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We give a recursion formula to generate all the equivalence classes of connected graphs with coefficients given by the inverses
of the orders of their groups of automorphisms. We use an algebraic graph representation to apply the result to the enumeration
of connected graphs, all of whose biconnected components have the same number of vertices and edges. The proof uses Abel’s

binomial theorem and generalizes Dziobek’s induction proof of Cayley’s formula.

1. Introduction

As pointed out in [1], generating graphs may be useful for
numerous reasons. These include giving more insight into
enumerative problems or the study of some properties of
graphs. Problems of graph generation may also suggest con-
jectures or point out counterexamples. The use of generating
functions (or functionals) in the enumeration or generation
of graphs is standard practice both in mathematics and
physics [2-4]. However, this is by no means obligatory since
any method of manipulating graphs may be used.
Furthermore, the problem of generating graphs taking
into account their symmetries was considered as early as
the 19th century [5] and more recently for instance, in [6].
In particular, in quantum field theory, generated graphs are
weighted by scalars given by the inverses of the orders of their
groups of automorphisms [4]. In [7, 8], this was handled for
trees and connected multigraphs (with multiple edges and
loops allowed), on the level of the symmetric algebra on the
vector space of time-ordered field operators. The underlying
structure is an algebraic graph representation subsequently
developed in [9]. In this representation, graphs are associated
with tensors whose indices correspond to the vertex numbers.
In the former papers, this made it possible to derive recursion
formulas to produce larger graphs from smaller ones by
increasing by 1 the number of their vertices or the number
of their edges. An interesting property of these formulas is

that of satistying alternative recurrences which relate either
a tree or connected multigraph on n vertices with all pairs
of their connected subgraphs with total number of vertices
equal to n. In the case of trees, the algorithmic description of
the corresponding formula is about the same as that used by
Dziobek in his induction proof of Cayley’s formula [10, 11].
Accordingly, the formula induces a recurrence for n"*/n!,
that is, the sum of the inverses of the orders of the groups
of automorphisms of all the equivalence classes of trees on n
vertices [12, page 209].

For simplicity, here by graphs we mean simple graphs.
However, our results generalize straightforwardly to graphs
with multiple edges allowed. One instance of an algorithm
for finding the biconnected components of a connected
graph is given in [13]. Our goal here is rather to generate all
the equivalence classes of connected graphs so that they are
decomposed into their biconnected components and have the
coefficients announced in the abstract. To this end, we give
a suitable graph transformation to produce larger connected
graphs from smaller ones by increasing the number of their
biconnected components by one unit. This mapping is then
used to extend the recurrence of [7] to connected graphs.
This new recurrence decomposes the graphs into their
biconnected components and, in addition, can be generalized
to restricted classes of connected graphs with specified
biconnected components. The proof proceeds as suggested
in [7]. That is, given an arbitrary equivalence class whose



representative is a graph on m edges, say, G, we show that
every one of the m edges of the graph G adds 1/(m- [aut G|) to
the coefficient of G. To this end, we use the fact that labeled
vertices are held fixed under any automorphism.

Moreover, in the algebraic representation framework, the
result yields a recurrence to generate linear combinations of
tensors over the rational numbers. Each tensor represents a
connected graph. As required, these linear combinations have
the property that the sum of the coeflicients of all the tensors
representing isomorphic graphs is the inverse of the order
of their group of automorphisms. In this context, tensors
representing generated graphs are factorized into tensors
representing their biconnected components. As in [7-9], a
key feature of this result is its close relation to the algorithmic
description of the computations involved. Indeed, it is easy
to read off from this scheme not only algorithms to perform
the computations, but even data structures relevant for an
implementation.

Furthermore, we prove that when we only consider
the restricted class of connected graphs whose biconnected
components all have, say, p vertices and r edges, the cor-
responding recurrence has an alternative expression which
relates connected graphs on y biconnected components with
all the p-tuples of their connected subgraphs with total
number of biconnected components equal to ¢ — 1. This
induces a recurrence for the sum of the inverses of the orders
of the groups of automorphisms of all the equivalence classes
of connected graphs on y biconnected components with that
property. The proof uses an identity related to Abel’s binomial
theorem [14, 15] and generalizes Dziobek’s induction proof of
Cayley’s formula [10].

This paper is organized as follows. Section 2 reviews the
basic concepts of graph theory underlying much of the paper.
Section 3 contains the definitions of the elementary graph
transformations to be used in the following. Section 4 gives a
recursion formula for generating all the equivalence classes of
connected graphs in terms of their biconnected components.
Sections 5 and 6 review the algebraic representation and
some of the linear mappings introduced in [7, 9]. Section 7
derives an algebraic expression for the recurrence of Section
4 and for the particular case in which graphs are such that
their biconnected components are all graphs on the same
vertex and edge numbers. An alternative formulation for the
latter is also given. Finally, Section 8 proves a Cayley-type
formula for graphs of that kind.

2. Basics

We briefly review the basic concepts of graph theory that are
relevant for the following sections. More details may be found
in any standard textbook on graph theory such as [16].

Let A and B denote sets. By [A]* we denote the set of all
the 2-element subsets of A. Also, by 2* we denote the power
set of A, that is, the set of all the subsets of A. By card A we
denote the cardinality of the set A. Furthermore, we recall
that the symmetric difference of the sets A and B is given by
AAB:=(AUB)\ (AN B).

Here, a graph is a pair G = (V,E), where V ¢ Nisa
finite set and E € [V]%. Thus, the elements of E are 2-element

International Journal of Combinatorics

subsets of V. The elements of V and E are called vertices
and edges, respectively. In the following, the vertex set of a
graph G will often be referred to as V(G), the edge set as
E(G). The cardinality of V(G) is called the order of G, written
as |G]. A vertex v is said to be incident with an edge e if
v € e. Then, e is an edge at v. The two vertices incident
with an edge are its endvertices. Moreover, the degree of a
vertex v is the number of edges at v. Two vertices v and u
are said to be adjacent if {v,u} € E. If all the vertices of G
are pairwise adjacent, then G is said to be complete. A graph
G” is called a subgraph of a graph G if V(G*) ¢ V(G) and
E(G") € E(G). A path is a graph P on n > 2 vertices such
that E(P) = {{v, v} {v5, 03}, {u,p, v,0) v; € V(P) for
all j = 1,...,n. The vertices v, and v, have degree 1, while
the vertices v,,...,v,_; have degree 2. In this context, the
vertices v; and v, are linked by P and called the endpoint
vertices. The vertices v,, ..., v,_; are called the inner vertices.
A cycle is a graph C on n > 2 vertices such that E(C) =
{{vp, 05 vy, v5h e o, v {3 v; € V(C) for all
j = 1,...,n, every vertex having degree 2. A graph is
said to be connected if every pair of vertices is linked by
a path. Otherwise, it is disconnected. Given a graph G, a
maximal connected subgraph of G is called a component of
G. Furthermore, given a connected graph, a vertex whose
removal (together with its incident edges) disconnects the
graph is called a cutvertex. A graph that remains connected
after erasing any vertex (together with incident edges) (resp.
any edge) is said to be 2-connected (resp. 2-edge connected).
A 2-connected graph (resp. 2-edge connected graph) is also
called biconnected (resp. edge-biconnected). Given a con-
nected graph H, a biconnected component of H is a maximal
subset of edges such that the induced subgraph is biconnected
(see [17, Section 6.4] for instance). Here, we consider that an
isolated vertex is, by convention, a biconnected graph with no
biconnected components.

