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By considering Melham’s sums (Melham, 2004), we compute various more general nonalternating

n+l
sums, alternating sums, and sums that alternate according to (—1)( i) involving the generalized
Fibonacci and Lucas numbers.

1. Introduction

Let a, b, and p be assumed to be arbitrary nonzero complex numbers with p(p*+2) (p* +4) #0.
Define second-order linear recursion {W,} by

W, = PWn—l + Wn—2, (11)

with Wy = a, Wy = b for all integers n. Since A = pz +4#0, the roots a and f of x% - px—-1=0
are distinct.
Also define the sequence {X,} via the terms of sequence {W,} as X,, = Wy.1 + W,,_1.
The Binet formulas for the sequences {W,} and {X,,} are

_ Aa"-Bp"

Wyp=—7"—7—,
n a—ﬂ

X, = Aa" + Bf", (1.2)

where A=b-apand B=b - aa.
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Fora =0,b =1, we denote W,, = U, and so X,, = V,,, respectively. Whenp =1, U, = F,
(nth Fibonacci number) and V,, = L, (nth Lucas number).
Inspired by the well-known identity

j
ZFﬁ =F;Fj, (1.3)
n=1

Clary and Hemenway [1] obtained factored closed-form expressions for all sums of the form
;:1 F3,, where m is an integer. Motivated by the results in [1], Melham [2] computed

all sums of the form ZL _, (-1)"Fy,, and ZL _, (-D"L},,. In [3], Melham computed various

n+l
nonalternating sums, alternating sums, and sums that alternate according to (—1)< 3 for
sequences {W,} and {X,}. The author gathers his sums in three sets. Here we recall one
example from each set for the reader’s convenience:

1 .
;V(;'fm)/z (Wijsity2 + Wijsicy2)  if j—i=1(mod 4),

S, -

j
n=i

1 e
;—QU(]'_,'H)/Q (X(]'+i+1)/2 + X(j+i—1)/2) if J-1= 3 (mod 4),

M W P e X 14
> (-1 Wan = A_2u4]741+4x4]+41+3,
n=4i

S MK, = PV s Wana

>, (1) UnXy = nV4,74z+5W47+4z+3+2W0-

n=4i+2 -

We refer to [4] for general expansion formulas for sums of powers of Fibonacci and
Lucas numbers, as considered by Melham, as well as some extensions such that

n n
2m+ 2m+
DENS, DL, (1.5)
k=0 k=0

where 6, ¢ € {0,1}.
For alternating analogues of the results given by Prodinger, that is,

n n
DD, 2D, (16)
k=0 k=0

we refer to [5].

Hendel [6] gave the factorization theorem which exhibits factorizations of sums of the
form Z;‘:f—l Fajp. The author also introduced a unified proof method based on formulae for
the factorizations of Fy_4 + Fji4-
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In [7], Curtin et al. derived formulae for the shifted summations

d-1 d-1 d-1
ZFn+ij+j, ZLn+ij+j/ ZFn+ij+j/ (1~7)
j=0 j=0 j=0

and the shifted convolutions

d-1 d-1 d-1
ZFn+de—m—j/ ZLn+de—m—j/ ZFnﬂ'Ld—m—j (18)
j=0 j=0 j=0

for positive integers d and arbitrary integers n and m.

In this paper, our main purpose is to consider Melham’s sums involving double
products of terms of {W,},{X,},{U,}, and {V,} given in [3] and then compute several
more general nonalternating sums, alternating sums, and sums that alternate according to

1)),

2. Certain Finite Sums of Double Products of Terms

In this section, we will investigate certain sums consisting of products of at most two terms of

1
{W,}: nonalternating sums, alternating sums and sums that alternate according to (-1) ("3 )
From the Binet forms of {W, } and {X,}, we give the following lemma for further use without
proof.

