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The existence and uniqueness of positive solution is obtained for the singular second-order m-
point boundary value problem u”(t) + f(t,u(t)) = 0 for t € (0,1), u(0) = 0, u(1) = Zﬁf a;u(n;),
wherem >3, a; >0(i=1,2,...,m—2),0<1m <1p <--+ < fu—p < 1 are constants, and f(t, u) can
have singularities for t = 0 and/or t = 1 and for u = 0. The main tool is the perturbation technique

and Schauder fixed point theorem.

1. Introduction

In this paper, we investigate the existence and uniqueness of positive solution for the singular

second-order differential equation

u'(h) + f(tu) =0, te(0,1) (1.1)
with the m-point boundary conditions
m-2
u(0)=0,  u(l) =Y au(y), (1.2)
i=1

wherem>3,a; >0 (i=1,2,...,m=-2),0<1 <1p <-- < 1m <1 are constants, and f (¢, u)

can have singularities for t = 0 and/or t = 1 and for u = 0.
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Multipoint boundary value problems for second-order ordinary differential equations
arise in many areas of applied mathematics and physics; see [1-3] and references therein.
The study of three-point boundary value problems for nonlinear second-order ordinary
differential equations was initiated by Lomtatidze [4, 5]. Since then, the nonlinear second-
order multipoint boundary value problems have been studied by many authors; see [1-
3, 6-29] and references therein. Most of all the works in the above mentioned references are
nonsingular multipoint boundary value problems; see [1-3, 10-17, 20-23, 25, 26, 28, 29], but
the works on the singularities have been quite rarely seen; see [4-8, 18, 19, 24, 27].

Recently, Du and Zhao [7], by constructing lower and upper solutions and together
with the maximal principle, proved the existence and uniqueness of positive solutions for the
following singular second-order m-point boundary value problem:

u'(t) + f(tu(t) =0, te(0,1),

m-2 (13)
u(©0)=0,  u(l)=> au(mn),
i=1
wherem > 3,0 <a; <1(i=12,...,m-2),0< 1 <1 < <y < 1are constants,

ZZ{Z a; <1, f(t,u) is singular att =0, t = 1 and u = 0, under conditions that
(Hy) f(t,u) € C((0,1) x (0, +0), [0, +0)), and f(t, u) is decreasing in u;
(Hp) f(t,1)#£0, f(l)t(l — 1) f(t, AMf(1 —t))dt < +oo, for all A > 0.

The purpose of this paper is to establish existence and uniqueness result of positive
solution to SBVP(1.1), (1.2) under conditions that are weaker than conditions in [7] and hence
improve the result in [7] by using perturbation technique and Schauder fixed point theorem
[30].

Throughout this paper, we make the following assumptions:

(Co)a;>0,i=1,2,...,m—-2and X" %a; < 1;

(C1) f:(0,1) x (0,400) — [0, +00) is continuous and nonincreasing in u for each fixed
te (0,1);

(C) 0< f(l)s(l —5)f(s,ug)ds < +oo for each constant ug € (0, +c0).

2. Preliminary

We consider the perturbation problems that are given by

u'(t) + f(tu(t)) =0, te(0,1),

u(0) = h, u(l) = mz_zzxiu(rli) + <1 - mz_zai>h,
i1 i1

2.1,

where h is any nonnegative constant.

Definition 2.1. For each fixed constant h > 0, a function u(t) is said to be a positive solution of
BVP(2.1), if u € C[0,1] N C?(0,1) with u(t) > 0 on (0,1] such that u"(t) + f(t,u(t)) = 0 holds
forallt € (0,1) and u(0) = h, u(1) = 37> aju(m;) + (1 - X2 ) h.
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Lemma 2.2. Assume that conditions (Cy) and (Cy) are satisfied. Then, for each fixed constant ugy > 0,

