even then Lemma 2.10

implies v = 1 (mod 2“). Th%refore, in either case, v = (--l)B (mod 2").
2n-l Zn-l
Now (1.8) implies u _ = (-I)Bu (mod 2™M).
P 2n—l

THEOREM 2.4. If n 2> 1 and p 4’0, then u n = tu n-1 (mod pn), where
P P

(%0 if p is odd

(-1)B if p=2

PROOF. Follows from Lemmas 2.16 and 2.17.

THEOREM 2.5. If k >0, n> 1, and pA' D, then u _ = tu (mod p™).
kpn kpn—l

where t is defined as in Theorem 2.4.
PROOF. Follows from Lemma 2.15 and Theorem 2.4.

Concluding Remarks. Let t be defined as in Theorem 2.4 as a result of Theorems

2.3 and 2.5, the sequences v n’ t"u n determine p—adic integers for each k > 0.
kp kp
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