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Let G be weighted graphs, as the graphs where the edge weights are positive definite matrices. The Laplacian eigenvalues of a graph
are the eigenvalues of Laplacian matrix of a graph G. We obtain two upper bounds for the largest Laplacian eigenvalue of weighted
graphs and we compare these bounds with previously known bounds.

1. Introduction

Let G = (V,E) be simple graphs, as graphs which have no
loops or parallel edges such that V is a finite set of vertices
and E is a set of edges.

A weighted graph is a graph each edge of which has been
assigned to a square matrix called the weight of the edge. All
the weight matrices are assumed to be of same order and to be
positive matrix. In this paper, by “weighted graph” we mean
“a weighted graph with each of its edges bearing a positive
definite matrix as weight,” unless otherwise stated.

The notations to be used in paper are given in the
following.

Let G be a weighted graph on n vertices. Denote by w; ;
the positive definite weight matrix of order p of the edge ij,
and assume that w;; = w;;. We write i ~ j if vertices i and j
are adjacent. Let w; = ) wj. be the weight matrix of the
vertex i.

The Laplacian matrix of a graph G is defined as L(G) =
(lij), where

jij~i

w;; it i=j,
0; otherwise.

The zero denotes the p X p zero matrix. Hence L(G) is
square matrix of order np. Let A, denote the largest eigenvalue

of L(G). In this paper we also use to avoid the confusion that
p1(w;) is the spectral radius of w;; matrix. If V' is the disjoint
union of two nonempty sets V; and V, such that every vertex
i in V] has the same p, (w;) and every vertex j in V, has the
same p; (w;), then G is called a weight-semiregular graph. If
p1(w;) = p;(w;) in weight semiregular graph, then G is called
a weighted-regular graph.

Upper and lower bounds for the largest Laplacian eigen-
value for unweighted graphs have been investigated to a great
extent in the literature. Also there are some studies about
the bounds for the largest Laplacian eigenvalue of weighted
graphs [1-3]. The main result of this paper, contained in
Section 2, gives two upper bounds on the largest Laplacian
for weighted graphs, where the edge weights are positive
definite matrices. These upper bounds are attained by the
same methods in [1-3]. We also compare the upper bounds
with the known upper bounds in [1-3]. We also characterize
graphs which achieve the upper bound. The results clearly
generalize some known results for weighted and unweighted
graphs.

2. The Known Upper Bounds for the Largest
Laplacian Eigenvalue of Weighted Graphs

In this section, we present the upper bounds for the largest
Laplacian eigenvalue of weighted graphs and very useful
lemmas to prove theorems.



Theorem 1 (Horn and Johnson [4]). Let A € M, be Hermi-
tian, and let the eigenvalues of A be ordered such that A, <

A,y <o <Ay Then,
T T T
Ax x<x Ax <A jx x (2)
T
x"Ax T
Amax = A = Max—-— = maxx Ax
x#0 XX xTx=1
] ()
X Ax T
Amin = Ay = Min—— = minx" Ax
x#0 X' X xTx=1

forallx € C".

Lemma 2 (Horn and Johnson [4]). Let B be a Hermitian nxn
matrix with eigenvalues A, > A, > --- > A,; then for any
XeR" (x#0),y € R" (7#0),

|x"By| < A, \/%Tz\/fy, (4)
Equality holds if and only if x is an eigenvector of B correspond-
ingto Ay and y = ax for some « € R.

Lemma 3 (see [1]). Let G be a (p,(w;), p;(w;))-semiregular
bipartite graph of order n such that the first f vertices of the
same largest eigenvalue p,(w;) and the remaining m vertices
of the same largest eigenvalue p,(w;). Also let x be a common
eigenvector of wy; corresponding to the largest eigenvalue
P (w,])for alli, j, where W; = Yren, Wik for all i. Then p, (w;) +
p1(w;) is the largest ezgerzvalue of L(G) and the corresponding
ezgenvector is

,-)ET, -p (wj)ET, c —pl(wj)ET

pl(w,-)ET, o p(w

5)
Theorem 4 (see [1]). Let G be a simple connected weighted

graph. Then
jk)} . ()

A < max { N (k; ) “Tal

where wj; is the positive definite weight matrix of order p of the
edge ij. Moreover equality holds in (6) if and only if

(i) G is a weight-semiregular bipartite graph,
(ii) w;; have a common eigenvector corresponding to the
largest eigenvalue p,(w;;) for alli, j.

