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We investigate the scattering of plane harmonic compression and shear waves by a Griffith crack in
an infinite isotropic dielectric polymer. The dielectric polymer is permeated by a uniform electric
field normal to the crack face, and the incoming wave is applied in an arbitrary direction. By
the use of Fourier transforms, we reduce the problem to that of solving two simultaneous dual
integral equations. The solution of the dual integral equations is then expressed in terms of a pair
of coupled Fredholm integral equations of the second kind having the kernel that is a finite integral.
The dynamic stress intensity factor and energy release rate for mode I and mode II are computed
for different wave frequencies and angles of incidence, and the influence of the electric field on the
normalized values is displayed graphically.
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1. Introduction

Elastic dielectrics such as insulating materials have been reported to have poor mechanical
properties. Mechanical failure of insulators is also a well-known phenomenon. Therefore,
understanding the fracture behavior of the elastic dielectrics will provide useful information
to the insulation designers. Toupin [1] considered the isotropic elastic dielectric material and
obtained the form of the constitutive relations for the stress and electric fields. Kurlandzka
[2] investigated a crack problem of an elastic dielectric material subjected to an electrostatic
field. Pak and Herrmann [3, 4] also derived a material force in the form of a path-independent
integral for the elastic dielectric medium, which is related to the energy release rate. Recently,
Shindo and Narita [5] considered the planar problem for an infinite dielectric polymer
containing a crack under a uniform electric field, and discussed the stress intensity factor
and energy release rate under mode I and mode II loadings.

This paper investigates the scattering of in-plane compressional (P) and shear (SV)
waves by a Griffith crack in an infinite dielectric polymer permeated by a uniform electric
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field. The electric field is normal to the crack surface. Fourier transforms are used to reduce
the problem to the solution of two simultaneous dual integral equations. The solution of the
integral equations is then expressed in terms of a pair of coupled Fredholm integral equations
of the second kind. In literature, there are two derivations of dual integral equations. One is
the one mentioned in this paper. The other one is for the dual boundary element methods
(BEM) [6, 7]. Numerical calculations are carried out for the dynamic stress intensity factor
and energy release rate under mode I and mode II, and the results are shown graphically to
demonstrate the effect of the electric field.

2. Basic Equations

Consider the rectangular Cartesian coordinate system with axes x1, x, and x3. We decompose
the electric field intensity vector E;, the polarization vector P;, and the electric displacement
vector D; into those representing the rigid body state, indicated by overbars, and those for
the deformed state, denoted by lower case letters:

Ei = Ei +e;, Pl = ﬁi + pi, D,’ = Di + di. (21)

We assume that the deformation will be small even with large electric fields, and the second
terms will have only a minor influence on the total fields. The formulations will then be

linearized with respect to these unknown deformed state quantities.
The linearized field equations are obtained as

GjLi,j + El/]p] + ﬁjel'/]' = PUitt,
Bi,i _0o, (2.2)
dii =0,

where u; is the displacement vector, Ui% is the local stress tensor, p is the mass density, a comma
followed by an index denotes partial differentiation with respect to the space coordinate x; or
the time t, and the summation convention for repeated indices is applied.

The linearized constitutive equations can be written as

O.i? = )Luk,k(ﬁij + y(ui,]- + u]-,i) + A1 <EkEk + 2Ekek>6ij + Az <EZE] + Eie]- + Ejei>/

——  — — 1 — —
()'l.]]\./I = E0&r (ElE] + Ei(:‘]' + Ej€i> - 550 <EkEk + 2Ekek>6ijr

L B 2.3)
D; = gE;i + Pi = eo&,Ei,  di = eoei + pi = €oére,
- 1 = 1
Ei=—P; ei = —Ppi,
ot Eon

where Gl.]]\.’I
the electrostrictive coefficients, €y is the permittivity of free space, €,= 1 +7 is the specific
permittivity, 77 is the electric susceptibility, and 6;; is the Kronecker delta.

is the Maxwell stress tensor, A and p are the Lamé constants, A; and A, are
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The linearized boundary conditions are found as

”0]-1;”11]- + 2170 [(1_)](111(>2 + Zﬁkplnknl

n; = 0,
[ -0
eijknjHEi” =0, (2.4)
[Idi|]n;i — “Bi”ui,jnj =0,

ei]-k{n]-[le,ﬂ - nlnl,j“EH} =0,

where n; is an outer unit vector normal to an undeformed body, e;jx is the permutation
symbol, and [| fi|] means the jump in any field quantity f; across the discontinuity surface.

3. Problem Statement

Let a Griffith crack be located in the interior of an infinite elastic dielectric. We consider a
rectangular Cartesian coordinate system (x,y, z) such that the crack is placed on the x-axis
from —a to a as shown in Figure 1, and assume that plane strain is perpendicular to the z-axis.
A uniform electric field E is applied perpendicular to the crack surface. For convenience, all
electric quantities outside the solid will be denoted by the superscript +. The solution for the
rigid body state is

E,=¢E, D, E,, P,=0
= &rLo, = Eo€rLo, =Y
B y y - v (3.1)
Ey = Eo, Dy = EoErEo, Py = E(ﬂ]Eo.
The equations of motion are given by
1 2A.E AsE 1
Vit + 1-2v (e +1ty,y)  + :l Sey.+ ; Sexy = C_guxltt/
(3.2)

AyEp

1 Ey
Viu, + T (s +yy) , + Cxx + ;(2A1 + Ay + As)ey,y = Sty

2

where V2 = 8?/0x* + 9*/dy? is the two-dimensional Laplace operator in the variables x, y, v
is the Poisson’s ratio, c; = (u/ p)l/ 2 is the shear wave velocity, and A3 = A, + €7 The electric
field equations for the perturbed state are

exxtey, =0, e, . +e, =0. (3.3)
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Incident waves

= 1T T 1

Figure 1: Scattering of waves in a dielectric medium with a Griffith crack.