Moreover, given a graph G, the set 2 is a vector space
over the field Z, such that vector addition is given by the
symmetric difference. The cycle space €(G) of the graph G
is defined as the subspace of 25®) generated by all the cycles
in G. The dimension of €(G) is called the cyclomatic number
of the graph G. We recall that dim €(G) = cardE(G) - |G| +¢,
where ¢ denotes the number of connected components of the
graph G [18].

We now introduce a definition of labeled graph. Let L
be a finite set. Here, a labeling of a graph G is a mapping
1:V(G) — 2% such that Uyev(gl(v) = Land I(v) N (W) =0
for all v,v’ € V(G) with v#v'. In this context, L is called
a label set, while the graph G is said to be labeled with L or
simply a labeled graph. In the sequel, a labeling of a graph G
will be referred to as ;. Moreover, an unlabeled graph is one
labeled with the empty set.

Furthermore, an isomorphism between two graphs G and
G" is a bijection ¢ : V(G) — V(G") which satisfies the fol-
lowing conditions:

(i) {v,v'} € E(G) if and only if {p(v), p(v')} € E(G*),

(ii) L N () = L0 I (9(v)).
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Clearly, an isomorphism defines an equivalence relation on
graphs. In particular, an isomorphism of a graph G onto itself
is called an automorphism (or symmetry) of G.

3. Elementary Graph Transformations

We introduce the basic graph transformations to change the
number of biconnected components of a connected graph by
one unit.

Here, given an arbitrary set X, let QX denote the free
vector space on the set X over Q, the set of rational numbers.
Also, for all integers n > 1 and k > 0 and label sets L, let

V"’k’L — {G . |G| =n, dim € (G) = k, G is labeled
@)
by I : V (G) — 2L}.

Furthermore, let

(i) VOl = (G € V™R . G is connected},

conn

(i) V0L = (G € V**L . G is biconnected}.

biconn
In what follows, when L = @ we will omit L from the upper
indices in the previous definitions.

We proceed to the definition of the elementary linear
mappings to be used in the following. Note that, for simplicity,
our notation does not distinguish between two mappings
defined both according to one of the following definitions,

one on V™ and the other on V%! with n# pork+gqor
L+ L'. This convention will often be used in the rest of the
paper for all the mappings given in this section. Therefore, we
will specify the domain of the mappings whenever confusion
may arise.

(i) Adding a biconnected component to a connected graph:
let L be a label set. Let G be a graph in V™*L, Let

conn*

.....

the set of biconnected components of G such that
v; € V(H) for all H € #,. Let & denote the set
of all the ordered partitions of the set % into p dis-
joint sets: & = {z; := (,%El),...,(%jp)) : Ule%l@
= Handx" 0 FxD = owl = 1.,
p with [#1'}. Furthermore, let .# denote the set of
all the ordered partitions of the set I5(v;) into p
disjoint sets: .F = {w; = ()Y, ..., I5w)") :
U2 I6)® = I5(v) and () ® 0 5" = 0 v,
I' = 1,..., p with [#1'}. Finally, let G be a graph in
pri’cqonn such that V(G) N V(G) = 0. (In case the graph
G does not satisfy that property, we consider a graph
G’ instead such that G’ = Gand V(G)NV(G') = 0. We
will not point this out explicitly in the following.) Let
V(G = {wh,, . »- In this context, foralli = 1,...,n,
define

G . nk,L n+p-1k+qL
T @Vconn - @Vconn

Gr— Z G~ @

w;’
[AHIS

where the graphs G satisfy the following:

(@) V(GE) = V(GO \ fy} UV(G),
(b) E(G5) = EG) U {{x, y} € E(G) : v ¢ {x, y}}

p
U {{x,ul} {x,v;} € E(G), x € UH*eﬁ/?)V(H*)} , (3

=1

(©) Iz Iv@npy = lolviane, and lgz () = Iw)"
foralll=1,...,p.
The mappings rC are extended to all of QVC':)]fnf by
linearity. For instance, Figure1 shows the result of
applying the mapping ric“ to the cutvertex of a 2-edge
connected graph with two biconnected components,
where C, denotes a cycle on four vertices.

Furthermore, let X ¢ V24 Given a linear

biconn”
combination of graphs 9 = Y -y a;G, where o € Q,
we define
9 G
;= Z &gt - (4)
GeX

We proceed to generalize the edge contraction oper-
ation given in [16] to the operation of contracting a
biconnected component of a connected graph.

(ii) Contracting a biconnected component of a connected
graph: let L be a label set. Let G be a graph in V™5t

conn*

_ i
LetG € Vf;’i‘i’jnn be a biconnected component of G,

where L' = Uvev(é)lG(U)~ Define

_ Vn,k,L N Vn—erl,k—q,L; G — G*, (5)

&G * Veonn conn
where the graph G* satisfies the following:

(@) V(G") = V(G)\V(G)U{v}, where v := min {v €
N:v ¢ VG \ V(G N
(b) E(G") = {{x, y} € E(G) : {x, y} N E(G) = 0}

U{{x,v} {x, y} € E(G)\E(G) and y € V(G)}’ (6)

©lelveowe = leviewe and @) =
Usev@lc(®)-
For instance, Figure 2 shows the result of applying the

mapping ¢¢, to a 2-edge connected graph with three
biconnected components.

We now introduce the following auxiliary mapping.
Let L be a label set. Let G be a graph in V™**L, Let

,,,,,

LNL' = 0. Also, let .7 denote the set of all the ordered
partitions of the set L' into # disjoint sets: .7 = {y :=
@, ..., '™ . U;-':IL'(J) =L and L'? n LD =
0 Vi, j=1,...,n with i # j}. In this context, define

nk,L nk,LUL'
gL' :QV — QV ;0 Gr— ZYG},, (7)
ye
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FIGURE L: The linear combination of graphs obtained by applying the mapping rl.C * to the cutvertex of the graph consisting of two triangles

sharing one vertex.