Theorem 5 (see [2]). Let G be a simple connected weighted
graph. Then

A1
Z P1 ( ik) < Z 'Pl (wir) + Z 1 (wks))
< max kik~i rir~i sisvk )
i~j
+k§~]p1 ( ) (r:rz~jp1 (wjr) + s:sz~kp1 (wks))

7)
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where wj; is the positive definite weight matrix of order p of the
edge ij. Moreover equality holds in (7) if and only if

(i) G is a bipartite semiregular graph;

(ii) w;; have a common eigenvector corresponding to the
largest eigenvalue p,(w;;) for all i, j.

Corollary 6 (see [2]). Let G be a simple connected weighted
graph where each edge weight w;; is a positive number. Then

Ay < mlax{ \2w; (w; +wi)}’ (8)

where W; = (Y jp-; WiWy)/w; and w; is the weight of vertex i.

Moreover equality holds if and only if G is a bipartite regular
graph.

Corollary 7 (see [2]). Let G be a simple connected weighted
graph where each edge weight w;; is a positive number. Then

A <n11~a]x{\/w w+w)+w(w +w])} 9)

where W; = (Y} WiWi)/w; and w; is the weight of vertex
i. Moreover equality holds if and only if G is a bipartite
semiregular graph.

Theorem 8 (see [2]). Let G be a simple connected weighted
graph. Then

A

pu 1)+ p1 (1) +(p1 ()~ py ()’ + 7,5,
< II;l~a]X 5 >

(10)

where y; = (Xpx-i Pr(Wi) pr(wy)/ py(w;) and wy; is the posi-
tive definite weight matrix of order p of the edge ij. Moreover
equality holds in (10) if and only if

(i) G is a weighted-regular graph or G is a weight-semi-
regular bipartite graph;

(i) w;; have a common eigenvector correspondmg to the
largest eigenvalue p,(w;;) for all i, j.

Corollary 9 (see [2]). Let G be a simple connected weighted
graph where each edge weight wj; is a positive number. Then

Ay < max {w; +w,}, (11)

i

where W; = (X} WiWi)/w; and wy is the weight of vertex
i. Moreover equality holds if and only if G is a bipartite
semiregular graph or G is a bipartite regular graph.
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Theorem 10 (see [3]). Let G be a simple connected weighted
graph. Then

A

pL(w)+ ¥ .P12 (wip) + X P (wiwy + wixwy)
< max kik~i kik~i

i + 2 > Pl (w;swg)

1<it<n seN;NN;

(12)

where wy is the positive definite weight matrix of order p of the
edge ik and N; N Ny is the set of common neighbours of i and
k. Moreover equality holds in (12) if and only if

(i) G is a weight-semiregular bipartite graph;

(i) wy have a common eigenvector corresponding to the
largest eigenvalue p, (wy,) for all i, k.

Corollary 11 (see [3]). Let G be a simple connected weighted
graph where each edge weight w;; is a positive number. Then

wi+ Y wi+ X '(wiwik + wwy,)

k:k~i ~i
Y wiw

+Z isst

1<i,t<n seN;NN;

i

A, < max . (13)

Moreover equality holds if and only if G is a bipartite semireg-
ular graph.

3. Two Upper Bounds on the Largest Laplacian
Eigenvalue of Weighted Graphs

In this section we present two upper bounds for the largest
eigenvalue of weighted graphs and compare the bounds with
some examples.

Theorem 12. Let G be a simple connected weighted graph.
Then

pr(w;) +py (wj) + \j(Pl (w;) = py (wj))2 +4 (k%iﬁ (wik)) <k:§~jP1 (wjk)>

Ay < max , (14)
i~j 2
where w;; is the positive definite weight matrix of order p of the From the ith equation of (18), we have
edge ij. Moreover equality holds in (14) if and only if
(i) G is a weighted-regular graph or G is a weight- ()t 1y = wi)E,- = Z{wik?k’ (19)
semiregular bipartite graph; ik~
(i) w;; have a common eigenvector corresponding to the — ha¢ s,
largest eigenvalue p,(w;;) for alli, j.
—T - T
— X (M, —w)X; = — ) X; wyX
Proof. Let X = (X},%,...,%,) be an eigenvector corre- ! ( Upp 1) ' k;i Pk (20)
sponding to the largest eigenvalue A, of L(G). We assume that
= <~ T _
X; is the vector component of X such that < Z | X! wy, xk' (1)
T —r kik~i
%, % = max {%; %} 15)
_r—  |—T—
B < Z pr (wye) VX XX X by (4)
Since X is nonzero, so is X;. Let etke~i
(22)
fij = 1];11}&)1( {fgfk} (16) o
: < Z P (wi) VX XX %; by (16).
be. The (i, j)th element of L(G) is fetke~i (23)

w;; it i=j
~wy ;s if i~ (17)
0; otherwise.