The electric field equations (3.3) are satisfied by introducing an electric potential ¢(x,y,t)
such that

e = _¢,i/ V%d) =0,

(3.4)
e =g Vipr=0.

The displacement components can be written in terms of two scalar potentials ¢.(x, v, t) and

@e(x,y,t) as
Ux = Pex T Pe,y, Uy = QPey — Pe,x- (3.5)

The equations of motion become

E() Co 2 1
Vip, - F(ZAl + Ay + A3z) <c_1> by = 2 Peit
1
(3.6)
E 1
2 0 _
Vl(lfe + 7A2¢,x = C_i(lfe,ttr

where ¢; = {(A +2u)/p}"/? is the compression wave velocity.
Let an incident plane harmonic compression wave (P-wave) be directed at an angle y
with the x-axis so that

¢. = oo exp [—iw{t + M }] , @l=0 (P-wave), (3.7)
1
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where ¢ is the amplitude of the incident P-wave, and w is the circular frequency. The
superscript i stands for the incident component. Similarly, if an incident plane harmonic shear
wave (SV-wave) impinges on the crack at an angle y with x-axis, then

Xcosy +ysiny

9. =0, @ =wpnexp [—iw{t + = }] (SV-wave), (3.8)

where ¢, is the amplitude of the incident SV-wave. In view of the harmonic time variation of
the incident waves given by (3.7) and (3.8), the field quantities will all contain the time factor
exp(—iwt) which will henceforth be dropped.

The problem may be split into two parts: one symmetric (opening mode, Mode I) and
the other skew-symmetric (sliding mode, Mode II). Hence, the boundary conditions for the
scattered fields are

Mode I:

0y (x,0) =0 (0< x| <o),
$x(x,0) = —nEottyx(x,0) + ¢ (x,0)  (0< x| <a),
$(x,00=0 (a<|x|<oo), (3.9)
oy, (x,0) = —eon’Eod,y — pjexp(—iajxcosy) (j=1,2) (0<|x| < a),

uy(x,0)=0 (a<|x| <o),

Mode II:

0y, (x,0)=0 (0< x| <o),
$x(x,0) = =nEotty(x,0) + ¢ (x,0) (0 <|x| <a),
¢y (x,00=0 (a<l|x| <o), (3.10)
Oy (x,0) = —gjexp(=iajxcosy) (j=12) (0<lx[<a),

uy(x,0) =0, (a<|x|<o0),

where the subscript j = 1 and 2 correspond to the incident P- and SV-waves, p1 = pa3¢eo(1 -
202c08%Y), p2 = paAPSIN2Y, g1 = PaSPe00 SN2y, go = paipecos2y, ay = p/c and, ap =
p/c> are the compression and shear wave numbers, respectively, and o = ¢»/c;.

4. Method of Solution

The desired solution of the original problem can be obtained by superposition of the solutions
for the two cases: mode I and mode II. The problem will further be divided into two parts:
(1) symmetric with respect to x and (2) antisymmetric with respect to x.
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4.1. Mode I Problem
4.1.1. Symmetric Solution for Mode I Crack

The boundary conditions for symmetric scattered fields can be written as

Oyes(%,0) =0 (0<x < 00), (4.1)

Ps,x(x,0) = = Equys x(x,0) + % (x,0) (0<x<a),
$:(x,0)=0 (a<x<o), 2
ojys(x, 0) = —eo"Eops,y — pj cos(ajxcosy) (j=1,2) (0<x<a), w3

uys(x,0) =0 (a<x <o),

where the subscript s stands for the symmetric part. It can be shown that solutions ¢, ¢.s,
@es, and @} of (3.4) and (3.6) for y > 0 are

s = _EJ‘ as(a)e ™ cos(ax)da,
TJ)o

(4.4)
o 2
Pes = EI Ars(a)e ¥ + <2) @(2A1 + Ay + Az)aag(a)e™™ ¢ cos(ax)da,
7)o p/ K
ZJ'OO _ Co 2E0 _ .

s = — Agg(a)e @y _ (—) — Ayaag(a)e™™ ¢ sin(ax)da, (4.5)

LG { ’ p) '’
¢r = —%J‘ aZ (a) sinh(ay)cos(ax)da, (4.6)

0

where as(a), A1s(a), Azs(ar), and a? (a) are unknown functions, and y; («) and y»(a) are

() = {a2 - (g)z}m, o(at) = {az - (}%)z}l/z. (47)

The functions y; (a) and y2(a) should be restricted as

Reyi(a) >0, Imyk(a) <0 (k=1,2) (4.8)

in the upper half-space ¥ > 0, because of a radiation condition at infinity and an edge
condition near the crack tip. A simple calculation leads to the displacement and stress
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expressions:
2 (* “11(a) “Y2(a)
Uxs = =— | |aAis(@)e ™ 4 yp (@) Az (a)e Y
0
c2\*Eo
+<;> 7(2141 + As)a’as(a)e™™ | sin(ax)da,