Ui
tlirgt f(s,ug)ds =0, (2.2)
—0* ¢
t
tlinl1 1-1) f(s,up)ds = 0. (2.3)
- Hm-2

Proof. We only prove (2.2). And (2.3) can be proved similarly.
For each fixed constant uy > 0, let

m
o(t) = tJ f(s,up)ds for t € (0,m]. (2.4)
t
Then from the conditions (C;) and (C,), we have

0<o(t) < F

1 Uil
sf(s,up)ds < J‘ sf(s,up)ds < +oo for t € (0,11],
t 0

" (2.5)
v'(t)=| f(s,up)ds—tf(t,ug) forte (0,m].
t
Hence from the conditions (C;) and (C;), we have
m m m M m
f | (t)|dt < f dtf f(s,up)ds + f tf(t uo)dt = zf tf (¢, up)dt < +oo. (2.6)
0 0 t 0 0
This implies that /() € L'(0,1), and hence for each t € [0, 71],

t t m t m
fov (T)dr = fodeT f(s,up)ds — JOTf(T, up)dr = tft f(s,up)ds = v(t). (2.7)

Thus, it follows from the absolute continuity of integral that lim;_,o-v(¢) = 0, that is,

m
tlin01 tJ f(s,up)ds = 0. (2.8)
—0* t
This completes the proof of the lemma. O

In the following discussion G(t, s) denotes Green’s function for Dirichlet problem:

-u"(t)=0, tel0,1],
(2.9)
u(0) =u(l) =0.
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Then Green’s function G(t, s) can be expressed as follows:

(1-t)s, 0<s<t<],
Glt,s) = (2.10)
(1-s)t, 0<t<s<l.

It is easy to see that Green’s function G(t, s) has the following simple properties:

(1) 0<t1-8s(1-s)<G(ts) <s(1-s)for(ts)e[0,1] x[0,1];
(ii) G(t,s) > 0 for (t,s) € (0,1) x (0,1);
(iii) G(0,s) = G(1,s) =0 for s € [0,1].

By direct calculation, we can easily obtain the following result.

Lemma 2.3. Assume that conditions (Co), (C1), and (Cy) are satisfied. Then, u(t) is a positive
solution of BVP(2.1); (h > 0) if and only if u € C[0,1] is a solution of the following integral
equation:

u(t) = f:G(t, s)f(s,u(s))ds + Za,f G(ni,s) f(s,u(s))ds +h, (2.11),

1_211 aitli =1

such that u(t) > h > 0on (0,1].

Lemma 2.4. Assume that conditions (Cy), (C1), and (Cy) are satisfied. Suppose also that u € C[0,1]
is a solution of the following integral equation:

m—2

1
() = [ Gl9) 75 ue))ds + —— z
1 i=1

alf G(ni,s) f(s,u(s))ds, (2.12)

such that u(t) > 0 on (0,1]. Then, u(t) is a positive solution of SBVP(1.1), (1.2).

Proof. Since u € C[0, 1] is a solution of (2.12) with u(t) > 0 on (0, 1], then for each ¢ € (0,1),

1

Jts(l —1t)f(s,u(s))ds < +oo, f t(1-s)f(s,u(s))ds < +oo. (2.13)
0 t
So for each t € (0,1), we have

ft sf(s,u(s))ds < +oo, f(l —5)f(s,u(s))ds < +oo. (2.14)
t

0

For convenience, let ¢ =: (1/(1 - X% (xlql)) z;ﬁ;z aif(l)G(qi, s)f(s,u(s))ds. Take t € (0,1) and
At such that t + At € (0,1), then from the definition of derivative, the mean value theorem of
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integral, and the absolute continuity of integral, we have

lim u(t+ At) —u(t)

At—0 At
1 t+At 1
= Al}LnOA—t <f0 s(1-t—At)f(s,u(s))ds + Jt+At(l —-s)(t+ At)f(s,u(s))ds