CH§ <

FIGURE 2: The graph obtained by applying the mapping ¢, to a graph
with three biconnected components.

where the graphs G, satisfy the following;
(2) V(G,) = V(G),
(b) E(G,) = E(G),

(©) Ig,(v) = Igw) u L'Y
v; € V(G).

foralli = 1,...,n and

The mapping &,/ is extended to all of Qvnkl by line-
arity.

4. Generating Connected Graphs

We give a recursion formula to generate all the equivalence
classes of connected graphs. The formula depends on the
vertex and cyclomatic numbers and produces larger graphs
from smaller ones by increasing the number of their bicon-
nected components by one unit. Here, graphs having the same
parameters are algebraically represented by linear combina-
tions over coefficients from the rational numbers. The key
feature is that the sum of the coefficients of all the graphs in
the same equivalence class is given by the inverse of the order
of their group of automorphisms. Moreover, the generated
graphs are automatically decomposed into their biconnected
components.

In the rest of the paper, we often use the following
notation: given a group H, by |H| we denote the order of H.
Given a graph G, by autG we denote the group of automor-
phisms of G. Accordingly, given an equivalence class </, by
autg/ we denote the group of automorphisms of all the graphs
in of. Furthermore, given a set W < V™ L by &W) we
denote the set of equivalence classes of all the graphs in W.

We proceed to generalize the recursion formula for
generating trees given in [7] to arbitrary connected graphs.

Theorem 1. Forall p > 1 and q > 0 suppose that ﬁbwunn =
Zcfevbgq 05G' with o € Q, is such that for any equivalence

class of € %(V£ C‘im) the following holds: (i) there exists Ged

such that o > 0, (i) Y. gcy O = 1/lautdl|. In this context,
given a label set L, for alln > 1 and k > 0, define pFr €

conn

@V:f,:,f by the following recursion relation:

B = G, where G = ({1},0), I5(1) = L
B =0 if k>0,
nk,L — 1
ﬁcann : k +n— 1
k n n—p+l »
Y2 Y (@ p- 0ol (o).
q=0 p=2 i=1

(8)

n,k,L .
Then, f3 = ZGE%,&L asG with o € Q. Moreover, for any

conn

equivalence class € € EWV™EL) the following holds: (i) there

conn

exists G € € such that g > 0, (i) Y gee 0g = 1/aut E|.

Proof. The proofis very analogous to the one given in [7] (see
also [8,19]). O

Lemma 2. Letn > 1 and k > 0 be fixed integers. Let L be a
label set. Let Bk = Y eyt &G be defined by formula (8).

conn
Let € € &™) denote any equivalence class. Then, there

conn

exists G € € such that o > 0.

Proof. The proof proceeds by induction on the number of
biconnected components y. Clearly, the statement is true for
p = 0. We assume the statement to hold for all the equivalence
classes in &V Pl with p = 2,...,n— land g =

., k, whose elements have ¢ — 1 biconnected components.

Now, suppose that the elements of € € &(V™"*L) have U

conn

biconnected components. Let ﬁbwonn chequ O'G:G’ with
og € Q. Recall that by (4) the mappings rﬁ biconn read as
Pq 4
biconn . _ G
Ti = Z ogt; - (9)

Gevhi

biconn

Let G denote any graph in €. We proceed to show that a
graph isomorphic to G is generated by applying the mappings
ﬁ biemn to a graph G* € V™ PP with 1y — 1 biconnected

conn
components and such that vg- > 0, where vg is the

coefficient of G* in B P74 Let G € Vi qunn be any bicon-

nected component of the graph G, where L' = = Uy lc(v)-
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Contracting the graph G to the vertex u := minf{u’ € N: v/ ¢
V(G) \ V(G)} yields a graph c5(G) € V" PHE-aL with i — 1

conn

biconnected components. Let @ € &(V" P*2L) denote
the equivalence class such that ¢5(G) € 2. By the inductive
assumption, there exists a graph H* € 2 such that H* =

cz(G) and vy» > 0. Let v; € V(H") be the vertex mapped to u
of ¢5(G) by an isomorphism. Relabeling the graph G with the
empty set yields a graph G’ € Vtifonn' Applying the mapping
er’ to the graph H™ yields a linear combination of graphs, one
of which is isomorphic to G. That is, there exists H = G such
that oty > 0. O

Lemma 3. Letn > 1 and k > 0 be fixed integers. Let L be
a label set such that cardL > n. Let f<F = Y eyt 066G be

conn

defined by formula (8). Let € € (V") be an equivalence

conn

class such that I5(v) #0 for allv € V(G) and G € 6. Then,
YGew %G = 1.

Proof. The proof proceeds by induction on the number of
biconnected components y. Clearly, the statement is true for
p = 0. We assume the statement to hold for all the equivalence
classes in &V PHE4Ly with p = 2,...,n—1and q =
0,...,k, whose elements have y — 1 biconnected components
and the property that no vertex is labeled with the empty set.

Now, suppose that the elements of € € %(V:g’;’lf) have u
biconnected components. By Lemma 2, there exists a graph

G € ¥ such that ag > 0, where o is the coefficient of G
in ﬁ”’k’L Let m := cardE(G). Therefore, m = k +n— 1. By

assumption, I5(v) # 0 for all v € V(G) so that [aut G| = 1.
We proceed to show that ) ;. g = 1. To this end, we check
from which graphs with ¢ — 1 biconnected components, the
elements of @ are generated by the recursion formula (8), and
how many times they are generated.

Choose any one of the y biconnected components of the
graph G € @. Let this be the graph G ¢ V? L where

biconn
card E(G) so that m' =
g + p — 1. Contracting the graph G to the vertex u with
min{u’ € N : u' ¢ V(G)\ V(G)} yields a graph

a(G) € V:ﬁ;ﬁlﬂ’k_q’]“ with p — 1 biconnected components. Let

! !
L' = Uuev(é)lG(U)- Let m :=
u =

D € BV PRl denote the equivalence class containing

5(G). Since I_()(v) #0 for all v € V(c5(G)), we also have

laut 2| = 1. Let BI PY Lk=al h- yrpHanL ve-G* with
Vg € Q. By Lemma 2, there exists a graph H € 9 such
that H = ¢5(G) and vy > 0. By the inductive assumption,
Yep Vg = 1. Now, let v; € V(H) be the vertex which is

j
mapped to u of ¢5(G) by an isomorphism. Let G’ € V‘l';)i?:onn

be the biconnected graph obtained by relabeling G with the
empty set. Also, let o/ € (VT ) denote the equivalence

biconn
class such that G’ € of. Apply the mapping rf to the graph H.
Note that every one of the graphs in the linear combination

rJ(.;I (H) corresponds to a way of labeling the graph G’ with

Z%(G)(u) = L. Therefore, there are |aut /| graphs in r}c_;’ (H)
which are isomorphic to the graph G. Since none of the

vertices of the graph H is labeled with the empty set, the
mapping r](.; produces a graph isomorphic to G from the
graph H with coefficient &, = vy > 0. Now, formula (8)

prescribes to apply the mappings riG’ to the vertex which

is mapped to u by an isomorphism of every graph in the
n—p+1,k—q,L

o (with non-zero

equivalence class & occurring in 8
coeflicient). Therefore,

Z(xé = |aut | - Z Vg

Ge® G e (10)

