Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2012, Article ID 930410, 11 pages
doi:10.1155/2012/930410

Research Article

Global Attractivity of a Higher-Order
Difference Equation

R. Abo-Zeid

Department of Mathematics, College of Science & Arts-Rabigh, King Abdulaziz University,
Rabigh 21911, Saudi Arabia

Correspondence should be addressed to R. Abo-Zeid, abuzead73@yahoo.com
Received 7 May 2012; Accepted 8 July 2012
Academic Editor: M. De la Sen

Copyright © 2012 R. Abo-Zeid. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

The aim of this work is to investigate the global stability, periodic nature, oscillation, and
the boundedness of all admissible solutions of the difference equation x,.1 = Axp-2-1/(B -
CHan—zi)/ n = 0,1,2,... where A,B,C are positive real numbers and /,7, k are nonnegative
integers, such that [ < k.

1. Introduction and Preliminaries

Although some difference equations look very simple, it is extremely difficult to understand
thoroughly the global behaviors of their solutions. One can refer to [1, 2]. The study of
nonlinear rational difference equations of higher order is of paramount importance, since we
still know so little about such equations. It is worthwhile to point out that although several
approaches have been developed for finding the global character of difference equations [2—
4], relatively a large number of difference equations have not been thoroughly understood
yet [5-8].

Alogeili in [9] discussed the stability properties and semicycle behavior of the
solutions of the difference equation:

Xn+1 = L/ n= 0/ 1/2/° sy (11)
a—XuXp-

with real initial conditions and positive real number a.
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In [10], the authors investigated the global asymptotic stability of the difference
equation:

Axn—l

- = n:0/1/2/'-'/ (12)
B+ CHﬁ-‘:,xn_zi

Xn+1 =

where A, B, C are nonnegative real numbers and [, k are nonnegative integers, such that I < k.
Also in [11], they discussed the existence of unbounded solutions under certain
conditions of the difference equation:

k
AHizlxn—Zi—l

. n=0,1,2,..., (1.3)
B+ an-:llxn,zi

Xn+1 =

where A, B, C are nonnegative real numbers and [, k are nonnegative integers, I < k
In [12], the global asymptotic stability of the difference equation:

Axn72r71

-—, n=0,1,2,... 14
B+ an—len—Zk ( )

Xn+l =

was discussed, where A, B,C are nonnegative real numbers and r,l,k are nonnegative
integers such that [ < k and r < k.

In [13], the global stability and periodic nature of the solutions of the difference
equations:

Xn-2

_ =0,1,2,... .
+1 + X, X1 Xp-2 " (15)

Xn+l =

were discussed, where the initial conditions x_», x_1, xg are real numbers.
In [14], we discussed the oscillation, boundedness, and the global behavior of all
admissible solutions of the difference equation:

Axn—l

_— =0,1,2,... 1.6
B—anxn_zl n 0/ 747 7 ( )

Xn+1 =

where A, B, C are positive real numbers.
In this paper, we study the global asymptotic stability of the difference equation

Axn—2r—1

—— . n=0,12,..., (1.7)
B - CTTE Xn2i

Xn+1 =

where A, B, C are nonnegative real numbers and I, 7, k are nonnegative integers, such that
I1<k.
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Consider the difference equation:
Xne1 = f(Xp, Xp1,..., %n-k), n=0,12..., (1.8)

where f : Rl — R. An equilibrium point for (1.8) is a point x € R such that X =
f(x,x,...,x).

(1) An equilibrium point x for (1.8) is called locally stable if for every ¢ > 0,36 > 0
such that every solution {x,} with initial conditions x_k, X_i+1,..., X0 €]x =6, X+ 6|
is such that x,, €]x — ¢, x + €[, Vn € N. Otherwise X is said to be unstable.

(2) The equilibrium point x of (1.8) is called locally asymptotically stable if it is locally
stable and there exists y > 0 such that for any initial conditions x_, x_j1, ..., X0 €
]x = y,x + y[, the corresponding solution {x,} tends to x.

(3) An equilibrium point x for (1.8) is called global attractor if every solution {x,}
converges to x asn — oo.

(4) The equilibrium point x for (1.8) is called globally asymptotically stable if it is
locally asymptotically stable and global attractor.

The linearized equation associated with (1.8) is
k9
Yns1 =Za—f(z,...,z)yn_i, n=0,12,.... (1.9)
i=0 OXn-i

The characteristic equation associated with (1.9) is

k
Ay of (x,...,x)A = 0. (1.10)
i=0

- axn_i

Theorem 1.1 (see [2]). Assume that f is a C' function and let X be an equilibrium point of (1.8).
Then the following statements are true.