Lemma 2.1. Let a, b, and p be as in Section 1, and let r = aW, — bW1. Then for all integers k,

PP Uk + 2abUqk_1 + a*Usp_n = Wi Xk,

b U pks1 + 2abUy + a®Unky = Wi X + (=1)*r,

(2.1)
b?Vok +2abVarq + a* Vo = X7 + (-1)*2r,
b* Va1 +2abVar + a?Vior_1 = X3 Xis1 + (-1)*pr.
Theorem 2.2. Fix integers c,d, and m.
(i) If m is even, then for all integers j > i,
U Upn(j-i1) Xom(ji ~1)°(j—i+1)Xa-
Zumn+CWmn+d _ m(j—i+1) Xm(j+i)+erd ( ) (] ) d c. (22)

AU, A

n=i
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(i) If mis odd, then for all integers j > i,

Un(j-is1) Win(jsi)+erd

if j—i=1(mod?2),

iu W, Vi

mn+cVVmn+d = .

n=i Vm(j—i+l)Xm(j+i)+c+d B (_1)C+]Xd—c lf i —i=0(mod2)
AV, A Jmi= ‘

Proof. Using the Binet formulas, we compute

j e _ ﬂmn+c Agmnrd _ Bﬂmn+d
Zumn+chn+d = z;( P _,6 ) < p —,3

]
n=i n=i

1 j _1)mn+e

= (lx - ﬁ)2;<Aa2mn+c+d + Bﬁ2mn+c+d> _ ((tx i ﬁ)z <Aad—c + Bﬁd_c>
j _1y\¢ j

= %ZXZmer—d - %Xd—cZ(_l)mn~

Since X,, = W,,_1 + W,..1, we can obtain that for even m

J Uin(j-is1) Xm(jivi)+t
ZXZmnH = u .
n=i m
The result follows.
For example, wheni=2, m=3, a=0, b=c=p=1,and d =5, we obtain

F3(j-1)F3j44

j
> FaniFans = 1

n=2

Theorem 2.3. Fix integers c,d, and m. Let S = Z{lzi(—l)nllmmcwmmd.
(1) If mis odd, then S equals

. (_1)jum(j—i+1)Xm(j+i)+c+d ~ DG -i+1)Xae
- AU, A '
(2) If m is odd and the parities of i and j are the same, then S equals

(=1) Vin(-ist) Xom(jaiyscsd ~ <(_1)] + (_1)l>(_1)cxd-c
AV, 2A )

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)



Discrete Dynamics in Nature and Society

3) If mis odd and the parities of i and j are the different, then S equals

(1)U n(j-isty Winjriyscrd ~ <(_1)] + (_1)l>(_1)cxd—c

Vi 2

Proof. Consider

j qimnte _ gmntc Aamnﬂi - B mn+d
nZ;( 1) U e mn+d=§< a— g )< a_ﬁﬁ

(a-p)*ia

! _1\" 2mn+c+d 2mntc+d ) _
3 (1) (Ag?rmecdy pgrmmrend)

(2.9)

((;1{’;): <Aad7c+Bﬁd—c>

1< . j
= Zzzi(_l)"x2mn+c+d - ZXd_CZ(_l)(m+l)n+c-

n=i

Since X,, = W,,_1 + W,,,1, for odd m, we find

(_1)jum(j—i+l)Xm(i+j)+c

(2.10)

j
%(_1)nx2mn+c = um

The result is now obtained by considering the values of Z] (=1 (m+bnre,

Theorem 2.4. Fix integers c,d, and m. For all integers j > i,

4j el U4 . Vmws+m
Z (_1)< 2 )umn+cwmn+d = #
n=4i+1 2m U, Xsim
4j+3 <n+1)
Z (_1) 2 umn+chn+d
n=4i

u,, X if m is even
~ u4m(j—i+1) m<4xs+3m f s

V-
2 N\ Vi Weiam  if m is odd,

(2.11)

if m is even,
(2.12)
if m is odd,
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4

n+l
Z (_1)< 2 >umn+chn+d
n=4i+3
ViaVom@-n-1) Xstam  2(-1)Xae .. .
. AVy - A if m is even,
| UnVame-i-nW.
m V2m(2(j—i)-1) YV s+3m 1fm is Odd,
V2m
4j+3 <n+1>
Z (_1) 2 MU mn+Wmn+a
n=4i+2

