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We introduce and study a new system of generalized nonlinear mixed variational inclusions in real
g-uniformly smooth Banach spaces. We prove the existence and uniqueness of solution and the
convergence of some new n-step iterative algorithms with or without mixed errors for this system
of generalized nonlinear mixed variational inclusions. The results in this paper unify, extend, and
improve some known results in literature.

1. Introduction

Variational inclusion problems are among the most interesting and intensively studied classes
of mathematical problems and have wide applications in the fields of optimization and
control, economics and transportation equilibrium, as well as engineering science. For the
past years, many existence results and iterative algorithms for various variational inequality
and variational inclusion problems have been studied. For details, see [1-25] and the
references therein.

Recently, some new and interesting problems, which are called to be system of
variational inequality problems, were introduced and studied. Pang [1], Cohen and Chaplais
[2], Bianchi [3], and Ansari and Yao [4] considered a system of scalar variational inequalities,
and Pang showed that the traffic equilibrium problem, the spatial equilibrium problem,
the Nash equilibrium, and the general equilibrium programming problem can be modeled
as a system of variational inequalities. Ansari et al. [5] considered a system of vector
variational inequalities and obtained its existence results. Allevi et al. [6] considered a system
of generalized vector variational inequalities and established some existence results with
relative pseudomonoyonicity. Kassay and Kolumban [7] introduced a system of variational
inequalities and proved an existence theorem by the Ky Fan lemma. Kassay et al. [8] studied
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Minty and Stampacchia variational inequality systems with the help of the Kakutani-Fan-
Glicksberg fixed point theorem. Peng [9], Peng and Yang [10] introduced a system of
quasivariational inequality problems and proved its existence theorem by maximal element
theorems. Verma [11-15] introduced and studied some systems of variational inequalities
and developed some iterative algorithms for approximating the solutions of system of
variational inequalities in Hilbert spaces. J. K. Kim and D. S. Kim [16] introduced and studied
a new system of generalized nonlinear quasivariational inequalities in Hilbert spaces. Cho et
al. [17] introduced and studied a new system of nonlinear variational inequalities in Hilbert
spaces. They proved some existence and uniqueness theorems of solutions for the system of
nonlinear variational inequalities.

As generalizations of system of variational inequalities, Agarwal et al. [18] introduced
a system of generalized nonlinear mixed quasivariational inclusions and investigated
the sensitivity analysis of solutions for this system of generalized nonlinear mixed
quasivariational inclusions in Hilbert spaces. Peng and Zhu [19] introduce a new system
of generalized nonlinear mixed quasivariational inclusions in g-uniformly smooth Banach
spaces and prove the existence and uniqueness of solutions and the convergence of several
new two-step iterative algorithms with or without errors for this system of generalized
nonlinear mixed quasivariational inclusions. Kazmi and Bhat [20] introduced a system
of nonlinear variational-like inclusions and proved the existence of solutions and the
convergence of a new iterative algorithm for this system of nonlinear variational-like
inclusions. Fang and Huang [21], Verma [22], and Fang et al. [23] introduced and studied
a new system of variational inclusions involving H-monotone operators, A-monotone
operators and (H, 7)-monotone operators, respectively. Yan et al. [24] introduced and studied
a system of set-valued variational inclusions which is more general than the model in [21].
Peng and Zhu [25] introduced and studied a system of generalized mixed quasivariational
inclusions involving (H, 17)-monotone operators which contains those mathematical models
in [11-16, 21-24] as special cases.

Inspired and motivated by the results in [1-25], the purpose of this paper is to
introduce and study a new system of generalized nonlinear mixed quasivariational inclusions
which contains some classes of system of variational inclusions and systems of variational
inequalities in the literature as special cases. Using the resolvent technique for the m-accretive
mappings, we prove the existence and uniqueness of solutions for this system of generalized
nonlinear mixed quasivariational inclusions. We also prove the convergence of some new n-
step iterative sequences with or without mixed errors to approximation the solution for this
system of generalized nonlinear mixed quasivariational inclusions. The results in this paper
unifies, extends, and improves some results in [11-16, 19] in several aspects.

2. Preliminaries

Throughout this paper we suppose that E is a real Banach space with dual space, norm and
the generalized dual pair denoted by E*, || - || and (-, -), respectively, 2F is the family of all the
nonempty subsets of E, dom(M) denotes the domain of the set-valued map M : E — 2F,
and the generalized duality mapping J, : E — 2 is defined by

Jox) = {f € B (o £y = |0 -l [ £ 0 = Wi}, v, (2.1)
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where g > 1 is a constant. In particular, J, is the usual normalized duality mapping. It is
known that, in general, J;(x) = llx||* J2(x), for all x#0, and J4 is single-valued if E* is strictly
convex.