(1) Ifall roots of (1.10) lie in the open disk |\| < 1, then X is locally asymptotically stable.

(2) If at least one root of (1.10) has absolute value greater than one, then X is unstable.

2. Linearized Stability Analysis

Consider the difference equation:

Axn—2r—1

—k/ n2011/2/~--/ (21)
B - CITisyXn-2i

Xn+l =

where A, B, C are nonnegative real numbers and I, 7, k are nonnegative integers, such that
I<k.
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The change of variables x, = “*y/B/Cy, reduces (1.7) to the difference equation:

yn+1 = M/ n= 0/ 1/2/-~-/ (22)

1 =TT Ynai

where y = A/B.

Now we determine the equilibrium points of (2.2) and discuss their local asymptotic
behavior. It is clear that the values of the equilibrium points depend on whether k — [ is even
or odd.

When k - [ is odd, we have the equilibrium points y = 0and y = £ *{/1 - yify <1
and y =0 only if y > 1.

When k - is even, we have the equilibrium points y = 0 and y = *'§/1 —y.

Now assume that R = max{2k,2r + 1}.

The linearized equation associated with (2.2) about v is

—k-1+1
Zn+l — #Yk_mzn_zr_l ry 22271 =0, n=0,12,.... (23)
-y

<1 _ yk l+1>

The characteristic equation associated with this equation is

T
JES! Y e VY i Z 152

-y <1 g+ z+1> (2.4)

We summarize the results of this section in the following two theorems.
Theorem 2.1. Assume that & = 2k > 2r + 1. Then the following statements are true.

(1) The zero equilibrium point is locally asymptotically stable if y < 1 and unstable (saddle
point) if y > 1.

(2) When k — 1 is even, the equilibrium point y = *'{/1 — y is unstable if y < 1 and unstable
(saddle point) if y > 1.

(3) When k — l'is odd, the equilibrium points y = + *'{/1 — y are unstable.

Proof. (1) The linearized equation (2.3) about iy = 0 is

Zpe1 = YZn-2.-1=0, n=0,1,2,.... (2.5)

The characteristic equation associated with this equation is
)sz+1 _ Y)LZk_2r_1 =0 (2.6)

So A =0, A = + 2/y. Therefore the result follows.
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(2) Suppose that k — 1 is even. The linearized equation (2.3) about y = *{/1 -y is

Zpel — Zn-or—1 — —(1 y)Zzn %x=0, n=0,1,2,.... (2.7)
i=l

The associated characteristic equation (2.4) becomes
2k+1 _ y2k-2r—1 1( )izkz'
AT o (T =-y) ) A =0. (2.8)
Y ;

Let

k
Q) = 22k+l _ y2k-2r-1 _ %(1 _ Y)Z)@k—zl' - 0. (2.9)

We can see that f (1) has a real root in (1, 00) if y < 1 and when y > 1, f(\) has a root in
(1, 00) and some roots with |A| < 1. Therefore the result follows.

(3) When k -l is odd, f(4) has a root in (1, o0) and some roots with |A| < 1, if y < 1.
Therefore iy = +4/1 — y are unstable. O

Theorem 2.2. Assume that 8 = 2r + 1 > 2k. Then the following statements are true.

(1) The zero equilibrium point is locally asymptotically stable if y < 1 and a source if y > 1.
2) If k — 1 is even, then the equilibrium point y = *'{/1 — y is unstable (saddle point).
3) If k — 1 is odd, then the equilibrium points y = + *'\/1 — y are unstable (saddle points).

Proof. 1t is sufficient to consider the linearized equation about y:

—k-I+1
R ZZn =0, n=012,.. (2.10)
-y

<1 _ yk l+1>

and its associated characteristic equation:

)L2r+2 _ Y _ Yyk_“l zk:)t27‘+l—2i =0
1 _ g 1\ 2 - (2.11)
-y <1 -y > i=l

3. Oscillation

Let t be the largest nonnegative integer such that 0 < 2t +1 < R and let s be the largest
nonnegative integer such that 0 < 2s < &.



6 Discrete Dynamics in Nature and Society

Theorem 3.1. Assume that y < 1. Then the interval (- *'{/1 -y, ¥'3/1 — y) is an invariant interval
for (2.2).