1
_fts(l —t)f(s,u(s))ds - I t(1- s)f(s,u(s))ds> +c
0 t

1 t £+AE
= lim A7 <—LsAtf(s,u(s))ds + f s(1—-t—At)f(s,u(s))ds

At—0 t
t+At

1
+jt+At(1 —-5)Atf(s,u(s))ds — f

t

t(1 - s)f(s,u(s))ds> +c
= —It sf(s,u(s))ds +t(1—t)f(t, u(t)) + Jl(l —-5)f(s,u(s))ds —t(1 —t) f(t,u(t)) +c
0 t

1
= —It sf(s,u(s))ds + f (1-s)f(s,u(s))ds +c.
’ t (2.15)

Hence

t

1
u'(t) = —Josf(s,u(s))ds + 4[: (1-5)f(s,u(s))ds+c forte (0,1). (2.16)

Consequently ' € C(0,1).
Again, from the definition of derivative and the mean value theorem of integrals, we
have

] ol
lim % (t+ At) —u'(t)
At—0 At

+A 1
= lim 1 <—ft tsf(s, u(s))ds + f (1-5)f(s,u(s))ds
0

At—0 At AL

t 1
+’[ sf(s,u(s))ds - f 1- s)f(s,u(s))ds>
0 t (2.17)

t+1 t+At
= AltigloAit <—f sf(s,u(s))ds - f (I-5)f(s, u(s))ds>

t t

AL
- Alzgloi <_It f(S,u(S))ds>

=—f(t,u(t)) forte(0,1).

Hence v (t) = —f (¢, u(t)) for t € (0,1). In particular, u” € C(0,1).
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On the other hand, from (2.12), we have u(0) = 0 and

m-2 m-2 1 i m-2 1
Zaiu(qi) = Zai (I G(ni,s) f(s,u(s))ds + TZ(X,-I G(rl,-,s)f(s,u(s))ds>
i=1 i=1 0 1-X 0

i=1 QXili i=1

m-2

('Gen X T
o G s u)ds + = e e Gl s u(sas

i=1
1 fg fl

= ———5—— .| G(nis)f(s,u(s))ds
1- Zi:lz aifli i=1 70

=u(1).
(2.18)

In summary, u(t) is a positive solution of SBVP(1.1), (1.2). This completes the proof of the
lemma. O

Remark 2.5. Assume that all conditions in Lemma 2.4 hold. Then
(1) if f € C([0,1) x [0,+00), [0, +00)), we have

u e C[0,1]nC'[0,1) N C*(0,1); (2.19)
(2) if f € C((0,1] x (0,+00), [0, +00)), we get
u e C[0,1]nC'(0,1] nC?(0,1). (2.20)

Lemma 2.6. Assume that conditions (Cy), (C1), and (Cy) are satisfied. Then, for each constant h > 0,
BVP(2.1),, has a unique solution u(t; h) with u(t; h) > hon [0, 1].

Proof. We begin by defining an operator T in Dy, by

1 t m-2 1
(Tu)(t) = JOG(t, s)f(s,u(s))ds + %;alj‘oc(w’ s)f(s,u(s))ds+h,  (221)

where Dy, := {u € C[0,1] : u(t) > h on [0,1]} is a convex closed set. Then from Lemma 2.2
and the condition (C;), we have Tu € C[0,1] and Tu satisfies

(Tw)"(t) + f(t,u(t)) =0, te(0,1),

m-2 m-=2 (222)
(Tw)(0)=h,  (Tu)(1) = > a;(Tu)(n;) + <1 - Zai>h.
i=1 i=1

We now apply Schauder fixed point theorem [30] to obtain the existence of a fixed

point for T. To do this, it suffices to verify that T is continuous in Dy, and T(Dj,) is a compact
set.
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Take uy € Dy, and let {ux};2, C Dy, such that

lluk = wollcro1) — 0 as k — oo. (2.23)

Then for each t € (0,1),

f(t,ur(t)) — f(t,up(t)) as k — oo. (2.24)

From the definition of T, we have

1 ; m-2 Al
(Tug) (t) = IOG(t, s) f (s, uk(s))ds + m éaiJ‘OG(qi, s)f(s,ux(s))ds+h. (2.25)