We have

L(G)X = A, X. (18)

From (23) we have
A -p (wi))};‘rfi < EIT (Allp,p - wi)Ei by (2)

(24)
< Z pr (wWi) VEiTEi \/E?EP

kik~i



4
that is,
(A = p (wi))iiTEi = Z Py (W) VZ‘TZ' \/XJT}]" (25)
kik~i
From the jth equation of (18), we get
(MLpp—w)) %) == ) i (26)
kik~j
that is,
% (Ml —w) %= - ka Xy 27)
ke~
< 2 [Fwid (28)
k:k~j
< Y py (w) VX% \E % by (4)
kik~j
] (29)
< Y pu (wp) VE %X %; by (15).
k:k~j
(30)

Similarly, from (30) we get
(-1 ()15, = (L), by

(31)
< 2 e (wi) VR T E %),

kik~j
that is,
A -p (w].))ijr?j < Z P1 (wjk) VE?Ei \/EZE,(. (32)
k:k~j

So, from (25) and (32) we have
(Al ! (wj)) (A= py (wi))zfzjz?zi
(33)
< < z P (wik)) : < z P (wjk)>§?§jEiTEi'
kik~i k:k~j

Hence we get

(A1 =py (w))) (A = py (wy))
(Zow)(Zatw).

kik~i k:k~j

that is,

Xy (o (wy) + oy () + 1 (wy) py ()

- ( 2P (wz-k)> : ( 2P (wjk)> o

k:k~i k:k~j
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that is,
y <A@ e ()
2
\j(pl (w) -pi (wj))2 4 <k§~,-pl (wfk)> (k;%jpl (wjk)>
+ 2
< ma >

\](p1 (w)-pr (w;)) +4 (k%ipl (w,-k)) (k:kZijl (wjk)>

2

+

(36)

This completes the proof of (14).

Now suppose that equality holds in (14). Then all inequal-
ities in the previous argument must be equalities.

From equality in (23), we get

% % =% % forall k,k~i. (37)

Since x; # 0, we get that X # 0 for all k, k ~ i. From equa-
lity in (22) and Lemma 2, we get that X; is an eigenvector of w;,
for the largest eigenvalue p, (w;). Hence we say that x; = ax;

for some g, for any k, k ~ i.
On the other hand, from (37) we get

3% = %%, (38)
that is,
as X, x; > 0. (39)

From equality in (21), we have

_T _ _T _
- Z X; WipXye = Z |xi wikxk|' (40)
kik~i kik~i

Since x; = ax;, from (40) we get

— T _
_Zaxi Wik X; = z lal |x; wyXy
kike~i kik~i

(41)
= Z |a|%iTwik§k as E?wik%k > 0.
k:k~i
Hence we get
a=-1 (42)
from equalities in (41). Therefore we have
X, =-x; forall k,k ~i. (43)
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Similarly from equality in (29), we get that x; is an
eigenvector of wj for the largest eigenvalue p; (w;;). Hence
we say that X, = bx; for some b, for any k, k ~ j. From
equality in (16) we have

XX = %% for k~i, (44)
that is,
2—T— —T—
b X;Xj=X; X, (45)
that is,
=1 as zfzj > 0. (46)

Applying the same methods as previously, we get

b=-1 (47)
Therefore we have
X =X, for all k,k ~ j. (48)
Fori~ j
X; = —X;. (49)

Hence we take that U = {k: X, =x;}and W = {k : X =
-X;} from (43), (48), and (49). So, N;cU and N; ¢ W. Also,
U # W #0 since X; # 0. Further, for any vertex s € Ny there
exists a vertex r € N; such that r ~ jér ~ s, where NN is
the neighbor of ne1ghbor set of vertex i. Therefore X, = —X;
and X; = X;. So Ny C U. By similar argument we can present
that N N, CW. Contmumg the procedure, it is easy to see,
since G is connected, that V' = U U W and that the subgraphs
induced by U and W, respectively, are empty graphs. Hence
G is bipartite. Moreover, X; is a common eigenvector of wj;,
and w; for the largest eigenvalue p, (w;,) and p, (w;).