Proof. The proof is by induction. Suppose that y_; € (-*%/1-vy, */1-y),i = 0,1,..., &

Hence |y_i| < *%/1-v,i=0,1,..., &
This implies that |H£1y—2i| <1-y.Then

Yyl |y

|y1| = = < |y—27—1|/
|1 - Hf:ly—2i| |1 - |Hi‘<=1]/—2i||
jy-2 Jy-o] oy
Y1Y-2r Y Y-2r
|y2| = . < . < |y-|-
|1 - ITioy-2in '1 - |Hi:1]/—2i+l
If for a certain ny € N we have yu—g, Yny-gs1, - - -, Yy € (= /1 -7, “%/1—y), then

¥|Yno-2r1] Y| Yn_or| )

|Ynpe1| = < < |Yng-2r1] < * l’\l/ﬂ- (3.2)
|1 - Hf:ly—2i| |1 - |Hf=1y—2i||

This completes the proof. O

*e)

Corollary 3.2. Assume that {y,},__x be a solution of (2.2) such that either y_g, Y-g+1,.-..,Y-1,Yo €

0, ¥/1—y) (or(= */1 —y,0)). Then {y,},._g is positive (or negative). Moreover, {yy,},—_a
converges to the zero equilibrium point.

Theorem 3.3. Let {y,},._g be a nontrivial solution of (2.2) such that either

(C1) ="'/ 1 =y <Y1, Y-ousi, - Y1 <0< Y25, Yorsia, .-, Yo < /1 -7

or

(C2) ="'R/1 =y < Yozs) Y2542,---, Y0 < 0 < Y21, Yrts1, ..., Y-1 < ¥'R/1 —y is satisfied.
Then {y,},_g oscillates about i = 0 with semicycles of length one. Moreover ya(r1yns2j <
(or >)Ya(rs1)(n-1)+2j and Yogretynezinn > (07 <) Yoeraym-1)+2j+1, = L,2,...,r + 1 and
n=0,1,2,...

Proof. Assume that condition (C;) is satisfied. Then we have y1 = yy_o,1/(1 - [T,y-2) >
Y-or-1,and yp = yy_o, /(1 - Hf=1y—2i+1) < Yo

By induction we get 0 > yopinm2js1 > Voere)(-1)42j+1, and 0 < Yoginyus2j <
Yoty (n-1)+2j, 1 =0,1,2,....

If condition (C,) is satisfied, the result is similar and will be omitted. O
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4. Global Behavior of (2.2)

Theorem 4.1. The following statements are true.

M If y < 1, then the zero equilibrium point is a global attractor with basin
(_ k—l\l/m, k—lm)ﬁ+l'

(2) If y = 1, then (2.2) has prime period two solutions of the form ...,0,¢,0,¢,0,..., where
p eR.

(3) If y > 1, then there exist solutions which are neither bounded nor persist.

Proof. (1) Suppose that y_g, y-g+1,..-,¥-1,%0 € (=*"/1-y, *'{/1-y). Then using
Theorem 3.1, we have that y, € (- *{/1 -y, “®/1-y),n>1.

Moreover, we have |y,41] < [Yn-2r-1], 1 =0,1,2,....

That is, the subsequences {|y2(-+1)n+jl}pe-1,j = 1,2,...,2r + 2 are decreasing.

From (2.2) we have

Hy2emensl — _ yvaeme-ns]
k - k )
- Hi:lyz(r+1)n+j—2i—1| |1 - |Hi:ly2(r+1)n+j—2i—1 | |

|v2(rstynej| = | (4.1)

Now suppose that [yo(+1ynsj|l — Ljasn — oo, j = 1,2,...,2r + 2. Then the last
inequality implies that

YL;

L] < k—
L= TTiaLj-2i

, J=12,...,2r+2. (4.2)

If for a certain j € {1,2,...,2r + 2} we have L; #0, then |1 - Hf-‘zle_zl-_ﬂ < y. This implies that

k
1+y> HLj—Zi—l >1-y. (4.3)

i=l

This is a contradiction as the the subsequences {|y2(r+1yn+jl} o1, j = 1,2,...,2r + 2 are
decreasing. Therefore, L; =0,j=1,2,...,2r +2,and {Yn}e_q converges to zero.

(2) Clear!

(3) Let {yn};o_g be a solution of (2.2) with initial conditions, |y_i| < *{/y-1(>
W/y+1),i=25,25-2,...,2,0,and |y_| > *{/y+1 (< “/y-1),i=2t-1,2t-3,...,1.

We consider only the case |y_;| < *{/y—1,i=2s5,25-2,...2,0, and |y_;| > “/y +1,
i=2t-1,2t-3,...,1

It follows that |TT5,y-2il = [y-aklly-aeal -+ [yl <y - 1.