= |aut |,

where the factor |aut &/| on the right hand side of the first
equality is due to the fact that every graph in the equivalence
class 9 generates |aut /| graphs in €. Hence, according to
formulas (8) and (4), the contribution to Y ;. o is m' [m.
Distributing this factor between the m' edges of the graph
G yields 1/m for each edge. Repeating the same argument
for every biconnected component of the graph G proves that
every one of the m edges of the graph Gadds 1/mto Y . o
Hence, the overall contribution is exactly 1. This completes
the proof. O

n,k,L
conn

We now show that 57 satisfies the following property.

Lemma 4. Letn > 1 and k > 0 be fixed integers. Let L and L'
be label sets such that LN L' = @. Then, [J’”’k’LUL =& ([J’"’k’L).

conn conn

! -~
Proof. Let &, : V™RL — ymRIL gnd &, . yroptblal
V7 PrLk=aLUL Be defined as in Section 3. The identity follows

ﬂP‘vq I’_:q _
by noting that &,/ o r biconn _ r bicomn o E O

Lemma 5. Let n > 1 and k > 0 be fixed integers. Let L be
a label set. Let Bk = Y Geynit 6GG be defined by formula

(8). Let € € &(V™°LY denote any equivalence class. Then,

conn

Y Gew &g = 1/laut (B)|.

Proof. Let G be a graph in €. If [5(v) #0 for all v € V(G),
we simply recall Lemma 3. Thus, we may assume that there
exists a set V' € V(G) such that lG(V') = {@}. Let L be a label
set such that LN L' = @ and cardL' = cardV'. Relabeling
the graph G with L U L' via the mapping [ : V(G) — 2
such that Il g\ = Il and I(v) #0 for all v € v’

yields a graph G' € VPRI quch that lautG'| = 1. Let

conn

D e %(V”’k’LUL’) be the equivalence class such that G €.

conn

i
Let ﬁn,k,LUL

! .
conn = ZG’EVn,k,LuL’ VG’G with Vg € Q. BY Lemma
conn

3, Y'eq Vo = 1. Suppose now that there are exactly T dis-
tinct labelings [; : V(G) — 2L j = 1,...,T such that
Llvienw = lglvign Lj(v) #0 forallv € V', and G; € 9,
where G| is the graph obtained by relabeling G with [;. Clearly,

_ . : . pmk,LUL'
Vg, = oG > 0, where Vg, 1s the coefficient of G; in B,

Define f; : G = G forall j = 1,...,T. Now, repeating the
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FIGURE 3: The result of computing all the pairwise non-isomorphic connected graphs as contributions to 3

1,k

- via formula (8) up to order

n+ k < 5. The coeflicients in front of graphs are the inverses of the orders of their groups of automorphisms.

same procedure for every graph in € and recalling Lemma 4,
we obtain

ZVGr Zva(G) TZocG—l 1)

G'ew j=1Ge®
That is, Y qeg & = 1/T. Since |aut®| = T, we obtain
Y Gew 0 = 1/]aut (8)|.
This completes the proof of Theorem 1. O

Figure 3 shows /)’wnn for1 < n+k < 5. Now, given
a connected graph G, let 7' denote the set of biconnected

components of G. Givenaset X ¢ Uj_,U Vb}i a4 et vk =
{G € VC”OI;n 1 8(Vg) € E(X)} with the convention V)l(’0 =

{({1},0)}. With this notation, Theorem 1 specializes straight-
forwardly to graphs with specified biconnected components.

Corollary 6. Forall p > 1 and q > 0 suppose that yblmm =
Y oexra 0¢G withog € Qand X1 < VP is such that
for any equivalence class of € &(XP), the following holds:
(i) there exists G' € of such that o > 0, (ii) Ylew O‘Gr =
1/laut gl|. In this context, for alln > 1 and k > 0, define ycom

QV™k by the following recursion relation:
Y0 =G, where G = ({1},0),
YConn =0 lfk >0,
n,k _ 1
ot k+n-1
n—p+1

P
<(q +p- 1) rz?’mmm (Yconpn-'-1 . q))

(12)

7716”’ YCO}‘IYI
UZZZUZ:OXP’”I. Moreovet, for any equivalence class € €

%(V;é’k) the following holds: (i) there exists G € € such that
ag >0 (i) Y geg 0 = 1/] aut 6.

ZGev)r;,k acG, where o € Q and X =

Proof. The result follows from the linearity of the mappings
75 and the fact that larger graphs whose biconnected com-
ponents are all in X can only be produced from smaller ones
with the same property. O

5. Algebraic Representation of Graphs

We represent graphs by tensors whose indices correspond
to the vertex numbers. Our description is essentially that of
[7, 9]. From the present section on, we will only consider
unlabeled graphs.

Let V be a vector space over Q. Let S(V) denote the
symmetric algebra on V. Then, S(V) = EB;C’ZOS"(V), where
S%V) := Q1,SY(V) = V, and SK(V) is generated by the free
commutative product of k elements of V. Also, let S(V)*"
denote the n-fold tensor product of S(V') with itself. Recall
that the multiplication in S(V)®" is given by the compon-
entwise product:

ST X S(V)™ — S(V)™5 (5,8 ® 5,5, 8- ®5,)

®SS

!
— 5151 ®- n n’

(13)
where s;, s; denote monomials on the elements of V for all

i,j = 1,...,n. We may now proceed to the correspondence
between graphs on {1,...,n} and some elements of S(V)*"
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(a) (®) ()

FIGURE 4: (a) An isolated vertex represented by 1 € S(V). (b) A 2-
vertex tree represented by R, , € S(V)®2. (c) A triangle represented

by R, Ry 5 Ry; € S(V)®.

First, foralli,j = 1,...
tensors in S(V)®".