2 (o)
uys = _;J‘ I:Yl (a)Als (“)eiyl(a)y + “AZS (“)€7Y2(a)y
0

2
+<%2) %(ZAl + Ag)azas(a)e_“y:l cos(ax)da,

ok = —iqu i(E)z +a?  Ars(2)e @Y 1y () Agg () e 2DV
s xt)o I] 2e \a ° °

2
+% { <%) QA1 + A3)¢x2 + Ay }aas(cx)e—"‘y] cos(ax)da + AlE(Z),

b 2
O';%ys = zﬂf |:20{Y1 ([X)Als(a)e—)’l(vl)y + {20{2 _ <£> }Azs(d)e_YZ(a)y
T o

0

2
+% {2(%) (2A; + Az)a® — Az}aas (a)eay] sin(ax)da,

L 4 (“ 1/p : 2 —1(a) “12(a)
Oyys = —H —=( =) +a"  Ais(a)e VY +ayy(a) Agg(a)e 1Y
0

E 2
+70 { <%) (A1 +A3)a*—(A1+A) }aas(a)e—ﬂy:I cos(ax)da + (A; + A2)E3,

M 2 “ EoES
Oxxs = ;EOEOIO aas(a)e”™ cos(ax)da — —

Mo 2 o
Oxys = —;€0€rEo . aag(a)e”™ sin(ax)da,

2 * _ eoE2(1+27

Cyys = ‘;(1 + 2ﬂ)€050f0 aas(a)e”™ cos(ax)da + %

(4.9)

The boundary condition of (4.1) leads to the following relation between unknown
functions:

2
2ay1 (a) Ars(a) + {20{2 - <C£2>2}A25(a) + %{2(%) (A + Az)a® — Az}aas(zx) =0.
(4.10)
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The satisfaction of the two mixed boundary conditions (4.2) and (4.3) leads to two
simultaneous dual integral equations of the following form:

Ima[as(a) +nEgAs(a)] sin(ax)da =0 (0<x<a),
0

_ (4.11)
f as(a) cos(ax)da =0 (a<x<o0),
0
joo [ EO Jr
a fe(a)As(a)+—fm(a)as(a)] cos(zxx)da=—4—pj cos(ajx cosy) (0<x<a),
° a ) a 4.12)
f Ags(a) cos(ax)da =0 (a<x<o0),
0
in which f.(a) and f,,(a) are known functions given by
fel) = ———— —{2a2 - (3>2}2 Fa (@ (@) | o=,
r(a)(p/c2) €2 20t
_ 1 oo (PY (4.13)
fm(ex) —Y1(a)(p/02)2 [ {Za <C2> }(2A1 +e01) + 211 (a)y2(a) Az

1 2
+2(X}’1 ([X) (2A1 +A3)— EYl (oc) (%) <2A1 +2A2—£01’12>] g,

and the original unknowns Ajs(a) and Aps(a) are related to the new one Ag(a) through

1

Arsl@) = ————
e ri(@) (/)

[{2a2 - (p/C2)2}AS(0{) + %(ZAl + soq)a2as(a)] ,
(4.14)

1 E
Ags(a) = W [ZDCAS (a) - FOAZUCQS (“)] .

The set of two simultaneous dual integral equations (4.11) and (4.12) may be solved
by using a new function ®4(u), and the result is

_ T pia’ Y
A =T <—My0> f w20, 1) o(war)d,

o nEop;a® J‘1 12
as(a) = 4< P > ou @, (u) Jo(aau)du,

(4.15)



Boundary Value Problems 9

where Jj() is the zero-order Bessel function of the first kind, and ¢y and yy are

2
Cy = <C_2> _1/
C1

1 Ui
yo=1+ 5 [(1 -2v)(2A1 + &) —2(1 - v) <£0112 + e — A2>] EE(Z).

(4.16)

The function @, (u) is governed by the following Fredholm integral equation of second kind:

1
@, (1) — IOQS(S)(su)l/ZKS(u, s)ds = u'?Jo(ajaucosy), (4.17)

where the kernel K (1, s) is given by

K,(u,s) = IO o+ ﬁ{ fi(a) - nE2 f,*n(a)}] Jo(a) Jo(as)da, (4.18)
1 2
F1@) = i |- (20 - P°) e @),
1
1@ = 55 [~ (262 - P2) (2401 +17) - 208} ()13 (@) Aco (4.19)
+2a3yf(a)(2Ael +Ap+1) - (x}ff(o{)P2 <2A31 + A — 112>],
r@={a-ra)”,  pw=(a-r2)",
4.20
E‘i:gO_E‘(Z)/ Aelzér A62:é/ P:%/ O-:C_Z' ( )
U £0 £0 C C1

The kernel function K(u,s) (4.18) is an infinite integral that has a rather slow of
convergence. To improve this problem the infinite integral is converted into integrals with
finite limits. Thus, for the calculation of the integral, we consider the contour integrals

L= § Lot ) ko) HY (ki (u>5),

T

' (4.21)
lo=§ Loyt i) ko) HY (kdk (u>5)

I

where the contours I'y,I'; are defined in Figure 2, Hél)(),Héz) () are, respectively, the zero-
order Hankel functions of the first and second kinds, and

Le(k i 13) = k+ ——{ fi(0) = nEL fru(0) }. (4.22)

coyoP
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ImK

Branch line

ReK

Figure 2: The counters of integration.

