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1. Introduction

Let Q be a bounded domain in R" with smooth boundary 0Q. We consider the initial
boundary value problem for a nonlinear hyperbolic equation with Lewis function a(x) which
depends on spacial variable:

a(x)uy — pAuy - div<|Vu|m_2Vu> =f(u), x€Q, t>0, (1.1)
u|ag = 0, X € aQ, t> 0, (12)
u(x,0) =up(x), wu(x,0)=u(x), x €Q, (1.3)

where a(x) >0, p >0, m > 2, and f is a continuous function.

The large time behavior of solutions for nonlinear evolution equations has been
considered by many authors (for the relevant references one may consult with [1-14].)

In the early 1970s, Levine [3] considered the nonlinear wave equation of the form

Puy = Au + h(u) (1.4)
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in a Hilbert space where P are A are positive linear operators defined on some dense subspace
of the Hilbert space and h is a gradient operator. He introduced the concavity method and
showed that solutions with negative initial energy blow up in finite time. This method was
later improved by Kalantarov and Ladyzheskaya [4] to accommodate more general cases.

Very recently, Zhou [10] considered the initial boundary value problem for a
quasilinear parabolic equation with a generalized Lewis function which depends on both
spacial variable and time. He obtained the blowup of solutions with positive initial energy.
In the case with zero initial energy Zhou [11] obtained a blow-up result for a nonlinear wave
equation in R”. A global nonexistence result for a semilinear Petrovsky equation was given
in [14].

In this work, we consider blow-up results in finite time for solutions of problem (1.1)-
(1.3) if the initial datas possesses suitable positive energy and obtain a precise estimate for
the lifespan of solutions. The proof of our technique is similar to the one in [10]. Moreover,
we also show the blowup of solution in finite time with nonpositive initial energy.

Throughout this paper || - ||x denotes the usual norm of Lx (€2).

The source term f(u) in (1.1) with the primitive

P = [ f@a (15)
0
satisfies
lfw)| <colul™, c>0 p>m>2, (1.6)
BrmF (u) + Bom|Vu|™ ' Vu, < pF(u) <uf(u), pr>1, f>0. (1.7)

Let B be the best constant of Sobolev embedding inequality

l[ull,, < Bl Vull,, (1.8)

from W)™ (Q) to Lp(Q).
We need the following lemma in [4, Lemma 2.1].

Lemma 1.1. Suppose that a positive, twice differentiable function W (t) satisfies for t > 0 the inequality
Y'Y _ (1+0)(¥)* >0, o>0. (1.9)

IF¥(0) >0, ¥'(0) >0, then

w(0)

T (1.10)

¥ — +oo ast—t <t =
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2. Blow-Up Results

We set

Yo= (eB™) 0, o= PR oy o),

The corresponding energy to the problem (1.1)-(1.3) is given by
1 m 1 2
Et)=—| |Vul"dx+ | a(x)u;dx—-| F(u)dx,
m)a 2)q Q
and one can find that E(t) < E(0) easily from
E'(t) = —p[|Vul; <0,

whence
t
E(t) = E(0) - PJ‘O”vuTH%dT.

We note that from (1.6) and (1.7), we have

1 Co p
E(t) 2 —IVuly - ;Hullp, t>0,

and by Sobolev inequality (1.8), E(t) < G({lull,), t = 0, where
G(\) = (mB™) A" — cop~AP.

Note that G(1) has the maximum value Ej at Ay which are given in (2.1).
Adapting the idea of Zhou [10], we have the following lemma.

Lemma 2.1. Suppose that ||u(x,0)||p > \g and E(0) < Ey. Then

/m
e, )ll, > Xo, VU, Dl > (ol

forallt > 0.

Theorem 2.2. For a(x) € Ly, (), suppose that uy € W&’m(Q) and wy € L, (Q) satisfy

n(x) = fga(x)uouldx > 0.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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If 0 < E(0) < Ey, then the global solution of the problem (1.1)—(1.3) blows up in finite time and the
lifespan

2(IVuol - (p - 2)u(x)
T < . . (2.9)
(p—-2)"(Eo - E(0))

Proof. To prove the theorem, it suffices to show that the function

satisfies the hypotheses of the Lemma 1.1, where Ty > ¢, ty) > 0 and y > 0 to be determined
later. To achieve this goal let us observe

2 t
Alh) = \ v pf Vi3 + p(To - £)[Vitol2 + ¥(t + o) (2.10)
2 0

t t
ZI J‘ VuVu.dxdr :f i||Vu||§d’r
o) o 0dT (2.11)

2 2
= [IVullz = I Vuoll2-

Hence,

t
||Vu||§=sz VuVu,dxdr + || Vu||3. (2.12)
0/ Q

Let us compute the derivatives A'(t) and A”(t). Thus one has

At =2 f a(x)udx + pl[Vul2 - pl[Vuol + 2y (¢ + o)
Q

t (2.13)
=2I a(x)uutdx+2pff VuVu,dxdr + 2y(t + ty),
Q o/ e
and
2
A”(t):2H a(x)u)| —2|Vu $+2J‘ uf(u)dx +2
\a(x)u . V| 5 f( Y
2
> 2|\ a(@)u|| =2||Vul|l +2p| F(u)dx +2
> 2y | ~20vulyy 20 P2y
(2.14)