,n with i # j, we define the following

R;=1""0ve1¥ " gve1”7, (14)
where v is any vector different from zero. (As in Section
3, for simplicity, our notation does not distinguish between
!
elements, say, R; ; € S(V)®" and R;; € S(V)®" withn#n'.
This convention will often be used in the rest of the paper
for all the elements of the algebraic representation. Therefore,
we will specify the set containing consider the given elements
whenever necessary.) Now, foralli, j = 1,...,n withi# j, let

(i) a tensor factor in the ith position correspond to the
vertex i of a graph on {1, ...,n},

(i) a tensor R; ; € S(V)®" correspond to the edge {i, j} of
agraphon{l,...,n}.

In this context, given a graph G with V(G) = {1,...,n}

,,,,,

representation of graphs.

(a) Ifm = 0, then Gisrepresented by the tensor 1®- - -®1 €
S(V)™".

(b)If m > 0, then in S(V)®" the graph G yields a
monomial on the tensors which represent the edges
of G. More precisely, since for all 1 < k < m each
tensor R; . € S(V)*" represents an edge of the graph

ko
G, thisis I{nﬁiquely represented by the following tensor

.....

of the tensors R; ; :

m

G
N HRik,jk‘ (15)

k=1

Figure 4 shows some examples of this correspondence. Fur-
thermore, let X € {1,...,n'} be a set of cardinality n with
n' >n. Also,leto : {1,...,n} — X be a bijection. With this

notation, define the following elements of S(V)®”’:

m
G
Sonnot = | [Rotiotin- (16)
k=1

In terms of graphs, the tensor Sg(n,..., () TEPTesents a discon-
nected graph, say, G', on the set {1,...,n'} consisting of a

FIGURE 5: (a) The graph represented by the tensor sz,m e S(V)*™,

(b) The graph represented by the tensor 8(1;,5, 42 € S(V)® associated
with G and the bijection 0 : {1,2,3,4} — {1,2,4,551 — 1,2
53 4,4+ 2.

graph isomorphic to G whose vertex set is X and ' ~n isolated
vertices in {1,...,7'} \ X. Figure 5 shows an example.
Furthermore, let T(S(V)) denote the tensor algebra on

the graded vector space S(V): T(S(V)) := @ﬁOS(V)‘X’k. In
T(S(V)) the multiplication

e :T(S(V)XxT(S(V)) — T(S(V)) 17)
is given by concatenation of tensors (e.g., see [20-22]):

(s;8-®5,) s (sy0 - ®5,,)
(18)
=S ® @5, B8 ® @Sy,

where s,,s;. denote monomials on the elements of V' for all

i=1,..,nand j = 1,...,n’. We proceed to generalize the
definition of the multiplication  to any two positions of the
tensor factors. Let 7 : S(V)® — S(V)®;s, ®s, — 5, ®s,.
Moreover, define 7, := 1% 1 @7@1%" %1 . §(V)®" — (V)"
forall1 < k < n— 1. In this context, forall 1 < i < n,
1 < j<n, wedefine ) S(V)®" x S(V)®"l — S(V)®”+", by
the following equation:

(s, ®---®sn)-,~,j(s; ®---®s;,)
= (T 000t)(51® - ®s,)
®(Tlo--'o‘rj_l)(s;®-~®s;,) (19)
=5® Q580 ®5,85;
li i 7 !
®S;®5 ® @ ® - ®5,,
where S; (resp. s;.) means that s; (resp. s;) is excluded from the

!
sequence. In terms of the tensors Sf"_)n € S(V)®" and S? WS

(20)

..... n 1,791, : e s’ (1)

where SUG(I) ..... U(rl)’SS’,(l),...,(r’(n’) € S(V)®”+",,a(k) =kifl <k<
i,o() =nok)=k-1ifi<k<nmando'(k) =k+n+1

ifl <k<jo()=n+1L0k =k+nifj<k<n.
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(®)

FIGURE 6: (a) The graphs represented by the tensors SG ., e S(V)™

12,34
U

H
and $¢

7,3 € S(V)®. (b) The graph represented by the tensor S}’ =
Slc,2,3,4<>3,251G,2,3 € S(V)®6-

Clearly, the tensor Sf,_,,n.i,jsff,, .+ represents a disconnected
graph. Now, let -; := 1% ' @ - @ 1%""1 . §(V)® — S(V)*" !,
InT(S(V)), forall1 <i<n, 1< j<n,define the following
nonassociative and noncommutative multiplication:

0y 1= oy ST XSV — ST (1)

..... e jSIG:._)n, represents the graph onn +n' — 1
vertices, say, H obtained by gluing the vertex i of the graph G
to the vertex j of the graph G'. Ifboth G and G’ are connected,
the vertex » is clearly a cutvertex of the graph H. Figure 6

shows an example.

6. Linear Mappings

We recall some of the linear mappings given in [9].
Let B, ¢ S(V)®" denote the vector space of all the ten-

sors representing biconnected graphs in Vb"i’fonn. Let B :=

B o DBy DD B € T(S(V)), where kyyyy (1) =
(n(n—3)/2) + 11is, by Kirchhoft’s lemma [18], the maximum
cyclomatic number of a biconnected graph on » vertices. Let
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the mapping A : B — T(S(V)) be given by the following
equations:

Al) =181,

< 22
A (B?n) = %ZAi (B?n) itn>1, @)

i=1

where G denotes a biconnected graph on n vertices repre-
sented by BY € S(V)®. To define the mappings A, we
introduce the following bijections:

(i) o, j— j ifl1<j<i,
. j+1 ifi+l1<j<n,
(23)
(i) vy 2 j j ifl<j<i-1,
. j+1 ifi<j<n

In this context, for alli = 1,...,n with n > 1, the mappings
A; : S(V)® - S(V)®! are defined by the following
equation:

G G G
A, (Bl,...,n) =By )00 T Br1),mm)

G G
- Bl,...,ﬁ\l,i+2 ..... a1 T Bl,...,?,i+1..‘,n+1’

(24)

where 7 (resp., m) means that the index i (resp., i + 1)

is excluded from the sequence. The tensor B? = . (resp,
- . o b .
L Tis2,..n1) is constructed from By, by transferring the

monomial on the elements of V which occupies the kth tensor
factor to the (k + 1)th position for alli < k < n (resp.,i+ 1 <
k < n). Furthermore, suppose that Bg(l),..,,n(n) € S(V)® and

that the bijection 7 is such that i ¢ 7({1,...,n}) ¢ {1,...,n'}.
In this context, define

G _ nG
A (Brtw,ntn) = By a1y (25)

in agreement with A(1) := 1®1. It is straightforward to verify
that the mappings A; satisty the following property:

AjeAj=Ai 00, (26)

where we used the same notation for A; N
S(V)®*! on the right of either side of the previous equation
and A, : S(V)*"*! S(V)®*2 as the leftmost operator
on the left hand side of the equation. Accordingly, A;,; :
S(V)®*! — S(V)®**? as the leftmost operator on the right
hand side of the equation.