Also, from the conditions (C;) and (C;), we have

f(tuo(t)) + f(tur(t) <2f(t h) forte(0,1),
1 (2.26)
f s(1-s5)f(s, h)ds < +oo.
0

Thus by Lebesgue-dominated convergence theorem, we have

1
max|(Tue) (1) = (Tuo) ()] < [ Gls,9)| (5, 10(5)) = £, u(s)|ds
te[0,1] 0

T S22 g IOG(S, )| f(s,uk(s)) = f(s,uo(s))|ds

~ S a L _
) <1+1—Z?i;2aim>jos(1 $)|f(s,ux(s)) = f(s,u0(s))|ds

—0 ask — oo.
(2.27)

Therefore, T : D;, — Dy, is continuous.
Next we need to show that T(D,) is a relatively compact subset of C[0, 1].
(1) From the definition of T and the conditions (C;) and (Cy), for each u € D}, we have

0<h < (Tu)(t) < (Th)(t) forte [0,1]. (2.28)

This implies that T'(Dj,) is uniformly bounded.
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(2) For each u € Dy, since

t 1
(Tu)'(t) = —fosf(s,u(s))ds + jt (1-s)f(s,u(s))ds

(2.29)
g 2 G s fonreio
then
t 1
[(Tw)'(t)] < I sf(s, h)ds + f (1-s5)f(s, h)ds
0 t
5 (2.30)

l Z 2 azf G(ni,s)f(s, h)ds

=: M(t) forte]0,1].

Obviously M(t) > 0on [0,1], and

1 1
IOM(t)dt = 2jos(1 -3)f(s,h)ds + m;alf G(ni,s) f(s, h)ds

< ZJ‘:s(l -5s)f(s, h)ds + T 1 o Z“’ﬂs(l —5)f(s, h)ds (2.31)
— Zui=1 Qilli i=1
m-2
) <2 i %le“ —3)f(s, h)ds < +oo.

Thus M € L'(0,1). From the absolute continuity of integral, we have that for each number
€ > 0, there is a positive number & > 0 such that for all t1,t, € [0,1], if |t; — t2| < 6, then
|fZM(t)dt| < e. It follows that for all t1,t, € [0,1] with |t; — t2] < 6, we have

|(Tu)(t2) = (Tu)(t1)| = <e. (2.32)

® Twy (0] <
t

" [(Tw)'(t)|dt] <
t

5}
M(t)dt
1]

Therefore T(Dy,) is equicontinuous on [0, 1]. It follows from Ascoli-Arzela theorem that T(Dy,)
is a relatively compact subset of C[0, 1]. Consequently, by Schauder fixed point theorem [30],
T has a fixed point u(t; h) € Dy,. Obviously, u(t; h) > h > 0 on (0,1]. Hence from Lemma 2.3,
u(t; h) is a solution of BVP (2.1),,.

Next, we will show the uniqueness of solution. Let us suppose that u; (t; h), uy(t; h) are
two different solutions of BVP(2.1),,. Then there exists ty € (0, 1] such that u; (to; h) # ua2(to; h).
Without loss of generality, assume that u (ty; h) > ux(to; h). Let w(t) := ui(t; h) — up(t; h), then
w(0) =0, w(ty) >0, and hence there exists t; € [0, {y) such that

w(t)) =0, w(t)>0 forte (t,to]. (2.33)
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Further we have w(t) > 0 on (¢1,1]. In fact, assume to the contrary that the conclusion is false.
Then there exists t, € (fg,1] such that w(t;) < 0. Thus there exists t5 € (fy, f2] such that

w(ts) =0, w(t) >0 fort€ [ty,t3). (2.34)
Since w(t;) = 0, w(t) > 0 on (f1, fp], then

w'(t) = —f(t,u1(t; h)) + f(t, ua(t; h)) >0 for t € [t,t3]. (2.35)

It follows from w(t;) = w(t;) = 0 that w(t) < 0 on [#,£3]. This is a contradiction to w(t) > 0
on (tl, t3).