Fori,k e U

AX; = wix; + Z WpX; = WX; + Z Wi X;s (50)
kik~i k:k~i

that is,
W;X; = WiX;. (51)

Since X; is an eigenvector of w; corresponding to the
largest eigenvalue of p, (w;) for all i, we get

pr (W) %; = py (wy) X, (52)
that is,
(py (W) = py (i) %; = 0, (53)
that is,
pr(w;) = py (wy) as x;#0. (54)

Therefore we get that p,(w;) is constant for all i € U.
Similarly we can show that p; (w;) is constant for all j € W.
Hence G is a bipartite semiregular graph.

Conversely, suppose that conditions (i)-(ii) of the the-
orem hold for the graph G. Let G be (p;(w;), p,(w)))-
semiregular bipartite graph. Let x be a common eigenvector
of wy, corresponding to the largest eigenvalue p,; (w;,) for all
i, k. Then we have

P (w;) = Z pr (i) »

k:k~i
(55)
pr(wy) = X e (wie).
k:k~j
By Lemma 3, we get
A =p () +py (wj) , (56)

that is,

A = P (w;) ‘;P1 (wj)

\](pl ()5 ()" +4( 3 pr (@) (kgjpl (wjk))

5 .
(57)
O

Corollary 13 (see [1]). Let G be a simple connected weighted
graph where each edge weight w; ; is a positive number. Then

A< rrlljtx {wi + wj}. (58)
Moreover equality holds in (58) if and only if G is bipartite
semiregular graph.

Proof. We have p; (w;) = w; and p; (w;;) = wj; for alli, j. From
Theorem 12, we get the required result. OJ

Corollary 14 (see [5]). Let G be a simple connected unweight-
ed graph. Then

A; € max {di + dj} , (59)
i~j

where d; is the degree of vertex i. Moreover equality holds in
(59) if and only if G is a bipartite regular graph or G is a
bipartite semiregular graph.

Proof. For unweighted graph, w; ; = 1 fori ~ j. Therefore
w; = d;. Using Corollary 6, we get the required results. [

Theorem 15. Let G be a simple connected weighted graph.
Then

M

= nax { J(Pl (w)+ X p (wik)> (pl (1) + k:kz~jpl (wjk)>} )

(60)




where wj; is the positive definite weight matrix of order p of the
edge ij. Moreover equality holds in (60) if and only if
(i) G is a weighted-regular bipartite graph;

(ii) w;; have a common eigenvector corresponding to the
largest eigenvalue p,(w;;) for all i, j.

Proof. Let X = (X,,%,,...,%,)" be an eigenvector corre-
sponding to the largest eigenvalue A, of L(G). We assume that
X; is the vector component of X such that

—T—
X; X; = 1}1362‘13( {xk xk} (61)

Since X is nonzero, so is X;. Let

X, x; = max {x; X} 62
375 Ty B Xk (62)

be. We have
L(G)X = A, X. (63)

From the ith equation of (43), we have

IX = w x Z wlkxk, (64)
kik~i
that is,
—T— —T — —T —
X X = % wiX; - X; Wi X
kik~i
< [ wx|+ Y[R wax
k:k~i
(wi)xzrxi + Z P (wi) inTxi \/szk by (2)
k:k~i
(wi)xzr?i + Z P1 (wik)xzrxi by (40).
k:k~i
(65)
Hence we get
M<p (w Z pr (wye) - (66)

kike~i

By the same method, from the jth equation of (43), we have

lx = w x Z wjkxk, (67)
kik~j
that is,
AT =
XiXx;= x w; x xL wkxk
kike~ j

A\

[Flwx|+ Y [ wux
=TT j kT k
ik
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<p (W) X%+ ) oy (wie) VX % \Xi % by (2)

k:k~j
< p ()T T+ Y oy (wye) 5%, by (41).
k:k~j
] (68)
Hence we get
Lo (w)+ Y e (wye)- (69)

kik~j

From (49) and (58), we have

A< <P1 (w;) + lel (wik)> (Pl (wj) + Z,Pl (wjk)> ’

(70)
that is,
M
< max { \j<p1 )+ 3 py (wik)> (m () + Z (w))}
(71)

This completes the proof of (60).

Now we show the case of equality in (60). By similar
method in Theorem 12. In the part of equalit, the necessary
condition can show easily. So we will show the sufficient
condition.