Now, for all m > 0, define the mth iterate of A;, AT :
S(V)®" — S(V)®"™, recursively as follows:

Al = A, (27)
AT = Ao AT (28)
where A, : S(V)®*™ ' S(V)®* in formula (28).

This can be written in m different ways corresponding to
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the composition of A'{H with each of the mappings A ; :

S(V)®H™ L S(V)®™ ™ with i < j < i+ m — 1. These
are all equivalent by formula (26).

Extension to Connected Graphs. We now extend the mappings
A; to the vector space of all the tensors representing con-
nected graphs 3" := @ZZO%’W, where #°° = Q1. We
proceed to define B for u > 0.

First, given two sets A,, ¢ S(V)®" and B, c S(V)®?, by
A0 B, ¢ SV)™ P withi = 1,...,n,j = 1,...,p we
denote the set of elements obtained by applying the mapping
©;,; to every ordered pair (a € A,,b € B,). Also, let %, :=

By and B, = Z:j*(”)%n,k, n > 3. In this context, for all
p>1landn> p+1,define B* as follows:
m My My bty —ut2 n,
o _ .
%” U U U U U %"10’1’11
ny et =ntp—1li = iy =1 ji=1 Ju-1=1

(‘%nzoiz’jz ( h (gnw—z Oiw—z’jy—z ((%”M—loiu—l’ju—ll%"ﬂ)) N ) ’

(29)
Also, define
| RH G G -
'%n = U {Sn(l) ..... 71(n) | Sl ..... n € '%n }’ (30)
mes
where S, denotes the symmetric group on the set {1,...,n}

and 82(1),..‘,71(71) is given by formula (16). Finally, for all 4 > 1,
define

B =D B, (31)

n=u+1

The elements of B are clearly tensors representing con-
nected graphs on y biconnected components. By (16) and
(21), these may be seen as monomials on tensors represent-
ing biconnected graphs with the componentwise product
SV x S(V)®" —  S(V)® so that repeated indices
correspond to cutvertices of the associated graphs. In this
context, an arbitrary connected graph, say, G, on n > 2
vertices and y > 1 biconnected components yields

U
G,

HBaa(l),...,aa(na)’ (32)

a=1

Where, forall 1 < a < g, Bf:(l) ..... o) € SV)®", G, is a
biconnected graph on 2 < n, < n vertices represented by
By €S(V)™,and o, : {1,...,n,} — X, < {l,...
biject?on.

We now extend the mapping A := (1/n) Y, A; to B” by
requiring the mappings A; to satisfy the following condition:

Ai(ﬁBaG: ..... ou(a) ) HA ( o (D). au(nu)>' (33)

a=1

,nlisa

Given a connected graph G', the mapping A ; may be thought
of as a way of (a) splitting the vertex i into two new vertices

numbered i and i + 1 and (b) distributing the biconnected
components sharing the vertex i between the two new ones in
all the possible ways. Analogously, the action of the mappings
A" consists of (a) splitting the vertex i into m + 1 new
vertices numbered 7,7 + 1,...,i + m and (b) distributing the
biconnected components sharing the vertex i between the
m + 1 new ones in all the possible ways.

We now combine the mappings A" with tensors repre-
senting biconnected graphs. Letn > 1, p > land1 <i < p
be fixed integers. Let 7r; : {1,...,n} — {i,i+1,...,i+n-
1};j — j+i— 1 be a bijection. Let G be a biconnected
graph on n vertices represented by the tensor BY = e

1,...n
-1
S(V)®". The tensors 31 L danel = m € S(V)®"P
(see formula (16)) may be viewed as operators acting on
S(V)®**~! by multiplication. In this context, consider the
following mappings given by the composition of BS

with A" L.

i,i+1,...,i+n—1

BC

. o
i,i+1,...,i+n—1

AT S(V)PP — S(v) (34)

These are the analog of the mappings 7S given in Section 3.
In plain English, the mappings B1 litnel © A’i’*l produce
a connected graph with n + p — 1 vertices from one with p
vertices in the following way:

(a) split the vertex i into n new vertices, namely, i,i+1,.. .,
i+n-1,

(b) distribute the biconnected components containing
the split vertex between the n new ones in all the
possible ways,

(c) merge the n new vertices into the graph G.
When the graph G is a 2-vertex tree, the mapping R, o A
coincides with the application L = (¢ ® ¢)A of [23] when ¢
acts on S(V) by multiplication with a vector.

To illustrate the action of the mappings B;?,.(n ,,,,, am ° Div
consider the graph H consisting of two triangles sharing a
vertex. Let this be represented by B1 53" 3 05 € S(V)®°, where

C; denotes a triangle represented by 31,2,3 =R, Ry3 R3¢
S(V)®. Let T, denote a 2-vertex tree represented by Ble2 =
Ry, € S(V)®*. Applying the mapping R34 0 A to H yields

Ry, °Aj ( 123 Bgi,s)
= Rsy A5 (Blc,32,3) A (Bac,i,s)
=Ry, (31&23 + 31C324) (35356 + B4C356) (35)

Cs
=Ry,- B123 B356+R34 B123 Bss

Cs
+Ryy- B124 B356+R34 B1z4 B 56

Figure 7 shows the linear combination of graphs given by
(35) after taking into account that the first and fourth terms
as well as the second and third correspond to isomorphic
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FIGURE 7: The linear combination of graphs obtained by applying the mapping R, , ° A ; to the cutvertex of a graph consisting of two triangles

sharing a vertex.

graphs. Note that 3 (resp. 4) is the only cutvertex of the graph
represented by the first (resp. fourth) term, while 3 and 4 are
both cutvertices of the graphs represented by the second or
third terms.

7. Further Recursion Relations

Reference [7] gives two recursion formulas to generate all
the equivalence classes of trees with coefficients given by
the inverses of the orders of their groups of automorphisms.
On the one hand, the main formula is such that larger trees
are produced from smaller ones by increasing the number
of their biconnected components by one unit. On the other
hand, the alternative formula is such that for all n > 2, trees
onnvertices are produced by connecting a vertex of a tree on i
vertices to a vertex of a tree on n — i vertices in all the possible
ways. Theorem 1 generalizes the main formula to connected
graphs. It is the aim of this section to derive an alternative
formula for a simplified version of the latter.

Let G denote a connected graph. Recall the notation
introduced in Section 4; 75 denotes the set of biconnected
components of G and &(7 ;) denotes the set of equivalence

classes of the graphs in 7. Given a set X ¢ UZ:ZUZ:OVlﬁ’fmn,
let V;’k = {G € Vc'zfm : (7 ) € &(X)} with the con-
vention V)l(’0 := {({1}, 9)}. With this notation, in the algebraic
setting, Corollary 6 reads as follows.