> @u)”@m
> (p+2)<| \/@ut

2
+ 2(3 - 1) IVul™ - 2pE(t) + 2y
2 m

m

2 t
| ||Vur||%dr> +2( 2 1) 1vully - 20E0) + 25
2 0
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forall t > 0. In the above assumption (1.7), the definition of energy functionals (2.2) and (2.4)
has been used. Then, due to (2.1) and (2.7) and taking y = 2(Ey — E(0)),

\/@ut

Hence A”(t) > 0 for all t > 0 and by assumption (2.8) we have

2 t
A'(t) > (p+2) <| . + pjo||VuT||§dT + Y)- (2.15)

A'(0) =2(u(x) +yty) > 0. (2.16)

Therefore A'(t) > 0 for all f > 0 and by the construction of A(f), it is clearly that

whence, A(0) > 0. Thus for all (a, b) € R?, from (2.13), (2.15), and (2.17) we obtain

\a(x)u
t
+2ab<f a(x)uutdx+pff VuVquxdT+y(t+to)>
Q oo
2 \/7 2 ' 2
+b a(xX)u|| + flquTll dr +
< 1, P . 2 Y
2

= ' a(x)(au + buy)
2

t
+ pJ laVu + bVu,|53dT + y(a(t + to) + b)?
0

2 t
A(t) > + pf | Vul[3dT + y(t + to)?, (2.17)
2 0

2 t
@ A(t) + abA'(t) + (p +2) P2 A" () > a2< + pf | Vull5dT + y(t + t0)2>
2 0

>0,
(2.18)
which implies

! 2 4 "
(A'(t)" - mA(t)A (t) <0. (2.19)

Then using Lemma 1.1, one obtain that A(t) — +co as

2 2, .0

4A(0) 2(” V[, + Toll Vol +Yt0> (2.20)

(p-2)A0) (p-2) (u(x) + o)



6 Boundary Value Problems

Now, we are in a position to choose suitable t; and Tp. Let g be a number that depends on p,
(Eo — E(0)), [[Vuoll, (), and p(x) as

 2AVuolly - (p=2)p(x).

(r-2)r .

To choose Ty, we may fix t; as

_2a@ully + 2T | Vo3 + 2y £2
(P —2) (u(x) + yto)

__ 2Aa@wli v
(p - 2) (u(x) +yto) = 2/ Vusoll3

0
(2.22)

Thus, for t > t; the lifespan T is estimated by

2llv/a@yuol + 2y
(p—2) (u(x) +yt) = 2/ V|3
_ 2AVuolly - (p-2)p(x)
(p -2)*(Eo - E(0))

(2.23)

which completes the proof. O

Theorem 2.3. Assume that a(x) € L, (Q) and the following conditions are valid:
up € W)™, wy € Lr(Q), E(0) 0. (2.24)

Then the corresponding solution to (1.1)—(1.3) blows up in finite time.

Proof. Let

B(t) = “Wu

2 t
o] Ivular, (225)
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then

B'(t) = zf a(x)uudx + p||Vulj3, (2.26)
Q

2

B"(t) =2||\/a(x)u +2j a(x)uuydx +2 j VuVudx
() ) t ) o tt P o t

2
=2|[\/a(x)u; . =2||Vull;,, + ZIQuf(u)dx

2
> 2(|\/a(x)u|| —2||Vull, + Zﬁlmf F(u)dx + Zﬂsz |Vu" ' Vi, dx (2.27)
2 Q Q

W“t

2
m d m
+2(P1 = DIIVully +2p2 7 | Vuullyy = 2p1mE(0)
2

>2(p +1)|

m d m
>2(pr = DIIVully + 2P IVully, = 2prmE(0),  t>0,

where the left-hand side of assumption (1.7) and the energy functional (2.2) have been used.
Taking the inequality (2.27) and integrating this, we obtain

B'(t) > 2(f: - 1)f;||Vu||$dT + 2B ||Vl - 2pimE(0)t + B/(0), t> 0. (2.28)

By using Poincare-Friedrich’s inequality
lull < Ml Vull3, (2.29)

and Holder’s inequality
m/2
17l > ()20 ([ aouidx) 230)
Q

t t m/2
f |Vu|™dT > tl‘”’/2<j ||Vu||§d7> , (2.31)
0 0
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where M = maxg|a(x)|. Using (2.30) and (2.31), we find from (2.28) that

m/2
B'(t) > 2B, (A M) ™2 | Q' ( f oc(x)uzdx>

Q

m/2
+2(py - 1) <f ||Vu||§dr> —2p1mE(0)t + B'(0)
0

- (2.32)
> 2, (A M) /2 |Q /2 ptom/2 (Iga(x)uzdx>
t m/2
+2(py - 1)tm/2 <f0||w||§d7> - 2pmE(0)t + B'(0), t>1.
Since —2p;mE(0)t + B'(0) — oo ast — oo so, there must be a t; > 1 such that
-2pymE(0)t+ B'(0) >0 ast>t. (2.33)
By inequality
(a1 +a) <27Y(a} +a)), r>1 (2.34)
and by virtue of (2.33) and using (2.32), we get
B'(t) > CH=™/2(B(t))™'?, (2.35)
where
C= min(22-m/2 (Br —1),22 2By (A M) ™™ 2|£2|1’"‘/2>. (2.36)
Therefore, there exits a positive constant
_ {C exp(t1), m=2, (2.37)
M/
such that
B(t) — o ast—T". (2.38)

This completes the proof. O
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