Suppose that conditions (i)-(ii) of Theorem hold for the
graph G. We must prove that

M

e+ 2 00) () 2 )}

(72)

Let G be regular bipartite graph. Therefore we have
p(w;)) = afori € U and pl(wj) = « for j € W such
that V.= U U W. Let X be a common eigenvector of wj,
corresponding to the largest eigenvalue p,(wjy,) for all i, k.
Hence we have

pr(w) = > py (wy). (73)

kik~i
From (71) we get that

A, < 2a. (74)
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On the other hand, the following equation can be easily
verified:

x
x
x
(2a) =
-X
-X
wy - 0 Wikl T T Wi
0 : 0 TWyksr 1 "Wy,
_ 0 - Wy Wipy o Wy,
W11 0 T Wher ko Wk 0
TWit1,2 0 T Witk 0 : 0
W, W,k 0 : wy
x
x
x
ol
-X
-X

(75)

Thus 2« is an eigenvalue of L(G). Since A, is the largest
eigenvalue of L(G), we get

20 < Ay (76)
1 0 0 0 0

05 3 0 0

0 3 3 0 0

00 0 2 -1

00 0 -1 2

00 0 0 -1
LG)=| | 5 o 0 o
0 -5-30 0

0 -3-30 0

0 0 0 2 -1

0 0 0 -1 2

Lo 0 0 0 -1

7
So from (74) and (76) we obtain
/\1
= max { \j(pl (w)+ % py (wik)) <Pl (w;)+ k:szl (wjk)>} :
(77)
O

Corollary 16. Let G be a simple connected weighted graph
where each edge weight w ; is a positive number. Then

A, < max {2\/Tw]}

na (79)

Moreover equality holds in (78) if and only if G is bipartite
semiregular graph.

Proof. We have p, (w;) = w; and p, (w;;) = w;; for alli, j. From
Theorem 15 we get the required result. O

Corollary 17. Let G be a simple connected unweighted graph.

Then
A < nilgx {2\/;@},

where d; is the degree of vertex i. Moreover equality holds in
(79) if and only if G is a bipartite regular graph or G is a
bipartite semiregular graph.

(79)

Proof. For unweighted graph, w; ; = 1 fori ~ j. Therefore

w; = d,. Using Corollary 16, we get the required results. [

Example 18. Let G, = (V},E,) and G, = (V,,E,) be a
weighted graph where V; = {1,2,3,4}, E; = {{1,3},{2,4},
{3, 4}} and each weight is the positive definite matrix of order
three. Let V, = {1,2,3,4,5,6,7}, E, = {{{L?}{é?}{é‘;}}} such
that each weight is the positive definite matrix of order two.
Assume that the following Laplacian matrices of G; and G,
are as follows:

0 -1 0 0 0 0 01
0 0 -5-30 0 0
0 0 -3-30 0 0
00 0 021 0
-1 0 0 0 1 -2 1
2 0 0 0 0 1 -2
0 7 2 -26 2 21|
0 2 11 1 2 6 -2
0 -2 1 13 =2 -2 10
0 6 2 -2 8 1 -2
-1 2 6 -2 -3 8 -3
2 -2 -2 10 -2 -2 12 |
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1 1 0 0 0 0 -1-1020 00 0 071
1 2000 0-1-2020200 0 0
00 1 1 00-1-1020100 0 0
00 1 3 00-1-300200 0 0
00001 1-1-1020100 0 0
00 0 0 1 4-1-40200 0 0 0
1 -1-1-1-1-14 4 -1-100 0 0
L(G)= 1 -2-1-3-1-4414-1-50 0 0 0
00 0 0 0 0 -1-13 3 -1-1-1-1
000 0 0 0 0 -1-53 18 -1-6-17
0000 0O0GO0UO-1-11120 0
0000 0O0UO0OUO-1-6126 0 0
00 00000 O0-1-1020 1 1
L 000000 O0O0O-1-70201 7]

(80)

The largest eigenvalues of L(G,) and L(G,) are A, = 25,66,
A, = 26.16 rounded two decimal places and the previously
mentioned bounds give the following results:

() (7)) (10) (12) (14) (60)
G, [32.90 32.88 27.90 29.55 30.88 30.93.  (8I)
G, |34.12 29.86 27.11 27.22 34.05 33.90

For G,, we see that the upper bounds in (14) and (60)
are better than upper bounds in (6) and (7). But they are not
better than upper bounds in (10) and (12) from (81).

For also G,, we see that upper bounds in (14) and (60) are
only better than the upper bound in (6).

Consequently, we cannot exactly compare all the bounds
for weighted graphs, where the weights are positive definite
matrices. Modifications according to each weight of edges,
especially for matrices can be shown.
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