The integrands in (4.21) satisfy Jordan’s lemma on the infinite quarter circles, so that,

ay
Ii+1,= f {Le (a, iv’l,iv'z)Hél) (au)da + L, (a, —iv’1,—iv'2)Hé2)(au) }]o(zxs)dzx
0

a
+ J {Le (a,v1, iv’z)Hél) (au)da + L. (a, vy, —iv’z)H((J2> (au) }]o(as)da

ai

2 f " L(a, vi,v2) Jo(as) Jo @) da

ap
0
+ J {Le (i, iv'1,iv'5) + Lo (—ia, —iv'y, —iv'2) } Jo <ei”/2as> Hél) <ei”/2au>i da =0,

” (4.23)

where
1/2 1/2
v1=<a2—P202> ) v2:< 2_P2> )

. PN V) , 5 \1/2 (424)
v1:<P0'—a> , v2:<P—a> .

Because of the second of (4.8), the integral in (4.18) must be taken along a path located slightly
below the real k-axis as in I'>. Therefore K;(u, s) for u > s can be finally written as

1
{M1([x)]0(aPs)H(()l)(szu) + M, (a)]o(achs)Hél)(achu) }da, (u>s),

(4.25)

Ks(u,s) = isz
0
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where
~ 1 ’ 5 5\ 1/2
M (a) ——Kyo<2+qEﬂAez>ex (1-a2) ",
(4.26)
11 22 N’ 2 2(n 22 4\ 2 }
Ma(ar) = coyozu—az)l/z{(z“" 1) - B0’ (2000% ~1)a 24 1) |.

The kernel K;(u, s) is symmetric in u, s, and the value of this kernel for u < s is obtained by
interchanging u and s in (4.25).

4.1.2. Antisymmetric Solution for Mode I Crack

The boundary conditions for anti-symmetric scattered fields can be written as

Opea(x,0) =0 (0<x <o), (4.27)
¢ﬂ,x (x,0) = _TlEOuya,x (x,0) + (i);,x(X, 0), (0<x<a),
(4.28)
Pa(x,0)=0 (a<x<o0),
Oyya(x,0) = ~€01’Eoday — pjsin(ajx cos y)  (j=1,2) (0<x <a),
(4.29)

uya(x,0) =0 (a<x<o0),

where the subscript a stands for the anti-symmetric part. The solutions ¢,, ¢eq, ¢eq and ¢
are

P = —%Jm az(a)e ™™ sin(ax)da,
0
(4.30)

0 2
Pea = %J‘ {Ala(a)e‘yl(“)y + (%2) %(2A1 + Ay + Ag)aaa(a)e‘“y} sin(ax)da,
0

o 2
Yea = EJ Aga(a)e @Y _ (2) EAzaaa(a)e‘“y cos(ax)da, (4.31)
7)o P/ K

Pt = —%J‘:oa;(a) cosh(ay) sin(ax)da, (4.32)



12 Boundary Value Problems

where a,(a), Aia(a), Azx(a), and aj(a) are unknown functions. The displacements and

stresses are obtained as

Uxa = %f {aAla(“)e_Yl(a)y - YZ(“)AZa(“)e_YZ(a)y
0

2
+ <%> %(ZAl + A3)a2aa(a)e“y} cos(ax)da,

(4.33)
2 [ee]
Uya = _;Io {Yl(‘x)Alu(a)e_Yl(a)y — aAga(a)e WY
C 2E0 >
+<—> — (A1 + A3)a*ag(a)e™™ } sin(ax)da,
p/ K
4 =[x /p\? B )
L __* AP 2 yi(a)y _ Y2(2)y
Oxxa ﬂ'#J‘o [{ 2# (Cl> +ta }Ala(a)e “Y2(“)A2a (a)e
Eo C2 2 > —a .
+7 ; (2A1 + Az)a” + Ay raas(a)e”™™ | sin(ax)da,
2 (* p 2
O'g%ya = —;#J‘O |:2D£Y1 (a)Ame‘h(a)y - {Zaz - <a> }Azu(a)e_YZ(“)y
(4.34)
Eo o)’ 2 a
+7 2 ? (2A1 + Az)a” — Ay raa,(a)e™™ | cos(ax)da,
4 = 1/p\? B B
L _ 2 (a) (a)
Ovwa = ;”J 0 [{'§<c_z> o }Alam)e " — ay (@) Aga(a)e
E [ /) 2 e
+7 o (2A; + A3)a” — (A1 + Ap) taagz(a)e™ | sin(ax)da,
M _ 2 ® —ay
Opva = —€0Eo | aaz(a)e™ sin(ax)da,
T 0
(4.35)

2 [oe]
ch\;a = ;EOErEOJ aaq(a)e™™ cos(ax)da,
0
Oyya

M _%(1 + ZH)SOEOI aag(a)e”™ sin(ax)da.
0

The relation between unknown functions can be found by the same procedure as in
the symmetric case. The boundary condition of (4.27) leads to the following relation:

2 2
2ay; (o) Ara () — {2a2 - ((’%) }Az,z(a) + %{2(%) (A1 + A3)a® - Az}aaa(a) =0.
(4.36)
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The boundary conditions in (4.28) and (4.29) lead to two simultaneous dual integral
equations of the following form:

Jm afaq(a) + nEgAa(a)} cos(ax)da =0 (0<x<a),
’ B (4.37)
J ag(a)sin(ax)da=0 (a<x< o),
0

f:oa{fe(a)Aa(a) + %fm(a)aa(a)} sin(ax)da = —%pi sin(ajxcosy) (0<x<a),

o (4.38)
f Ag(a)sin(ax)da =0 (a<x <o),
0

in which the original unknowns A1, (a), A2, (a) are related to the new one A, (a) through

Ag(a) = —;2 I:{Zaz - <CB>2}Aa(a) + %(ZAl + soq)azaa(a)],
2
1i(a)(p/c2) (4.39)
1 E
Agq(a) = —m{zaAa(“) - FOAzlma(“) }