Now we prove that w(tf) > 0 on [0,#]. In fact, assume to the contrary that the
conclusion is false. Then there exists t4 € (0,t1) such that w(t;) < 0. Since w(0) = w(t;) =0
then there exist t5, tg with 0 < t5 < t4 < tg < t; such that

w(ts) =w(ty) =0, w(t) <0 fort e (ts,t). (2.36)
Thus,
w'(t) = —f(t,u1(t; h)) + f(t,ua(t; h)) <0 for t € [ts, t]. (2.37)

It follows from w(ts) = w(ts) that w(t) > 0 on [ts,ts]. This is a contradiction to w(t) < 0 on

(t5,t6)-
In summary, we have w(t) > 0 on [0,#] and w(t) > 0 on (t;,1]. Thus

1
w(t) = IOG(t, s)[f(s,u1(s; h)) — f(s,uz(s; h))]ds

2.38
szlf G(ni,8) [f(s,u1(s; h)) = f(s,uz(s; h))]ds (2.38)
1 Z aiti =1
<0 forte(0,1].
This is a contradiction to w(t) > 0 on (t1, 1]. This completes the proof of the lemma. O

Lemma 2.7. Assume that conditions (Cy), (C1), and (Cy) are satisfied. Then, the unique solution
u(t; h) of BVP(2.1),, is nondecreasing in h.

Proof. Let 0 < hy < hy, and let u(t; hy), u(t; hy) be the solutions of BVP(2.1),, and BVP(2.1),,,
respectively. We will show

u(t;hh) > u(t;hy) for t € [0,1]. (2.39)
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Assume to the contrary that the above inequality is false. Then there exists ty € (0, 1] such that
u(to; h1) < u(to; hp). Since u(0; hy) = hy > hy = u(0; hy), we have that there exists t; € (0, tg)
such that

u(ty;hy) =u(ti; ho), u(t;hy) <u(t;hy) for t € (t, to]. (2.40)

Next we prove u(t; h1) < u(t;hy) on (to,1]. In fact, assume to the contrary that the
conclusion is false. Then there exists t, € (f;, 1] such that

u(ty; hy) = u(tz; ho), u(t;hy) <u(t;hy) for t € [to, t2). (241)
Hence
u'(Eh) —u"(KEh) = —f(tu(t; b)) + f(tu(t; ha)) <0 for t € [, ta]. (2.42)

It follows from u(t; hy) = u(t;hy), i = 1,2 that u(t; hy) > u(t; hy) on [t,t2]. This is a
contradiction to u(t; h1) < u(t; hy) on (t1,t2). Thus u(t; hi) < u(t; hy) on (t1,1]. This implies
that

() —u" (K ho) = —f(tut; hy)) + f(Lu(thy)) <0 for t e [t,1]. (2.43)

It follows from u/(ty; h1) — u'(t1; hy) < 0 that /(£ hy) — v/ (t; hy) < 0 on [t1,1]. Hence, from
u(t; hy) < u(t; hy) on (t,1], we have v/(1; hy) — u'(1; hp) < 0. Thus

u(1;hr) —u(l; ho) < u(fm—o; h1) — u(m—; h2). (2.44)

There are two cases to consider.

Case 1 (see [t1 > 1—2]). In this case, we have

u(ni;hi) —u(ni;ha) >0, i=1,2,...,m-2. (2.45)

Hence from the boundary conditions of BVP(2.1),,, we have

m-2 -2
u(l;hy) —u(l; hy) = Zaiu(ﬂi; hi) + (1 - ai) h
i-1 i=1

i=

- rfa,-u(m; hz) - <1 - mz_zai> h2 (246)
i=1
m-2
> > ai(u(ni; ) - u(ni; ha)) > 0.
i=1

This is a contradiction to u(1; hy) — u(1; hy) < 0.
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Case 2 (see [t; < #Ju—2]). In this case, we have

u(1; h1) —u(l; ho) < u(fm—o; 1) — u(fm—2; h2) <0,

(2.47)
U(Mm—; M) — (-2, h2) <u(ni; ) —u(nihy), i=1,2,...,m-3.