That is,

k
y+1<]Jyai<y-1 (4.4)
i=l
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This implies that -y +2 <1 - Hf:ly_zi <yandso|l - ]_[f:ly_zﬂ < y. Hence we have

|Yy—27—1 I Yl]/—2r—1 | k-l
= > = —Dy— > N + 1.
|y1| |1 - f:,y_2i| ¥ |y 2r 1| VY (4.5)

Also |Hf=ly_2,~+1| > y+1implies thaty+2 < 1 —Hley-zm < -yandso|l —Hley_zml >7.
Hence we have

|Y]/—2r| Yly—zrl k=151
vl = < = |y | < Ty -1 4.6
v |1 - TTy-2in 4 ] (o)

By induction we get

|V2rsiymezier| > |20y m-n)ezjer]| > Ry +1,

4.7)
|V2irynezj| < |Varym-1)+2j] < Ny -1,
n>0andj=0,1,...,7. Now suppose that
| Y2641y (n-1)42j41| — Loju1 € < Ny +1, oo] ,
(4.8)
| Y21y (n-1)+2j| — La2j € [0, Ry - 1>,
asn — o0,j=0,1,...,7.
But as
__ wemenal _ yIvaeneenaj]
|[yaeraynaaj| = p < p : (4.9)
|1 - Hi:ly2(7+1)n+2j—2i—1| '1 - |Hi:1y2(r+1)n+;‘—2i—1 | |
then
YLoj .
sz < ;] =0,1,...,1’. (410)

- Hf:Isz—zi—l

We claim that for each j =0,1,...,7, Ly; = 0.
For the sake of contradiction suppose that there exists j € {0,1,...,r} with L,; €

0, =Ry = 1).

Then (4.10) gives

<y. (4.11)

k
}1 - HLZj—Zi—l
i=l
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Figure 1: The difference equation y,+1 = 0.6y,-1/(1 = YnYn-2).
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Figure 2: The difference equation y,+1 = 0.7y,-3/(1 = YnYn-2).
This implies that

k
—y+ 1< [Lojain <y+1 (4.12)

i=l

As Lyjy € (F3/y +1,0],j=0,1,...,r, we have a contradiction.
Thus it is true that for each j = 0,1,...,7 we have Ly; = 0 and so lim,, _, 2, = 0.
We now claim that for each j =0,1,...,7, Ly; = co.
For the sake of contradiction, suppose that there exists j € {0,1,...,r} with Lyj;; €

(*%/y +1,00). Then

YUMo | Y2(r41) (1) 4241 |

Laj1 nlijrolo|y2(r+1)(n—1)+2j+1| = '

1- 15, lim,, wY2(r+1)n+2j-2i
(4.13)

YUMo | Y2(r1) (1) 42741 |  rlojn

1+ H;{:lhmnﬁoo |Voirynizjai| 1+ HLLZJ'

= yLajs1.
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x10° Global attractivity of a higher
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Figure 3: The difference equation ¥,.1 = 2yy-1/(1 = YnYu-2).
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Figure 4: The difference equation ¥,.1 = 2Yy,-3/(1 = YnYu-2).

This is a contradiction. Therefore for each j = 0,1,...,r we have Lj;; = oo and so
1imn—>ooy2n+1 = 0.

The case when |y_;| > *{/y+1,i =25,2s-2,...,2,0 and |y_| < "W/y-1,i =2t -
1,2t -3,...,11is similar and will be omitted. ]

5. Numerical Examples

Example 5.1. Figure 1 shows thatif r =0,/ =0,k = 1 (R = max{2k,2r + 1} = 2) and y = 0.6,
then the solution {y,},._, with initial conditions y_, = -1, y_1 = 1.3, yo = 1.1 converges to
Zero.

Example 5.2. Figure 2 shows thatifr =1,/ =0,k =1 (R = max{2k,2r +1} =3) and y = 0.7,
then the solution {y,},._; with initial conditions y3 = -1,y» = -1.2, y1 = 1.3, yp = 1.1
converges to zero.

Example 5.3. Figure 3 shows thatifr =0,1=0, k =1 (R = max{2k,2r +1} =2) and y = 2, then
the solution {y, Vo5 with initial conditions Y2 =2,y-1 =04, yo = 2.1 is unbounded.
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Example 5.4. Figure 4 shows thatifr = 1,1 =0, k =1 (R = max{2k,2r + 1} = 3) and y = 2,
then the solution {y,},-_5 with initial conditions y_3 = 0.5, y» = 2, y-1 = 04, yo = 2.1 is
unbounded.
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