Theorem 7. Forall p > 1 and q > 0, suppose that q)f”?qp =
Yarexra 0GBy, € By € SV with o € Q and XP4 ¢
VP4 s such that for any equivalence class of € E(XP1) the

biconn

following holds: (i) there exists G' e o such that og > 0, (ii)
Y e O = 1/laut &f|. In this context, for alln > 1 and k > 0,

define W™ € S(V)®" by the following recursion relation:

pho =1,
L (36)
¥k =0 ifk>o,
1
\I,n,k -
k+n-1
k n n-p+l
X z Z ((q +p- 1) q);‘t,,;?-l,...,ﬂp—l (37)
q=0 p=2 i=1

.A;i;—l (\I,n—pﬂ,k—q)) .

G where ag € Q and X =

.....

UZ=2UZ:oXp’q- Moreover, for any equivalence class € €

%(V;’k), the following holds: (i) there exists G € € such that
ag >0, (ii) Y geg g = 1/aut G|.

Now, given a nonempty set Y € V24 we use the fol-

. . biconn
lowing notation:

vi=1{Ge Ve Deban . @ (7 ) C & (Y), card (7) = utb,
(38)

with the convention Vl(,) = {({1}, 0)}. When we only consider
graphs whose biconnected components are all in Y, the
previous recurrence can be transformed into one on the
number of biconnected components.

Theorem 8. Let p > 1 and q > 0 be fixed integers. Let
Y < V21 be a non-empty set. Suppose that (pfqp =

= biconn
Yoey GG,BIG:"’p € By C S(V)®F with o € Q, is such
that for any equivalence class o € &(Y) the following holds:
(i) there exists G € o such that og > 0, (ii) Yoey0g =
1/|aut ()| In this context, for all u > 0, define y* €
S(V)° P~V by the following recursion relation:

1 (p-1)(u—1)+1 (39)

V/H = ; Z ¢fgzl,...,i+p—1 ’ AIT1 (V/Hil) .
i

Then, y* = ZGev;‘ ocGSf__.)(p_l)M+1 with ag € Q. Moreover, for

any equivalence class € € &(V}'), the following holds: (i) there
exists G € € such that ag > 0, (ii) Y geq 0g = 1/]aut (€)|.

Proof. In this case, ¥** = 0 unlessn = (p — 1)u + 1 and
k = qu, where y > 0. Therefore, the recurrence of Theorem 7
can be easily converted into a recurrence on the number of
biconnected components by setting y#* := Y@~ De+bar ]

For p = 2 and g = 0, we recover the formula to
generate trees of [7]. As in that paper and [8, 23], we may
extend the result to obtain further interesting recursion rela-
tions.
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Proposition 9. For all y > 0,

1
yh ==
u

(p—1)i;+1 (p—1)(i;+iy)+2

x )

it =1 a;=1 %:(P_l)i +2
1 (40)

(p=D)(iy+-+iy)+p
Y201
> o0

ap=(p=1) (i +-+ip))+p

wherei; =0,...,u—1forall j=1,...,p.

Proof. Equation (40) is proved by induction on the number
of biconnected components y. This is easily verified for y = 1:

y! =¢£’.‘.1.p'(1®"'®1)=¢iﬁp' (41)

We now assume the formula to hold for y*~'. Then, formula
(37) yields

1 (p-D)(p-1)+1

yh=— Z fﬁl ..... i+p-1 'AIiH (‘/’M_l)
#oi=
_ 1 (P—l)(y—1)+1¢p’q N
- G (!4 _ 1) v it 1,.,itp-1 2
(p—1)ip+1 (p-1)(i; +iy)+2
il*"'%:/"z a=1 " g,=(p-1)i+2

(p=D) (i +++ip)+p

> ¢ .

ay=(p=1) (ir++ip ) +p
.(wil ®...®v/ip>

__ 1
up-1)

(p-D(pu—1)+1
X
iyt =p—2 i=1

< . (p—1)i;+1 (p—1)(i; +iy)+2
AP”

a;=1 aZ:(p—l)il-f-Z

AP
ii+1,..,i+p-1

B 1
Cu(u-1)

<\

ity =p—2

(

(p=D) (g +++ip)+p

Z Pq
Apseensp

ay=(p=1)(i+-+ip ) +p

A}i)_l (1[/i1 ®...®y/ip) )

(p—D)i+1
p-1
2 A
i=1
(p—1)i;+1 (p—1)(i; +iy)+2
a;=1 aZ:(p—l)il+2

(p—1)(iy+-+ip)+p

ay=(p=1) (i +-+ip ) +p

(p=D) (i +++ip)+p

1

Pq

ay=(p=1) (i +-+ip- ) +p

. AP4
i,i+1,..,i+p-1

(A7 (y) - @ y)
(p—1)(i,+iy)+2

+ z AP
i=(p-1)i,+2

(p—1)iy+1 (p—1)(i+iy)+2
a;=1 u2=(p—1)i1+2
(p=D) (i +++ip)+p

ap=(p=1)(iy+-+ip 1 )+p

. AP4
i,i+1,..,i+p—1

. (wil ®A1;71 (v/il) ®...®v/ip)

(p—1D)(i+1+-+ip)+p
+ “ee +
i=(p=1) (ir+ipttipy )+p

(p—1)iy+1 (p—1)(i;+iy)+2
a=1 azz(p—l)i1+2
(p=1)(y+++ip)+p

ay=(p=1) (i +-+ip 1 )+p

. hP4
ii+1,..,i+p-1

p-1
Ai

Pq

Ay ey
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(¥ ooal (1)

__ 1
up-1)

X ( Z ( (i, +1)
iyt =p=2

(p—1)iy+p (p—1)(i; +iy)+p+1

X
a=l " g,=(p-1)i;+p+l
(p=D)(iy+++ip)+2p-1
¢P"1
Ayl
ay=(p=1) (i ++ipy ) +2p-1
X (wil*'l ®--- ®v/iP) + (i2 + 1)
(p—1)i;+1 (p=1)(i; +iy)+p+1
X
o=l g,=(p-1)i+2
(p=D)(iy+-4ip)+2p-1
pq
Ay ey
ap=(p=1)(ir++i, 1 ) +2p-1
P i ir+1 i
TP+l itp-1 (‘//1 ey” ®W®WP)
+-t (ip + 1)
(p—1)iy+1 (p=1)(i, +iy)+2
X
a=l  g,=(p-1)ij+2
(p=1)(y+tip)+p
¢P"1
Ayl
ap=(p=1)(ir+-+ip ) +2p-1
g i i,+1
Pt itp-1 (1/’1 ®--eyr )
3 1
u(p-1)
u-1 pu-1
X Z Z i+ Z Z i2
i1=0 iy, =p—1—i; ip=0 iy +iz+-+i=p—1-i,