It follows from (Cy) that
m—-2 m—-2
u( ) = u(ha) < D ai(u(tm-2; 1) = u(fm-2; h2)) < > ai(u(ni; ) — u(ni ha)).  (2.48)
i—1 i1

This is a contradiction to the boundary conditions of BVP(2.1),,.
In summary, we have u(t; h1) > u(t; hp) on [0,1]. This completes the proof of the
lemma. O

3. Main Results

We now state and prove our main results for singular second-order m-point boundary value
problem (1.1), (1.2).

Theorem 3.1. Assume that conditions (Cy), (C1), and (Cy) are satisfied. Then, SBVP(1.1), (1.2) has
at most one positive solution.

Proof. Suppose that u; () and u,(t) are any two positive solutions of SBVP(1.1), (1.2). We now
prove that uq () = u2(t) on [0, 1]. To do this, let v(f) = u1(t) —uz(t) on [0, 1]. We will show that
v(t) =0 on [0,1]. There are three cases to consider.

Case 1 (see [v(1) > 0]). In this case, we have that v(tf) > 0 on [0, 1]. In fact, assume to the
contrary that the conclusion is false. Then, there exists ¢y € (0,1) such that v(ty) < 0. Since
v(0) = 0 and v(1) > 0, then there exist t1,t; € [0,1) with t; < £y < ; such that

v(t) <0 on (f4,t), v(t1) =v(t) =0. (3.1)
Thus
V(1) = uj(t) —uy(t) = —f(t,ur(t)) + f(t,ua(t)) <0 for t € (44, 1). (3.2)

Hence v(t) > 0 on [t1, t2], which is a contradiction to v(t) < 0 on (1, £,). Therefore v(t) > 0 on
[0,1]. Consequently

V" (t) = —f(tur(t)) + f(t,ua(t)) >0 for t € (0,1). (3.3)

Thus v(t) is convex on [0, 1]. Since v(1) > 0 and

m-2 m-2 m-2
o(1) = w1 (1) —up(1) = > i () — D @iz (1) = D a0 (ms), (3:4)
i=1 i=1 i=1
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then there exists iy € {1,2,...,m — 2} such that

v(1;,) = max{v(rn;) :i=1,2,...,m—-2} >0, (3.5)

and hence from (Cp) and 0 < #;, < 1, we have

(1) < Za o(1i,) < v(13,) < v(nm) (3-6)

which is a contradiction to that v(t) is convex on [0, 1].

Case 2 (see [v(1) = 0]). In this case, we have that v(t) = 0 on [0, 1]. In fact, assume to the
contrary that the conclusion is false. Then, there exists ¢y € (0,1) such that v(ty) # 0. We may
assume without loss of generality that v(fy) > 0. Then from v(0) = v(1) = 0, there exist
t1,t, € [0,1] with t; <ty < t; such that

v(t) >0 on (t,t), ov(t)="2v(t)=0. (3.7)
Thus
V() = —f(Lur () + f(t,ua(t)) >0 for t € (t,t2). (3.8)
Since v(t) = v(ty) = 0, then
v(t) <0 fort€ (t,t), (3.9)

which is a contradiction to that v(t) > 0 on (t1, ;).

Case 3 (see [v(1) < 0]). In this case, similar to the proof of Case 1 we can easily show that
v(t) < 0on [0,1]. Consequently

V"(t) = —f(tur(t)) + f(t, uz(t)) <0 for t € (0,1). (3.10)

Thus v(t) is concave on [0, 1]. Since v(1) = X.1"] alv(q,) < 0, then there exists i € {1,2,...,m—
2} such that v(7;,) = min{o(r;) :i=1,2,...,m -2} <0, and hence from 0 < 7, <1, we have

v(l) 2 Z“ o(mi,) 20 (1) > v(ml) (3.11)

which is a contradiction to that v(t) is concave on [0, 1].