U Vam@(j-iy+1) Wstsm

if m is even,

VZm
Vit Vin(a(i-is1)-2) X -1)¢
m m(4(;Az‘;21jn2) s+5m + 2( 1)AXd_C me is Odd,
(2.13)
where s = m(4(j +1)) + c + d.
Proof. Consider
& <n+1>
Z (_1) 2 " Umn+cWinn+a
n=4i+1
4j mn+c _ gmn+c mn+d _ mn+d
_ Z (_1)(n51><(x p ><Aa Bp >
n=ai+1 a-p a-p 214)
4j 1 _q\mn+c .
— 1 - Z (_1)<n; )(Aa2mn+c+d + Bﬁ2mn+c+d> _ ( 1) - <A[Xd_c + Bﬁd_c>
(a—PB)" nizin (a—p)
1 4 n+l 1 kil n+l
= Z Z (—1)( 2 >X2mn+c+d— Kdec(_l)c Z (—1)( 2 )
n=4i+1 n=4i+1
H h 4 (") 2 -
ere we have that 3 " ,. | (1) =0and, by X;, = Wy.1 + Wy,
J 1 AV U (i-iy Win(a(ji
Z (_l)<n3—- >X2mn+c+d _ mUdm(j 1)V m(4(]+1)+1)+c+d’ (2.15)
n=4i+1 2m

for even m. Now formula (2.12) follows. The remaining formulas are proven in a similar
manner. U

Notice that in (2.12)-(2.13), one limit of summation is even while the other is odd.
Accordingly we have observed that each of (2.12)-(2.13) has a dual sum that is obtained with
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the use of the rule below. We highlight this rule since it also applies to get certain groups of
sums in Section 2.

From [3], we recall the rule for the formation of the dual sum.

(1) Replace the even limit by the even limit corresponding to the other residue class
modulo 4 and the odd limit by the odd limit corresponding to the other residue
class modulo 4.

(2) Calculate the subscripts on the right in accordance with the paragraph following
(2.13).

(3) Multiply the right side by —1.

For example, for odd integer m, the dual of (2.13) is

4j+1 1 1 V. V- iy X
Z(—1)<"5 Wi Wommea = _Z< " 2”“2“;2 D) Bstm +2(—1)de_c>, (2.16)
n=4i m

where s is defined as before.

Theorem 2.5. Fix integers c,d, and m.

(i) If c and d have the same parities, then

ul n+l
Z (—1)< ) WomiynieWemsynid

n=4i+1

WUt U st (j-i)
== % T x <X2(2m+1)(j+i)+tX2(2m+1)(j+i)+t+l +Pr(—1)t>,
202m+1)

& (m1)
Z (_1) 2 WZmn+cW2mn+d
n=4i+1

_ VomlUsm(j-i)

Vi X (Win(ajtiyot Xom(aj4i)+t)»

4j n+1
Z (—1)( 2 >W(2m+1)n+cw(2m+l)n+d

n=4i+3

_ Uz Va@mey 2(j-i-1) y

v (W(2m+1)(2(j+i)+1)+t+1X(2m+1)(2(j+i)+1)+t - r(—l)t>,
202m+1)
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4j

1
Z (_1) ("; ) WZmn+cW2mn+d

n=4i+3

Vo Vam@(j-i)-1) ) N 2r(-1)V,.
= AVy,, (Xm(4(j+i)+2)+t + 27‘(—1) > + A ’
4j+3 <n+1>
(_1) 2 W(2m+1)n+cW(2m+1)n+d
>
n=4i
Vo Ua@me1)(j-is1)
= V2(2m+1) 0 (W(2m+1)(2(j+i)+1)+t+lX(2m+1)(2(j+i)+1)+t —T(—l)t>,
m+
4j+3 (n+1>
Z(_l) 2 " Womn+cWamn+d
n=4i
Uz Ugm(j-is1) ) ;
= Vir x <Xm(4(j+i)+2)+t +2r(-1) >r
4j+3 <n+1>
Z (_1) 2 W(2m+1)n+cW(2m+l)n+d
n=di+2
Vo1 V2m+1) 2(-i)+1) 2r(-1)°V,
= AVzT; 1)’ 7 x <X2(2m+1)(j+i+1)+t+1X2(2m+1)(]'+i+1)+t +PT(—1)t> - %,
m+
4j+3 <n+1>
Z (_1) 2 WZmn+cW2mn+d
n=4i+2
1
= Vi (Ui Vam@(j-iy+1) Wam(jris 1)+t Xam(jsis1)+t )
m
(2.17)

wheret = (c+d)/2 +m.