The unknowns A,(a) and a,(a) can be found by the same method of approach as in
the symmetric case. The results are

A2
Aca) =7 <ﬂ>f 1u1/2®a(”)]1(uau)du,

! Hev ’ 4.40

x ((nEopja®\ (! o
ag(a) = -2 TEOPIT Iu1/2®a(u)]1(aau)du,

4\ pcoyo 0

where J1() is the first-order Bessel function of the first kind, and @, (u) in (4.40) is the solution
of the following Fredholm integral equation of the second kind:

1
@, (u) - IOCDa(s)(su)l/zKa(u, s)ds = u'?J; (ajaucosy), (4.41)

where

Ka(u,s) = f: [a + COJW{ fi(a) ~nEXf1 (@) }] Ti(aw) 1 (as)da (u > s). (4.42)
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By using the contours of integration in Figure 2, the kernel K, (1, s) for u > s can be rewritten
in the form

K. (u,s) = iszl{Ml(vc)]l (aPs)Hl(l)(rxPu) + M, (a)]l(aoPs)Hl(l)(aoPu) }da (u>s),
0
(4.43)

where Hl(l) () is the first-order Hankel function of the first kind. The value of K,(u, s) foru < s
is obtained by interchanging u and s in (4.43).

4.1.3. Mode I Dynamic Singular Stresses Near the Crack Tip

The mode I dynamic electric stress intensity factor K;p is

Y 172 L L M M
Kip = xlgrlb{Zyr(x -a)} {OWS +0yya + Oyys + Oyya }y:O
. (4.44)
0 .

= pj(a)' 22 [0(1) - i®4(1)],

Yo
where
zo=1+ %{(1 -2v)(2Aa +1) +2(1 -v) (A + 1+ 1) }rlE/Zl. (4.45)

Next, we examine the static electroelastric crack problem. The boundary conditions may be
written as

0y (x,00=0 (0<x <o), (4.46)
¢,x (xr 0) = _TIEOuy,x(xl 0) + Gb}(x/ 0)/ (0 Sx< a),
(4.47)
¢(x,0)=0 (a<x<),
EZ
ojy(x,O) = 50,12{70 - Eo¢,y} (0<x<a),
(4.48)
uy(x,0) =0 (a<x<o).
The electric stress intensity factor Krs may be obtained as
2A0 +2A0 -1
Kis = pE3(ra)"/ 2<@) Lt ol (4.49)
Yo 2

The dynamic stress intensity factor K; can be found as

K[ = |K1D| + KIS- (450)
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The dynamic electroelastic stress is given by

of = o-? + o)

M(i M
ii = 0j i +O @ 4 M), (4.51)

ij if

The singular parts of the dynamic local stresses and Mexwell stresses near the crack tip can
be expressed as

ok ~ &{ 2+ {2(1-2v) A1 +2(1 - v) A2 — q}Efm]
220

0 30 0
a— 2 1 — 1 — —_——
—[2 +{(1-2v)(2Ac1 +1) +2(1 v)Aez}E#n] sin 5 sin = }cos 2 G
L atE ] eos e 01
Oy G [2 +{2(1-2v)(2Aa +1) +2(1 v)Aez}E#q] sin 5 cos 7 cos T

oL ~ &{ [2 +{2(1-2v) A +2(1 - v) Az - n}Eﬁn]
220

vy
+ [2 +{(1=2v) (240 + 1) +2(1 - v) Aps }Eﬁq] sin g sin ? } cos g(leW
(4.52)
oM ~ —IZ<—OI(1 - v)qu cos gm,
ony ~ —f—;(l - v)ne, E, sin gﬁ (4.53)
O'yNyI ~ IZ<—OI(1 -v)(1+ ZrZ)qEﬁ cos gw,

where r = {(x —a)*+ yz}l/2 and 0 = tan"!(y/(x — a)) are the polar coordinates. Also, the

singular parts of the displacements and electric fields near the crack tip are

K 1/2
Uy ~ 2201# (é) {2(1 -2v) - {(1-2v)(Ac1 +7) -2(1 - v)Aez}Eiﬂ

+[2 +{(1-2v) (A +7) +2(1 - v)Ad}Eiq] sinzg} cos Q,

2
K, /r\'? ) ,0)1 . 6
uy ~ 220 <E> {4(1 -v) + [2 +{(1-2v) (A +1) +2(1 - v)Aez}E#n]cos E} sin 5,
(4.54)
K; 1 .0
Ey~—-——————(1-v)nEpsin <,
S R (4.55)
ﬁ;(l—v) E cosg |
! zon )12 TR0 cos -
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4.2. Mode II Problem

Since the mode II problem may also be reduced to the solution of two simultaneous dual
integral equations in the same way as the mode I, many of the details of solution procedure
will be omitted and only the essential steps will be provided.

4.2.1. Symmetric Solution for Mode II Crack

The boundary conditions for symmetric scattered fields are

0yys(%,0) =0 (0<x<00), (4.56)
Psx(x,0) = _TlEOuys,x(xr 0) + ¢;,x(x; 0) (0<x<a),
(4.57)
$sy(x,0) =0 (a<x<o),
GJEys(X,O) =—gjcos(ajxcosy) (j=1,2)(0<x<a),
(4.58)

Uys(x,0) =0 (a<x<oo).

Replace the subscript a by s, az(a), Aia(a), Aza(a), and af(a) by bs(a), Bis(a), Bas(ar), and
b} (a), respectively, in (4.30)—(4.35). The boundary condition of (4.56) leads to

2 2
{Zac2 - (C%) }B1s(a) — 2ays(a) Bas () + 2% { (%) QA1 + Az)a? — (A1 + Ay) }abs(“) =0.