In summary, v(f) = 0 on [0, 1], that is, u1 () = up(t) on [0, 1]. This completes the proof
of the theorem. O
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Theorem 3.2. Assume that conditions (Cy), (C1), and (C,) are satisfied. Then SBVP(1.1), (1.2) has
exactly one positive solution.

Proof. The uniqueness of positive solution to SBVP(1.1), (1.2) follows from Theorem 3.1
immediately. Thus we only need to show the existence.

Let {h;}?2; be a decreasing sequence that converges to the number 0. Then from
Lemma 2.6, BVP(2.1)h]_ has a unique solution u(t; h;) := u;(t). From Lemma 2.7 and (2.11),,
we have that for each j < k,

0 <u;(t) —ux(t) <hj—hy forte[0,1]. (3.12)
Thus there exists u € C[0, 1] such that

limu;(t) = u(t) >0, uniformly on [0,1]. (3.13)
]

It is easy to see that u(t) satisfies boundary conditions (1.2).
Now we prove that

u(t) >0 forte (0,1]. (3.14)
At first, we prove that
u(ni,) = max{u(n) :i=1,2,...,m-2}>0, (3.15)

where iy € {1,2,...,m - 2}. In fact, assume to the contrary that the conclusion is false. Then
m-2
u(1) = > au(n) = 0. (3.16)
i=1

From the fact that each function in the sequence {u;}3 j=1 is concave, we have that u(t) is
concave. It follows from u(0) = u(#n;,) = u(1l) = 0 that u(t) = 0 on [0,1]. Thus when j is
large enough, u;(t) is small enough such that u;(t) < h; on [0, 1]. Hence from condition (Cy),
we have

1
(1) = [ Gl ) f(5,,(9)ds
mzazf G(1i,5) f(s,ui(s))ds + hj (3.17)
1 ii=1

1
> J‘ G(1iy,5) f (s, hy)ds > 0.
0
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Letj — oo, we have

1
u(1,) = J‘OG(in,s)f(s, hy)ds > 0. (3.18)

This is a contradiction to u(#;,) = 0. Thus u(#;,) > 0, and hence u(1) > 0. Since u(t) is concave,
then u(t) > 0 on (0, 1]. Since

t

1
u]-(t) = IOG(t, s)f(s,uj(s))ds + ml :

alj G(ni,s) f (s, uj(s))ds +hj,  (3.19)
then passing to the limit, by Monotone convergence theorem [31], we have

u(t) =I G(t,s)f(s,u(s))ds + - Z mz:alj G(ni,s) f(s,u(s))ds. (3.20)

,1 111:1

Therefore by Lemma 2.4, u(t) is a positive solution of SBVP(1.1), (1.2). This completes the
proof of the theorem. O

Finally, we give an example to which our results can be applicable.

Example 3.3. Consider the singular nonlinear second-order m-point boundary value problem:

" 1

+———————— =0, te(0,1),
thr (1 - t)Pu2p 0.1
(3.21)

m-2
u0 =0,  u(l)= > au(n),
i=1

wherem >3,0<m <M< - <fma<l,a>0 (i=12..m=-2), 3" 2a; <1, and

P, P € (0,2).
Let

1

W for (t,u) € (0,1) x (0, +o0). (3.22)

f(tu) =

Obviously, the function f(t,u) is singular att = 0,1 and u = 0. It is easy to verify that f(t, u)
satisfies conditions (C;) and (C;). So from Theorem 3.2, SBVP(3.21) has exactly one positive
solution. However, we note that Theorem 2 in [7] cannot guarantee that SBVP(3.21) has a
unique positive solution, since

J‘lt(l — 1) f(t, (1 - t))dt = +o0  for A > 0. (3.23)
0
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