The modulus of smoothness of E is the function pg : [0,00) — [0, 00) defined by

1
pe(t) = sup{z(”x +yll+llx-y|)-1:lxll <L |ly| < t}. (2.2)
A Banach space E is called uniformly smooth if
imPE® o, (2.3)
t—0 t

E is called g-uniformly smooth if there exists a constant ¢ > 0, such that

pe(t) <ct?, g>1. (2.4)

Note that J, is single-valued if E is uniformly smooth.
Xu [26] and Xu and Roach [27] proved the following result.

Lemma 2.1. Let E be a real uniformly smooth Banach space. Then, E is g-uniformly smooth if and
only if there exists a constant cq > 0, such that for all x,y € E,

|+ y||” < lIxl17 + q{y, Jo(x)) +cqlly ]| (2.5)

Definition 2.2 (see [28]). Let M : dom(M) C E — 2F be a multivalued mapping:

(i) M is said to be accretive if, for any x,y € dom(M), u € M(x), v € M(y), there
exists j;(x —y) € J;(x - y) such that

(u=0,jy(x~y)) 20 (26)
(ii) M is said to be m-accretive if M is accretive and (I + pM)(dom(M)) = E holds for
every (equivalently, for some) p > 0, where I is the identity operator on E.

Remark 2.3. Tt is well known that, if E = & is a Hilbert space, then M : dom(M) C E — 2F is
m-accretive if and only if M is maximal monotone (see, e.g., [29]).

We recall some definitions needed later.

Definition 2.4 (see [28]). Let the multivalued mapping M : dom(M) C E — 2F be m-
accretive, for a constant p > 0, the mapping Ri,VI : E — dom(M) which is defined by

RM(u) = (I+pM) ™" (u), u€k, 2.7)

is called the resolvent operator associated with M and p.
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Remark 2.5. It is well known that R;VI is single-valued and nonexpansive mapping (see [28]).

Definition 2.6. Let E be a real uniformly smooth Banach space, and let T : E — E be a single-
valued operator. However, T is said to be

(i) r-strongly accretive if there exists a constant r > 0 such that
(Tx =Ty, Jo(x-y)) >r|x-y|? Vxy€E (2.8)

or equivalently,

2
7

(Tx-Ty, (x-y)) >r|x-y Vx,y € E; (2.9)

(ii) s-Lipschitz continuous if there exists a constant s > 0 such that

IT(x)-T(y)| <sllx-y|, VxyeE. (2.10)

Remark 2.7. If T is r-strongly accretive, then T is r-expanding, that is,

|ITx)-T(y)|| >7||lx-v|, VYxyeE. (2.11)

Lemma 2.8 (see [30]). Let {an}, {bn}, {cn} be three real sequences, satisfying

ann1 < (1 -ty)a,+b,+c,, Yn>0, (2.12)

where t, € (0,1), S otn = oo, foralln >0, b, = o(t,), >y cn < o0. Then a, — 0.

3. System of Generalized Nonlinear Mixed Variational Inequalities

In this section, we will introduce a new system of generalized nonlinear mixed variational
inclusions which contains some classes of system of variational inclusions and systems of
variational inequalities in literature as special cases.

In what follows, unless other specified, we always suppose that 0 is a zero element in
E,and foreachi =1,2,...,n, Ty and S; : E — E are single-valued mappings, M; : E — 2E
is an m-accretive operator. We consider the following problem: find (x{, X5,ne, x;) € E" such
that

0 € p1Tix5 + p1S1x5 + x5 — x5 + p1 M (x7),
0 € poTox; + p2Saxy + X5 — x5 + pa Mo (x3),
(3.1)

0 € pu1Tu1X), + Pu-1Sna1 Xy + Xy = X+ pua M1 (X5 _),

0 € puTux] + puSux] + x5, — X + puM,(x},),
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which is called the system of generalized nonlinear mixed variational inclusions, where p; >
0(i=1,2,...,n) are constants.

In what follows, there are some special cases of the problem (3.1).

(i) If n = 2, then problem (3.1) reduces to the system of nonlinear mixed
quasivariational inclusions introduced and studied by Peng and Zhu [19].

If E = H# is a Hilbert space and n = 2, then problem (3.1) reduces to the system of
nonlinear mixed quasivariational inclusions introduced and studied by Agarwal et al. [18].