(ii) If c and d have different parities, then

4 n+1
Z (_1)< 2 >I/V(2m+l)n+cI/V(2m+l)n+al

n=4i+1

2
2@m+1)(j+i)ro T 27’(—1)v>,

_ UzmaUa@ms)(j-i) <
Voms1)
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4j
Z ( 1) ( ) W2mn+cw2mn+d

n=4i+1

_ VZmUBm(j—i)

v (Xam(j+iy+o-1Wam(jsiyeo — 7(=1)7),
4m

4j
> 1)< >W(2m+1)n+cW(2m+1)n+d
nedie3

=7 X Uom+1 Va@m+1) @(j-i)-1) W @m+1) @(+i) +1) +0 X @m+1) (2(j+i) +1)+o-s
2(2m+1)

4j

Z ( 1)< >I/VZanrcI/VZmnwl

n=4i+3

~ Vo Vam(j-i-1)

2r(-1) Ve
AV4m ’

X (Xo(a(j+i)+2)+0 Xm(a(j+i)+2)+0-1 + pr(=1)7) + A

4j+3

n+l
Z(—1)< 2 >W(2m+1)n+cW(2m+1)n+d
n=4i

_ Vamala@mey(j-in)

% Xem+1)@(j+i)+1)+o W @m+1) @(j+i)+1) +os
Voms)
4j+3

Z( 1)< 2 WZmn+cW2mn+d
n=4i

U Usgm(j-is1)
i Vm] = x (Xma(jsiye2)+0Xm@(j+i+2)+0-1 — pr(=1)7),
4m

4j+3

Z ( 1)( >W(2m+1)n+cW(2m+1)n+d
n=4i+2

2r(-1) Ve Vam1Va@m+1)@(-i+1)

__ . .
) A " AVoom+1) <X2(2m+1)(f+i+1)+v+2r( 1) )

4j+3

Z (_1) ( ngl ) WomnscWamn+a
n=4i+2

_ UomVam(2(j-iy+1)

v X (Wi (jris1)soXam(j+is1)+o-1 — 7(=1)7),
4m

(2.18)

where r is defined as beforeand v = (c+d +1)/2 + m.
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Proof. Suppose that ¢ and d have the same parities. Consider

4j+3

<n+1>
Z (_1) 2 W2mn+cW2mn+d
n=4i+2
18 (") ( a2 Amnsced 4
- Z (_1) 2 (A gimmrerd Bzﬁ mn+c+d __ ABaZmn+Cﬂ2mn+d _ ABﬁ2m"+Ca2mn+d>
A n=4i+2
4j+3 4j+3
1 n+l n+l
= K(bz Z (_1)< B >V4mn+c+d"‘2‘117 Z (_1)< 2 >V4mn+c+d—l
n=4i+2 n=4i+2
4j+3 el
+a2 Z (_1)< 2 >V4mn+c+d—2>
n=4i+2
4j+3
1 7 1
20V 3 (),
n=4i+2
(2.19)
From the definition of {V,,}, we obtain
4j+3
]i: (_1)<n§1)v4mn+c _ AuZmV4m(2(j—i)+l)u2m(4(j+i+l)+1)+c' (2.20)
n=4i+2 Vim
Since .
4j+3 (n+1>
> (D2 =0, (2.21)
n=4i+2
we get
4j+3 (n+1>
Z (_1) 2 WZmn+cW2mn+d
n=4i+2

U2 Vim(2(j-i)+1)
=—— " <b2u2m(4(j+i+1)+1)+c+d +2abUoma(j+ir1)+1)+crd-1 + azu2m(4(j+i+1)+1)+c+d—2>

V4m
(2.22)
Taking 2k = 2m(4(j +i+1) + 1) + ¢ + d in Lemma 2.1, we write
443 (1)
Z (_1) 2 WZmn+cW2mn+d
n=4i+2 (2.23)
U Vam(@(j-iy+1)) Win(a(j+is1) 1)+ (d+o) /2Xm(@(j4i+1)+1) +(d+) /2
B AV, ’

Thus the result follows. Similar arguments yield the remaining formulas, where we must
consider the parities of ¢, d. O
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For example, the dual of (2.17) is given by if ¢ and d have the same parities,

4j+1 1 U, V. . Wi X .
> (D)UZ) W W = - 222G ’>”>V Am(jei) et TAm(jr+ (2.24)
n=4i 4m
and the dual of (2.18) is given by if ¢ and d have different parities,

4j+1 <n+1>

Z (_1) 2 ' WomntcWamn+a

e (2.25)

W Vam(2(j-iy+1
= —w X (Wam(jsiyso Xam(j+iyro-1 — 7(=1)7),
4m

where t and v are defined as before.
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