(4.59)

Introducing the abbreviation

Blo) = () = (W) B + /1 2%<2A1+A3>a2bs<a>, (4.60)
p/c

and in view of two mixed boundary conditions (4.57) and (4.58), together with (4.59) and
(4.60), we have the following two simultaneous dual integral equations for the determination
of the function B, (a):

Ima{qufl(a)Bs(a) + fo(a)bs(a)} cos(ax)da =0 (0<x<a),
' 4.61)
f abg(a) sin(ax)da =0 (a<x <o),
0
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f:oa{f3(a)Bs(a) + %ﬂ;(u)bs(cx)} cos(ax)da = —Z—Zj cos(ajxcosy) (0<x<a),
(4.62)
j Bs(a) cos(ax)da =0 (a<x <o),
0

where

- a LAY a2
o) = —— (p/cz)z{ (2) +2n@n@-2a }

P nE;

=1+ —2 1%
S R (p/c)’ #

{—ZYl(“)Yz(“)(Al +Az) + p(a@)a(2A1 + As) + (2A2 - Aa)“z}

o1 (Y el 2|1
o= | {(cz) 2a} +4Y1(a)Yz(a)a]a,

p
fala) = m <2a2 - g> (2A2 — A3) —4y1(a)y2(a) (A1 + Ay)

2
+Y2(lX)lX(2A1 + A3) - %YZ(!X) < p > AZ}/

o
(4.63)

The solution of (4.61) and (4.62) are obtained by using two new functions g;(u) and
hs(u), and the results are

A2 1
Bu(a) = %(%)I /g, (1) o (@an)du,

0

42 1
by (a) = %<M>I "2 hg (u) Jo (@au)du,
0

(4.64)

where g5(u) and hs(u) are the solutions of the following Fredholm integral equations of the
second kind:

1
F1gs(u) + Fahs(u) - f0<su)“2{gs<s>1<15<u, s) + hs(s)Kas (1, 8) }ds = 0, (4.65)

1
F3gs(u) + quR;hs(u) —I (su)l/z{gs(s)K3s(u, s) + hs(s)Kus(u, s) }ds = —u'?J, (ajaucosy).
0
(4.66)
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The kernels are given by

1
Kis(u, s) = iP? MH(a)]o(aPs)H(l) (aPu) + Mu(d)]g(b‘(O’PS)H(l)(aGPu) da (u>s),
0 0 0

1
Kos(u,s) = iquEﬁf {M21 (tX)]O(aPs)Hél)(aPu) + Mzz(a)]o(aGPS)Hél) (aoPu) }th (u>s),
0

1
Kss(u,s) = iP?| { M1 (a)Jo(aPs)H" (aPu) + Mz (a) Jo(acPs)H" (acPu) Vda  (u > s),
0 0

0

1
Kys(u,s) = iquEiJ {M41(a)]0((xPs)Hél)(aPu) + M42([x)]0(zxoPs)H(§1) (aoPu) }dzx (u>s),

0

(4.67)
where
a? - 2a*
My (a) = —m,
1/2
My (a) = 20%a? (1 - a2> ,
o
My (a) = —W(Aez —1),
172
My (a) = —204a2<1 - (x2> (Aar + Ae2),
-2y (4.68)
Mz (a) = ——,
(1-a2)!/?

Mz (a) = 40*a? (1 3 a2>1/2,

a’(2a® - 1)
My (a) = —W(Aez -1),

1/2
My(a) = —404a2<1 - a2> (Ae1 + Ap2),
and F;=lim,_, fi(a) (i=1,...,4). The kernels Kjs(u,s) (i=1,...,4) are symmetric in u and s.
4.2.2. Antisymmetric Solution for Mode II Crack
The boundary conditions for anti-symmetric scattered fields are

0bya(x,0)=0 (0<x<o0), (4.69)

(i)a,x(x, 0) = _HEOuya,x(xl 0) + ()b;,x(x/ 0) (0<x<a),

Pay(x,0) =0 (a<x<o0),

(4.70)
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0L,q(x,0) = —gjsin(ajxcosy) (j=1,2) (0<x<a),

xya

(4.71)
Uxa(x,0) =0, (a<x<om).

Let replace the subscript s by a, as(a), A1s(a), Azs(ar), and a? (a) by ba(a), Bia(a), Boa(a) and
b} (a) in (4.4)—(4.6). The boundary condition of (4.69) leads to

2 2
{20(2 - ((%) }Bla(zx) + 2ay,(a)Baa(a) + 2%{(%) (A1 + Az)a® — (A1 + Az)}abu(a) =0.

(4.72)

Introducing the abbreviation

B.(a) = aBia(a) + y2(2) By, + %§(2A1 + Az)a’b, (), (4.73)
(p/c2)” M

and in view of boundary conditions (4.70) and (4.71), together with (4.72) and (4.73), we
have the following two simultaneous dual integral equations:

jma{qufl(a)Ba(a) + fo(a)ba(a) } sin(ax)da =0 (0<x<a),
0

" (4.74)
f abs(a) cos(ax)da =0 (a<x<o0),
0
et Ey . _ g .
ai fa(a)Ba(a) + 7f4([x)ba(a) sin(ax)da = " sin(ajxcosy) (0<x<a),
° ; (4.75)
f B,(a)sin(ax)da=0 (a<x < o0).
0
Equations (4.74) and (4.75) yield the solutions
rg;a® (!
Ba(a) = T [ g0 ),
H (4.76)

|
bala) = nEo - [ w0
0
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ga(u) and h,(u) are the solutions of the following Fredholm integral equations of the second
kind:

1
F1ga(u) + Foh,(u) - J (su)"?{ga(5)K1a(tt, 5) + ha(s)Kaa(u, 8) }ds = 0, (4.77)
0

1
F3g.(u) + qEﬁF4ha(u) - fo(su)1/2{ga(s)K3a(u, 8) + ha(5)Kua(u, 8) }ds = —u'/?J; (ajaucosy),
(4.78)

where

1
Kia(u,s) = iPZJ‘ {Mll(a)h(aPs)Hl(l) (aPu) + Mlz(a)h(ao"Ps)Hl(l)((xoPu) }d(x (u>s),
0
1

Ko, (u,8) = iPanﬁf {M21(LX)]1 (szs)Hl(l)(aPu) + Mzz(a)h(aoPs)Hl(l)(aoPu)}da (u>s),
0

1
Ksa(it,8) = ipzf { M (a) J1 (aPs)H" (aPu) + May(a) J; (aoPs)H" (ac Pu) }da (u>s),

0

1
Kys(u,s) = iquEiI {M41(0c)]1 (aPs)Hl(l)(szu) + M42(cx)]1([xoPs)H1(1)(aoPu) }doc (u>s),
0
(4.79)
and Kj,(u,s) (i=1,...,4) are symmetric in u and s.
4.2.3. Mode II Dynamic Singular Stresses Near the Crack Tip
The dynamic stress intensity factor Kyjp is obtained as
Kipp = lim {277(x - a) }1/2{o£ys + 0Ly + Orys + Otag }y_o
= gj(ra)'*{~F3[g:(1) — iga(D)] + z2[hs(1) — iha(1)]) (4.80)
= K} + K7y,
where
ngj = —qj ('7”1)1/21:3 [gs(l) - igu(l)]l
K}, = qj(a)'?2[ho(1) - iha(1)], (4.81)

22 = [20% (A + Aw2) = (Aez + 17+ 1) | EL.
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The singular parts of the dynamic local stresses and Maxwell stresses near the crack tip can

be derived as follows:

K? 0 30 0 K} 0 360 0

L 11 " 11 2 .
eI |24 cos = cos = Z_ 2E2nE. + F Z cos = =,
Oy T €0S 7 C0S — ] sin 7 ) l ulFa+ Fs cos 5 cos — ] sin o

0 K} .6 . 30 0
#1/2 [Eﬁrlﬂ — F5sin 5 sin 7] cos =,

K 30
L I : :
Ofy ~——— l—sm—sm—] cos = +
Y @ar)'? [ 2 2 2 z(20rr)
K3 360 K" 0 0 30
L 11 . 11 .
. GinZcos—~cos — 4+ ——1 _F ~ COS ~ COS —,
oy ) sin - cos - cos — = 55in 5 cos 5 cos —

K"
M 11 2
~ —————nkE; sin -,
= 22(271'1’)1/271 K2

h

K 0
M 11 2
oy, ~————nE;(1+mn)cos =,
Y 22(231'7')1/21Z H( ) 2
Kh 0
M 11 2 .
o, ~— E;(1+2n)sin —.
v 22(2][7)1/211 #( ) 2
(4.82)

The singular parts of the displacements and electric fields near the crack tip can be expressed

as
Kg , 1/2 1 0 0 Kh r 1/2 0 0
g ’ . 11 2 i
o . — — _ — F = Y
R (m) <F3 Feos 2>Sm2 +ﬂzz<27f> < 0 2>Sm2
Kg 1/2 0 0 Kh 1/2 fa}
uy, ~ ﬁ(é) (—1 + sinzi) cos 5 + p?li <é> <—F6 + F5sin2§ > cos =,
(4.83)
Kip 1 Ej cos
Zop (2.71'1‘)1/211 Y
Ky o1
E, ~-—1 sin —,
Y zop (ZJrr)l/Zn "2
where
F5 = [20'2(Ael +Ae) - (Aez - Tl)]ﬂEz,
(4.84)

Fe = [202(Ae1 + Ap) + (Ae - q)]qE;.
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Table 1: Material properties of PMMA.

#(M/mz) v Ae1 A n Er
1.1x10° 04 0 3.61 2 3
5. Dynamic Energy Release Rate
The dynamic energy release rate G is obtained as
G-= f i it xdS + f {(p= +©)6y — (o + o) i + D,-Ex} n;dr, (5.1)
S r

where S is the region with the contour I'. This expression may be thought of as an extension
to the J-integral given in [3]. If all the electrical field quantities are made to vanish, then (5.1)
reduces to the dynamic energy release rate for the elastic materials [8]. Writing the dynamic
energy release rate expression in terms of the mode I dynamic stress intensity factor, there
results

_;Lﬁ{c Ef + GE} +64(1 - v) (1-20)} (5.2)
T (T-2v) 128 U & '

where
C1 = 2k3 + k2 +4(1 - 2v)kyks + 2(1 = 2v) ki ko + (1 + 4v)ksky + 4(1 = v) (1 - 2v)n (ko — 217ks),
Cy = 4(1-2v) [3k1 — 4vky = 3ks +2(1 - v){12 = 16v + (7 - 8v)7 - 8(1 - v);f}q],
ki ={2(1-2v)Ac +2(1 -v)Ax —1}1,
ko ={(1-2v)(2Aa1 +1) +2(1 - v)Ax2}1,

ks ={(1-2v)(2Aa +1) —2(1 - v) A }7.
(5.3)

6. Results and Discussion

To examine the effect of electroelastic interactions on the dynamic stress intensity factor
and dynamic energy release rate, the solutions of the Fredholm integral equations of the
second kind (4.17), (4.41) for Mode I and (4.65), (4.66), (4.77), (4.78) for Mode II have
been computed numerically by the use of Gaussian quadrature formulas. We can consider
polymethylmethacrylate (PMMA), and the engineering material constants of PMMA are
listed in Table 1. The dynamic stress intensity factor K; can be found as K; = |Kjp| + Kis.