(ii) If E = H is a Hilbert space, and foreachi =1,2,...,n, M;(x) = 0¢;(x) forall x € H,
where ¢; : H — RU {+o0} is a proper, convex, lower semicontinuous functional, and O¢;
denotes the subdifferential operator of ¢;, then problem (3.1) reduces to the following system
of generalized nonlinear mixed variational inequalities, which is to find (x}, x3, ..., x},) € H#"
such that

(T + piS1xs + 3] - 33,0 - 23) 2 pihi () - i (), Vx e,

(P2T2X5 + paSox} + x5 — X5, x = x3) > paga (x3) — paga(x), Vx € K,

(Pr-1Tno1%5, + 1 Sn1 Xy, + X5y = X3, X = X5 1) 2 Pr-1Pn-1 (X 1) = pr1pn1(x), VX €K,

(PnTuX; + puSux] + X — X7, X = X3) 2 puu(xy) — puPu(x), Vx € X,
(3.2)

where p; >0(i =1,2,...,n) are constants.
(iii) If n = 2, then (3.2) reduces to the problem of finding (x7, x3) € H x H such that

(piTix; + p15135 + x] =25, x = x7) > pidi (x]) —prda(x), Vx € A, e3)
(P2Toxs + paSoxy + x5 — X7, x = x4 ) > papa (35) — pagpa(x), Vx € H.

Moreover, if ¢1 = ¢» = ¢, then problem (3.3) becomes the system of generalized
nonlinear mixed variational inequalities introduced and studied by J. K. Kim and D. S. Kim
in [16].

(iv) Fori=1,2,...,n, if ¢; = Ok, (the indicator function of a nonempty closed convex
subset K; C #) and T; = 0, then (3.2) reduces to the problem of finding (x],x3,...,x;) €
[T, K, such that

(p1S1x5 + x] — x5, x—x7) >0, VxeKjy,
0 Soxh + x5 —xh,x—x5) >0, VxeKy,
P 3T Xy = X3 2
(3.4)
(pn1Snoaxy + x5 — x5, x—x5 1) >0, Vx €Ky,

(PnSux; + x5 —x],x—x3) 20, VYx€K,.
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Problem (3.4) is called the system of nonlinear variational inequalities. Moreover, if n =
2, then problem (3.4) reduces to the following system of nonlinear variational inequalities,
which is to find (x], x3) € K7 x K3 such that

(p1S1x5 +x] — x5, x—x7) >0, VxeKj, 53
(p2Soxi + x5 —x7,x—x3) >0, VxeK. .

If S = S, and Ky = K, = K, then (3.5) reduces to the problem introduced and
researched by Verma [11-13].

Lemma 3.1. For any given x; € E(i =1,2,...,n), (x],x5,...,x),) is a solution of the problem (3.1)
if and only if

x} = RY [x5 - p1 (Thxs + S1x3)],
x5 = R [} — po (Tox + Spx3)],
(3.6)
Xy = Ry [ = puoa (Tuoa ) + Sua X)),

Xt = Rf,\f" [x] = pu(Tux; + Suxy)],

where Rf,‘f" =+ piM,-)*1 is the resolvent operators of M; fori=1,2,...,n.

Proof. It is easy to know that Lemma 3.1 follows from Definition 2.4 and so the proof is
omitted. O

4. Existence and Uniqueness
In this section, we will show the existence and uniqueness of solution for problems (3.1).

Theorem 4.1. Let E be a real g-uniformly smooth Banach spaces. Fori=1,2,...,n,letS; : E — E
be strongly accretive and Lipschitz continuous with constants k; and p;, respectively, let T; : E — E
be Lipschitz continuous with constant v;, and let M; : E — E be an m-accretive mapping. If for each
i=1,2,...,n,

0< {/1 - qpiki + cqpf‘u? +pivi <1, (4.1)

then (3.1) has a unique solution (xj,x5,...,x;) € E".
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Proof. First, we prove the existence of the solution. Define a mapping F : E — E as follows:

F(x) = R} [x2 = p1(Taxa + S132)],
Xp = Rll)\fz [X3 — pz(sz::, + SQX3)],
(4.2)

Xn-1 = ann11 [ n ~ Pn-1 (Tn—lxn + Sn—lxn)]r

X, = Rf,\f” [x = pu(Tux + Spx)].

