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The purpose of this paper is to establish improved bounds for restricted isometry constants k.
Our results, to some extent, improve and extend the well-known bound (6, < 0.307) in (Cai et al.,
2010) to &k < 0.308.

1. Introduction

Consider the following equation:
y=Ap+z (1.1)

where the matrix A € R™™ (n < m) and z € R" is a vector of measurement errors. If z = 0,
then (1.1) is an underdetermined linear system with fewer equations than unknowns. The
task is to reconstruct the signal p € R™ based on the matrix A and the vector y. Usually, we
consider ¢y minimization problem:

p

min
PeR

./ subjecttoy = APp+zand ||z], <e, (1.2)

where || - ||o denotes the ¢y-norm of a vector, that is, the number of its nonzero components.



2 Discrete Dynamics in Nature and Society

We need to solve this problem and find the sparsest solution among all the possible
solutions. But it requires a combinatorial search and remains an NP-hard problem that cannot
be solved in practice. Naturally, an alternative strategy is to find £; minimization problem:

min ﬁ
ﬁER" 1

, subject to y = Af+z and ||z, <e, (1.3)

and we expect to find the sparsest solution.

In order to exactly recover the sparsest solution in #; minimization, Candes and Tao [1]
introduced restricted isometry property (see Restricted Isometry Constants in Definition 2.1).
So far, there are various methods [1-9] to give the sufficient conditions on 6y: Candes [3]
established that 6y < v2 — 1 = 0.4142 is the sufficient condition of exactly recover k-sparse
vectors via #; minimization (a vector x is k-sparse if ||x||o < k). This sufficient condition was
later improved to 6 < 2(3 - +/2)/7 = 0.4531 in [6] and to & < 3/(4 + v/6) = 0.4652 in [5].
Later, the sufficient condition was improved to 62 < 1/(1 + v/1.25) = 0.4721 in [10] for the
special case that k is a multiple of 4 or k is very large and to 6 < 4/(6 + v/6) = 0.4734 in [5].
Naturally, we want to give the sufficient condition about 6. To the best of our knowledge, T.
T. Cai et al. [2] firstly show that the restricted isometry constant 6y of A satisfies 6y < 0.307 for
general k, then k-sparse signals are guaranteed to be recovered exactly via ¢; minimization.
Based on this motivation, we construct a different partition of {1,2,...,m} and then discuss
the error between original signal § and recover signal § in (1.3). The main work of this paper is
to improve the condition to 6x < 0.308 and to prove that the k-sparse signals can be recovered
exactly via ¢; minimization in no noise case and be estimated stably under the perturbation
of noise.

To state our main results, we firstly give the following preliminaries.

2. Preliminaries
In 2005, Candes and Tao [1] firstly present the definition of the restricted isometry constant.

Definition 2.1 (see [1], restricted isometry constants). Let F be the matrix with finite collection
of vectors (vj)je; € R" as columns. For every integer 1 < S < |]|, the S-restricted isometry
constants Og are defined as the smallest quantity such that Fr obeys

(1-6s)llcl3 < |Frell3 < (1+6s)llcl3 (2.1)

for all subsets T C J of cardinality at most S and all real coefficients (c;) jeT- Similarly, we
define the S,S"-restricted orthogonality constants s s for S+S' < |]| to be the smallest quantity
such that

|(Fre, Frc')| < 0ssllell, - |||, 22)

holds for all disjoint sets T, T’ C J of cardinality |T| < S and |T'| < S'.
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In addition, we can easily check the following monotone properties:
6ks6k1/ lfkfklsn,

(2.3)
Ok <O, ifk<k,k <K,k +k <n.

Apart from the above relationship, Candes and Tao [1] proved that the restricted
orthogonality constant 0y and the restricted isometry constant 6y are related by the fol-
lowing lemma.

Lemma 2.2 (see [1]). One has Oss < 6545 < 05,5 + max(6s,6s) forall S, S'.
In the sequel, a useful inequality between #;-norm and #-norm will be introduced.
Proposition 2.3 (see [2]). For any x € R",

Il % < %(max|x,| - minjx| ). (2.4)

1<i<

At the last of preliminaries, we introduce the square root lifting inequality [10].