Figure 3 exhibits the variation of the normalized mode I dynamic stress intensity factor
|K1/pop(ra)*|(pop = padpeo) against the normalized frequency Q = aa, subjected to P-
waves for the normalized electric field E, = (17/ 50)1/ 2E, = 0.0,0.1 and the angle of incidence
y = ar/2. The dynamic stress intensity factor drops rapidly beyond the first maximum and
exhibits oscillations of approximately constant period as Q increases. The peak value of
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sfi—r77-

P-waves

Mode I
L —x/2
por/p = 0.01 y=r

|K1/pov(ra)t/?|

---E,=0
— E,=0.1

Figure 3: Mode I dynamic stress intensity factor versus frequency (P-waves, y = /2).

por/p = 0.01

G/Gy

---E,=0
— E, =01

Figure 4: Mode I dynamic energy relrase rate versus frequency (P-waves, y = 7/2).
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L Model
por/p =0.01

|K1/pop (ra)t/?|

P-waves

=== E,=0
— E, =01

Figure 5: Mode I dynamic stress intensity factor versus frequency (P-waves, y = 7 /4).

0.3 T T
Mode IT

o
¥}
T

o
=

|Kit/qop (ra)'/?|

N ”:0
— E, =01

Figure 6: Mode II dynamic stress intensity factor versus frequency (P-waves, y = 7 /4).

|K1/P0p(.71'tl)1/2| under E, = 0.0 is 1.364. Also, the peak values of |K1/pop(,7ra)1/2| under

Ey

0.1 are 1.522, 2.416, 3.310 for pop/pu = 0,0.02,0.01, respectively. As Q — 0, the

dynamic stress intensity factor tends to static stress intensity factor [5]. In the absence of
the electric fields, the dynamic stress intensity factor becomes the solution for the elastic
solid (see e.g. [9]). Figure 4 also shows the variation of the normalized mode I dynamic
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3

Mode I
por/p =0.02

|K1/pop(ra)'/?|

0.4

P-waves

---E,=0
— E,=01

Figure 7: Mode I dynamic stress intensity factor versus angle of incidence (P-waves).

15 —

/2

Mode I

|Knt/ qos(ora)’?|

T
SV-waves

y=m/2

---E,=0
— E, =01

Figure 8: Mode II dynamic stress intensity factor versus frequency (SV-waves, y = or/2).

25

energy release rate G/Go, where Gy = rra(l - v)p3,/2pu is the static energy release rate. The
peak values of G/Gp under E, = 0.0,0.1 for pop/p = 0,0.02,0.01 are 1.861, 2.361, 5.838,
10.96, respectively. Figure 5 shows the normalized mode I dynamic stress intensity factor
|K1/pop(ra)'/?| versus Q subjected to P-waves for E, =0.0,0.1and y = or /4. The peak values

of |K1/pop(yra)1/2| under E, = 0.0, 0.1 are 1.078, 1.198 for pop/p = oo, respectively. Figure 6
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f—

SV-waves
Mode I y=x/4
pos/p =0.01

|K1/pos (ra)'/?|

---E,=0
— E,=01

Figure 9: Mode I dynamic stress intensity factor versus frequency (SV-waves, y = or/4).

shows the normalized mode II dynamic stress intensity factor |K1/qop (.72'[1)1/ 2| (gor = ya§¢eo)
versus £ subjected to P-waves for E, = 0.0,0.1 and y = or/4. The effect of electric fields on
the mode II dynamic stress intensity factor is small. Figure 7 displays the normalized mode I
dynamic stress intensity factor |K;/pop(ra)'/?| against the angle of incidence y subjected to
P-waves for E, = 0.0,0.1 and Q = 0.4,0.8 (pop/p = 0.02). The mode I dynamic stress intensity
factors for Q = 0.4 and 0.8 attain its maximum values at an incident angle of approximately
a/2.

Figure 8 shows the variation of the normalized mode II dynamic stress intensity factor
|Kp1 /qos(yra)l/2| (os = yrx%qxeo) versus Q subjected to SV-waves for E, = 0.0,0.1and y = o /2.
The electric fields have small effect on the mode II dynamic stress intensity factor. Figure 9
shows the normalized mode I dynamic stress intensity factor |K;/pos (Jra)l/ 2| (pos = ,u(xg(peo)
against Q subjected to SV-waves for E,, = 0.0,0.1 and y = or /4. Similar trend to the case under
P-waves is observed.

7. Conclusions

The dynamic electroelastic problem for a dielectric polymer having a finite crack has been
analyzed theoretically. The results are expressed in terms of the dynamic stress intensity
factor and dynamic energy release rate. It is found that the dynamic stress intensity factor
and dynamic energy release rate tend to increase with frequency reaching a peak and then
decrease in magnitude. These peaks depend on the angle of incidence. Also, applied electric
fields increase the mode I dynamic stress intensity factor and dynamic energy release rate,
whereas the mode II dynamic stress intensity factor is less dependent on the electric field.
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