Fori =1,2,...,n, since Rf,\f" is a nonexpansive mapping, S; is strongly accretive and
Lipschitz continuous with constants k; and p;, respectively, and T; is Lipschitz continuous
with constant v;, for any x, y € E, we have

| F(x) - F(y)]
”RM‘ x = p1(Thxz + S1x0)] — Rﬁfl [y2 = p1(Tiy2 + S112) ] ”

< || (2 = y2) = p1 ((Tix2 + S122) = (Tay2 + S1y2)) ||
< || (2 = y2) = p1(S1x2 = Saya) || + p1 || Trez = Taya |

< \q/||x2 - 1| = gp1(S1x2 = Sy, Jg (32 = y2)) + copl[|S122 = Suya |7 + prvi||x2 = 2|

- (Vi=apda+ coplid +pom ) 2= el

\/1 —gpik1 + copp] + Pm) ||Rf,‘fz [x3 = pa(Tax3 + Sax3)] — RﬁfZ [y — p2(T2ys + S2y3) ] “

\/1 —qpiky + cqpip] + P1V1> |63 = 3 — p2(Saxs = Says) || + p2| Toxs — Toys ||

(\/1 —qpik + copip + pm) [l = y5 = p2[(S2x3 = Says) + (Toxs — Toys)] ||

< \/1 qp1k1+cqplﬂ1+pm>

X [(/||x3 ~y3ll" = ap2(S2x3 = Says, Jg (x5 = 3) ) + || S2xs = Says||? + pava || %3 — ws|

< (\‘7/1 —qgpiki + copipd + p1v1> <\‘7/1 — qpaks + copapd + pzvz> |23 = y5|

n—-1

<o < TT(V1-apiki+coplil + pon ) =l

i=1
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i
L

= TT||RA [x = pu (T + S00] = RY* [y = pu(Tay + S |

1l
—_

IN
J:lH

(\/1 qp1k+cqplﬂz+p1v1> [llx = ¥ = pu(Sux) = Suyll + pu[| Tux = Ty ||]

(\/1 qpiki +cqpl U +p1v,>

< [l =917 = a9 (5= 5,91y (=) + oplS.x = S, + puvalle =

< H(\/l qpiki + cqp} ] + PM) [l -yl

i=1

=t

i=1

(4.3)

It follows from (4.1) that

0< H(\"/l = qpiki + cgp] ! + pivi> <1. (4.4)
i=1

Thus, (4.3) implies that F is a contractive mapping and so there exists a point x] € E such
that

= F(x}). (4.5)

Let

x; = Ry [y = pi(Ti(xy) + Si(x))], i=1,2,..,n-1

y (4.6)
Xy = Ry, [ 37 = pu(Tu(x7) + Su(x7))]
then by the definition of F, we have
= Ryl [x5 - pr(Tax; + S1%3) ],
x5 = R[5 = po(Toxcs + Sox3) ],
(4.7)

M,
x4 = Ry x5 = puo1 (Tuoaxy, + Spo1x))],

X = Rf,\f" [x7 = pu(Tnx1™ + Sux1™)],

thatis, (x],x3,...,x;,) is a solution of problem (3.1).
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Then, we show the uniqueness of the solution. Let (X1, X5, ..., X,) be another solution
of problem (3.1). It follows from Lemma 3.1 that

%1 = R) % - p1 (T %, + $1%2)],

X2 = R [%3 — po(ToXs + $2X3)],

(4.8)
Xn-1 = RO (%0 = puct (Tuc1Xn + Sp1%n)],
X, = R)M [X1 = pu(TuX1 + SuX1)].
As the proof of (4.3), we have
It =50l < TT( Y- apiki + caplid + pon )l - 5. ®9)
i=1
It follows from (4.1) that
0< H(\"/l - gpiki + cqp] ! + pivi> <1. (4.10)
i=1
Hence,
X7 = X1, (4.11)
andso fori=2,3,...,n, we have
X! =X;. (4.12)
This completes the proof. O

Remark 4.2. (i) If E is a 2-uniformly smooth space, and there exist p; >0 (i = 1,2,...,n) such
that

2(ki —v;) l

, , Vi < Col. 4.13
62#? _ Viz ; } i 2Hi ( )

0<pi <min{

Then (4.1) holds. We note that the Hilbert spaces and L, (or I;) spaces (2 < q < o) are
2-uniformly smooth.