Lemma 2.4 (see [10]). For any a > 1 and positive integers k, k' such that ak’ is an integer, then
Okl < v/ ab . (2.5)

3. Improved Bounds for Restricted Isometry Constants

In this section, we discuss the new restricted isometry constant 6y for sparse signal recovery
via ¢; minimization in (1.3).

Theorem 3.1. Suppose f is k-sparse. Then the € minimizer p defined in (1.3) satisfies

V24/1+6
lo-8l, < 32 e G

where Oy is the k-restricted isometry constant of A in (1.3).

Proof. Let h = ﬁ — p € R™. Partition {1,2,...,m} into the following sets:

To=1{12,...,k}, le{k+1,...,k+§}, Tzz{k+§+1,...,2k},..., (3.2)
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where k is an even number. And rearranging the indices if necessary, |[h(1)| > |h(2)| > ---,

where |h(i)|, i = 1,2,...,m is the ith entry of the above vector by rearranging the indices.
Then by Proposition 2.3, we obtain

Sl < s Sl + 2 - )+ e

i>1 1>1
By the triangle inequality for || - ||1, we have
AN = =Rl < 18+ Bl (34)

Since Ty N T = @, we have

1Bl = Werlly + [P | < |+ ory + ]| = N+l = ||B]), < Nell- 35)

The last inequality holds because f§ solves (1.3). Then the result is that

|z

<l (36)

Substituting (3.6) into (3.3), we get

VE/Z ) kv 1))

1
Sy <~ ]

1 k/2 ||l
Vk/2 vk 3.7)
F V|l |l + fnhn]nz
92
< _”hTo”z
And note that
[(Ah, Aln,)| > |( Ahr,, Ahg,)| ~ 3| A, Ahr) . (38)
i>1
From (2.2) and (2.5) in Lemma 2.4, we have
|(Ahrt,, Aht,)| < Ok 2 k|l - (|3 - (3.9)

By Lemma 2.2, we have

Ok/2k = Ok/22k/2 < V26k/20k/2 = V26 (3.10)
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From (3.7)—(3.10), we have
[(Ah, Ahg,)| 2 (1= 6) |1, [15 = Ok 2kl 1, 1
i>1

> (1-6¢) |, |13 = V26kllhn, I, - 9v2/8| k|,

136
> (1202 ) B

From (1.3), we have
lanl, = ||a(B-8)|, < [|aB-v], + 48 - yll, < 2e.
In addition, we obtain the following relation by simple calculation

”hTS i = <|h(k + )P+ [h(k +2)] +- >

< max|h(@)] - (|h(k + ) +|h(k +2)| +--)

= max|h(i)| - ||th

i>k+1

1

<

5

”h;;onl _ ||h

-
Since ||hr¢|l1 < ||hr,|l1, we have

2
2 _ Il

”hT5 27k

By the norm inequality ||k, |2 < k||hz, ||3 and (3.14), we have

2 2
(S e L e

From (3.7), (3.11)-(3.12), and (3.15), we have

V2|(Ah, Ahr,)| _ V2| Ahl; - | Abx [,

hll, < V2||ht I, <
Ikl < V2l < G135 2, < 0 136, /) [,

< V2-2e-4/1 + Okl |, < 2v/24/1 + &;

S T A-B6/Dlhll, - 1-136:/4

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

O

Remark 3.2. If € = 0, it is the case where the k-sparse signals are guaranteed to be recovered

exactly via #; minimization under no noise situation.
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Corollary 3.3. Let y = AP + z with ||z|, < €. Suppose B is k-sparse with k > 1. Then under the
condition 6y < 0.308 the constrained €, minimizer p given in (1.3) satisfies

6~ < 5305 5= (317)

Proof. The proof of this corollary can be easily obtained if we put 6 < 0.308 into the inequality
(3.1) in Theorem 3.1. O
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