+~+E' Y %>

ip=0dy+tiy  =p—1-i,
(p=D)iy+1 (p=1)(i; +i,)+2

a;=1 aZ:(p—l)i1+2

(p=1)iy+-+iy)+p

pq
ay=(p=1) (iy++ipy )+p
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1 (p—1)iy+1 (p—1)(i; +i)+2

1oy

‘l/li2+...+ip:‘u—l a=l a,=(p-1)ij+2

(p=D)(y +++iy)+p
Pq

ay=(p—1)(iy+-+ip_ )+p

(4%

Note that formula (40) states that the linear combination
of all the equivalence classes of connected graphs in V¥ is
given by summing over all the p-tuples of connected graphs
with total number of biconnected components equal to y — 1,
gluing a vertex of each of them to distinct vertices of a graph
in &(Y) in all the possible ways.

8. Cayley-Type Formulas

LetY ¢ V,ﬁ’fom. Recall that V¥ is the set of connected graphs
on u biconnected components, each of which has p vertices
and cyclomatic number g and is isomorphic to a graph in Y.
We proceed to use formula (40) to recover some enumerative
results which are usually obtained via generating functions
and the Lagrange inversion formula, see [3]. In particular,
we extend to graphs in V¥ the result that the sum of the
inverses of the orders of the groups of automorphisms of all
the pairwise nonisomorphic trees on n vertices equals #"/n!
[12, page 209].

Proposition 10. Let p > 1 and q > 0 be fixed integers. Let
Y < V21 be a non-empty set. For all u > 0,

biconn
y ! :((p—l)wl)”(p y ! )“
e ve) |aut G| u! aeEw) |aut |

(43)

Proof. We first recall the following well-known identities
derived from Abel’s binomial theorem [14]:

n—-1
Z (:l) ii—l(n _ i)n—i—l =2(m-1) nn—Z) (44)
i=1

1

y <’Z)(x+i)i‘1(y+(n—i))"""1
=0
(45)
(L, 1 n-l
_<x+y>(x+y+n) ,

where x and y are non-zero numbers. A proof may be
found in [15] for instance. From (45) follows that for
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all p >
tity

1 and non-zero numbers x,...,x,, the iden-

n .\ -1 . \ip~1
' Z (il""’ip>(x1+11)’1 ...(xp+1p)p
ipeti=n
(46)
X+t x _
:¥(xl+-~-+xp+n)n1
xl'.-xp

holds. The proof proceeds by induction. For p = 2 the identity
specializes to (45). We assume the identity (46) to hold for
p — 1. Then,

Z <i1)-f1.,ip> (xl +il)i1—1_..(xp+ip)ip—1

iyt =n

-y Y

(")( o )
i [P |
120 iytetiy=n—iy N1/ N2TT0p

x (x; + il)ir1 . (x + ip)ifl

P
Xy 4ot X,
xz...xp
n .
n . \i -1 .\l
xzi (e +i)"  (xy+ o+ x, =iy
i,=0 \'1
1
Xy 4ot X,
EORRE
1 1 n-1
x| —+ (x1+-~-+xp+n)
X1 Xt X,
Xttt X n—1
= (x1+ +xp+n)

(47)

We turn to the proof of formula (43). Let I(y) := Z%eg(v;‘)(l /
|aut €|). Formula (40) induces the following recurrence for

I(p):

10)=1,
] ]
I = — I
(#) ym;(nlautdl
(48)
x Y ((p-1)i+1)

iyt =p—1

o ((p=1)ip+ 1) I(0,) - 1(i,).

We proceed to prove by induction that I(x) = (((p — Dy +
DE2/u)(p > ez (1/1aut |))¥. The result holds for u =
0,1:

1(0)=1,

1
I1(1)= .
W;Yﬂaut.szﬂ

(49)
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We assume the result to hold for all 0 < i < y — 1. Then,
1 .
Iw== Y ((p-Di+1)
#i1+-~+ipz;4—1
1
-1)i,+1)I(iy)---1(i -
((p ) P ) (1) (P)g/g;y)laut'dl
(50)
pH_l 1 (( . ip—1
= . —((p-1)i; +1)
U i1+---1§:#_111! B 'lp! !
G
(p-1i,+)) (Y !
Msgmlautgfl
_ P! p=1-p
=
i-1
)
x : . i+
i1+'~~§:y—1 (11’ sl ! p-1 (52)
i1 Iz
o (et
p-1 wigy laut |
_ 1 u-1-p p-1
= ﬁ(p—l) (p-1)
(53)

p O\ R
X -1+
(” p—1> (pdeé(y)lathYl)

=$((p—1)u+1)“<p > ! ) (54)

acEm |aut |

where we used formula (46) in going from (52) to (53). This
completes the proof of Proposition 10. O

The corollary is now established.

Corollary 11. Let p > 1 and q > 0 be fixed integers. Let Y <
Vﬁ’inn be a non-empty set. For all y > 0, {G € Vi | V(G) =

{L,...,(p— Du + 1} is a set of cardinality
(p-1p+DH((p-Du+1)” p 1 M.
y! dgg(y)laut&fl
(55)

Proof. The result is a straightforward application of
Lagrange’s theorem to the symmetric group on the set
{L,...,(p — Dp + 1} and each of its subgroups aut®,
for all & € %(V{f). L]

For p = 2 and q = 0, formula (55) specializes to Cayley’s
formula [11]:

(u+ I)PH =n"2 (56)
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where n = p + 1 is the number of vertices of all the trees
with y biconnected components. In this particular case, the
recurrence given by formula (48) can be easily transformed
into a recurrence on the number of vertices #:

J() =1,

1 n—1 (57)
J (n) = mzi(n—i)](i)](n—i),
i=1

which by (44) yields J(n) = n"%/n!. Now, for T(n) = n!J(n),
we obtain DziobeK’s recurrence for Cayley’s formula [10, 24]:

T) =1,

= (58)

1 n

T(n)=2(n—1)i:1

<’;‘>i(n-i)T(i)T(n-i).

Furthermore, for graphs whose biconnected components are
all complete graphs on p vertices, formula (55) yields

(p-Du+D((p-Du+1)*" (59)
(p-1)"u!

in agreement with Husimi’s result for this particular case [25]
(see also [26]). Also, when the biconnected components are
all cycles of length p, we recover a particular case of Leroux’s
result [27]:

(=D p+ DU(p-Dp+ 1) (60)
24l '
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