(ii) Let n = 2, by Theorem 4.1, we recover [19, Theorem 3.1]. So Theorem 4.1 unifies,
extends, and improves [19, Theorem 3.1, Corollaries 3.2 and 3.3], [16, Theorems 2.1-2.4] and
the main results in [13].
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5. Algorithms and Convergence

This section deals with an introduction of some n-step iterative sequences with or without
mixed errors for problem (3.1) that can be applied to the convergence analysis of the iterative
sequences generated by the algorithms.

Algorithm 5.1. For any given point xo € E, define the generalized N-step iterative sequences
{x1}, {x2k}, ..., {xnk} as follows:

X he1 = (1= ) xp e + “kRZ)\;h [x2k = p1(Thxo i + S1x2)] + aktir i + wg,
Xok = Rﬁfz [x36 — p2(Toxz k + Saxz )| + ok,
(5.1)
Xp-1k = R,jy\f,"{ ok = Pro1 (Tne1Xnke + Snc1Xn )| + Un-1k,

M,
Xnk = Rp,, [xl,k = pn(Txy i + Snxl,k)] + Unk,

where x11 = xo, {ax} is a sequence in [0,1], and {u;x} C E(i =1,2,...,n), {wk} C E are the
sequences satisfying the following conditions:

(o) [00]
Sag=+00;  D|lwil| < +oo; lim ||uir]| =0, i=1,2,...,n (5.2)
k=1 k=1 k=0

Theorem 5.2. Let T;, S;, and M; be the same as in Theorem 4.1, and suppose that the
sequences {x1x}, {x2k}, ..., {xnx} are generated by Algorithm 5.1. If the condition (4.1) holds, then
(X1,k, X2k - - -, X k) COnverges strongly to the unique solution (xj, x5, ..., x}) of the problem (3.1).

Proof. By the Theorem 4.1, we know that problem (3.1) has a unique solution (x}, x3,...,x},),
it follows from Lemma 3.1 that

x} = RY [x5 - p1 (Thx + S1x3)],
x5 = R [} — po (Tox + Sox3)],
(5.3)

M,
x:l—l = an,ll [x,"; — Pn-1 (Tn—lx; + Sn—lx;)]/

Xy = Roy" [} = pu(Tua} + Sux?)].
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By (5.1) and (5.3), we have

121 = i

= ” (1= a)xrk + kRO 22k = p1(Tixg ko + Saxvak) | + ey i + Wi — X} “

< (1= )i = ]|+ | RIS [ = pr (Tiai + S1xas0)] = R [cs — pu (Taxs + S15)] |
+ o[l k|| + [Jeoel|
< (1 =) ||k = x7|| + ax|| (26 = x5) = p1 [(Taxok + S1xak) — (Thxs + S1x3) ] ||

+ ael[un k|| + lwk-
(5.4)

For i = 1,2,...,n, since S; is strongly monotone and Lipschitz continuous with
constants k; and p;, respectively, and T; is Lipschitz continuous with constant v;, we get for
i=1,2,...,n-1,

| (xisr i = x501) = pi [(Tixivik + Sixiva i) = (Tixj,y + Sixfy)] ||

< || (i = x711) = pi(Sixisn k = Sixiy) || + pil| Texin x = Tixf ||

< i~ il = apd Stk — Sixiyy Sy (inn — xi0)) + capl S~ Se |

+ pivi|| ik = x5 ||

<& ||xi+1,k - X7

7

(5.5)
where ¢; = \‘7/1 = qpiki + cqp] ! + pivi.
It follows from (5.4) and (5.5) that
et en =5[] < (1= ai)[Jaen i = 27 | + ada [loea e = 5 || + ek llueniel] + [z (5.6)

By (5.1), (5.3), and (5.5), we have

[l2e2c = 3|
= ||R2;IZ [x3,k - p2(T2x3/k + S2X3/k)] — Ri]\fz [x§ - p2 (sz; + Szx;)] + uzlk”

< || (33 = x5) = p2 [(Taxs k + Saxz i) = (Toxhy + Sox3) | || + okl

< &l = x5 || + llukll,
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[l = 3]
= ||R£343 [x4 — p3(Taxai + Saxap)] — Rﬁ;“ [x} — p3(T5x; + Saxy)] + ug,k”
< || (e = x3) = pa[(Tsxax + Saxak) — (Tsxy + Saxy)] || + Iluall

< §3||x4,k - .X'Z” + ||u3,k”/' ces

lloen-1.6 = 25,4 |
= ||RZ7\:,I_n]71 [xn,k = Pn-1 (D1 Xp i + Sn—lxn,k)] - Rfa\f_n{l [x;; ~ Pn-1 (Ty-1xy, + Sn—lx;)] + un—l,k”

< ” (Xnk — x;) - Pn—l[(Tn—lxn,k + Sp-1Xnk) — (Tn—lx:l + Sn—lx;)] ” + ”un—l,kH

< Gn-tllxn i = 2| + lun-1,kll,
(5.7)

since S, is strongly accretive and Lipschitz continuous with constants k, and p,,, respectively,
and T, is Lipschitz continuous with constant v,, we get

[E

= ”Rf,\f" [x1k = pu(Tux1k + Sux1 )] - Rf,\f” [x7 = pu(Tux; + Sux})] + tn i

< II (xl,k - x;) ~—Pn [(Tnxl,k + Snxl,k) - (Tan + Snxi)] ” + ”un,k“ (5 8)

< llxr = 2517 = dpa{Suxii — Suxl, Ty (e = x1)) + cgpitl|Suxre = Sux |
+ pu[| Twoxr k= Tuxi |

< ullxevi = 1] + N,

where ¢, = \"/1 — qpnkn + cquyZ + PnVn.
It follows from (5.6)—(5.8) that

[l 101 = 7|
< (1 =) || enp — x5 || + anéa || o x — 23 || + allunill + [kl
< (1= ap) || xup = x0|| + andr [l s — x5|| + laaell] + anclleeniell + Nl

< (@ =) ||xih — x5 || + axéra||xs i — 25| + aréalluoill + arlluy il + Ikl

< (1= ap) ||x1, = x5 || + aréréads || xax — x5 || + aréréallus il + analluakll + akllu k|l + ekl
<o < (T —a) ||k — x| + aréiéa - Enaallxni — X5l + axérda - - Enallun—1ill

+ootardlluakll + akllul + [[wol]
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<A =aw)||xip = x5 || + ardida - &all ik — X7 || + axéida - Gulltn el + akdida -+ Enoallthn-1,kl

+oo At ardlluakll + akllu el + [lwokl]

= [1-ax(1=&i& - &) ||k — x|

1
tan(l=&iéo e &n) 55— (luakll + Gulluaill + -+ + &1&2 -+ Gu-t[unkll) + llwl|-
1—&1ép - én
(5.9)
Let
ag = |2k = x7]|, te =oax(l =612 6n), ck = |lwkll,
1 (5.10)
by = ——— (Jluakll + éalluokl + -+ s luakl)-
b= oy (sl il 4+ 8o el
Then (5.9) can be written as follows:
ar+1 < (1 —tx)ak + bty + ck- (5.11)

From the assumption (5.2), we know that {ax}, {bk}, {tk}, {ck} satisfy the conditions of
Lemma 2.8.

Thus ax — 0(k — o), thatis, ||x1x — x]|| — 0(k — o0). It follows from (5.6)—(5.8)
that [[xn - x4l = 0 (k = ), [Xnak =Xyl = 0.(k = 00, 2k = X3 = 0 (k = o0).
So xijx — x;(k — oo) fori=1,2,...,n. Thatis, (x1x, X2k, ..., Xnk) converges strongly to the
unique solution (xj,x3,...,x},) of (3.1).

Fori=1,2,...,n, let u; = 0 and wy = 0, by Algorithm 5.1 and Theorem 5.2, it is easy
to obtain the following Algorithm 5.3 and Theorem 5.4. O

Algorithm 5.3. For any given point xg € E, define the generalized N-step iterative sequences
{x1x), {22k}, .-, (X0} as follows:

x1 ko1 = (1= ag)xuk + ak R [xok — p1(Tixok + S122)],
Xok = Rfy\fz [x3k — p2(Toxz i + Sax3k)],

(5.12)

M,
Xn-1k = an,l ! [xn,k = -1 (Tp1 Xk + Sn—lxn,k)] ’

M,
Xnk = Ry [x16 = pu(TuX1k + Sux)],

where x11 = xo, {ax} is a sequence in [0, 1], satisfying >./7 ax = +oo.

Theorem 5.4. Let T;, S;, and M; be the same as in Theorem 4.1, and suppose that the sequences
{x1k}, {x2k}, ..., {xnk) are generated by Algorithm 5.3. If (4.1) holds, then (x1k, X2k, .-, Xnk)
converges strongly to the unique solution (xj,x5,...,x;) of (3.1).
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Remark 5.5. Theorem 5.4 unifies and generalizes [19, Theorems 4.3 and 4.4] and the main
results in [11, 12]. So Theorem 5.2 unifies, extends, and improves the corresponding results
in [11-14, 16, 19].
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