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1. Introduction

Crack detection is a problem in nondestructive testing of materials which has been often
addressed in literature and more recently in the context of inverse problems. Early works on
the direct and inverse scattering problem for cracks date back to 1995 in [1] by Kress. In that
paper, Kress considered the direct and inverse scattering problem for a perfectly conducting
crack and used Newton’s method to reconstruct the shape of the crack from a knowledge of
the far-field pattern. In 1997, Ménch considered the same scattering problem for sound-hard
crack [2], and in the same year, Alves and Ha Duong discussed the scattering problem but
for flat cracks in [3]. Later in 2000, Kress’s work was continued by Kirsch and Ritter in [4]
who used the factorization method to reconstruct the shape of the crack from the knowledge
of the far-field pattern. In 2003, Cakoni and Colton in [5] considered the direct and inverse
scattering problem for cracks which (possibly) coated on one side by a material with surface
impedance A. Later in 2008, Lee considered an inverse scattering problem from an impedance
crack and tried to recover impedance function from the far field pattern in [6]. However,
studying an inverse problem always requires a solid knowledge of the corresponding direct
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problem. Therefore, in the following we just consider the direct scattering problem for a
mixture of a crack I' and a bounded domain D, and the corresponding inverse scattering
problem can be considered by similar methods in [1, 2, 4-12] and the reference therein.

Briefly speaking, in this paper we consider the scattering of an electromagnetic time-
harmonic plane wave by an infinite cylinder having an open crack I' and a bounded domain
D in R? as cross section. We assume that the cylinder is (possibly) partially coated on one side
by a material with surface impedance . This corresponds to the situation when the boundary
or more generally a portion of the boundary is coated with an unknown material in order to
avoid detection. Assuming that the electric field is polarized in the TM mode, this leads to
a mixed boundary value problem for the Helmholtz equation defined in the exterior of a
mixture in R%.

Our aim is to establish the existence and uniqueness of a solution to this direct
scattering problem. As is known, the method of boundary integral equations has widely
applications to various direct and inverse scattering problems (see [13-17] and the reference
therein). A few authors have applied such method to study the scattering problem with
mixture of cracks and obstacles. In the following, we will use the method of boundary
integral equations and Fredholm theory to obtain the existence and uniqueness of a solution.
The difficult thing is to prove the corresponding boundary integral operator A which is a
Fredholm operator with index zero since the boundary is a mixture and we have complicated
boundary conditions.

The outline of the paper is as follows. In Section 2, the direct scattering problem is
considered, and we will establish uniqueness to the problem and reformulate the problem
as a boundary integral system by using single- and double-layer potentials. The existence
and uniqueness of a solution to the corresponding boundary integral system will be given
in Section 3. The potential theory and Fredholm theory will be used to prove our main
results.

2. Boundary Integral Equations of the Direct Scattering Problem

Consider the scattering of time-harmonic electromagnetic plane waves from an infinite
cylinder with a mixture of an open crack I and a bounded domain D in R? as cross section.
For further considerations, we suppose that D has smooth boundary 0D (e.g., 0D € CZ),
and the crack I' (smooth) can be extended to an arbitrary smooth, simply connected, closed
curve 0L enclosing a bounded domain €2 such that the normal vector v on I' coincides with
the outward normal vector on 0Q which we again denote by v. The bounded domain D is
located inside the domain &, and 0D () 0Q = 0.

In the whole paper, we assume that 0D € C? and 0Q2 € C2.

Suppose that

I'={z(s):s€[sos1]}, (2.1)

where z : [sg,51] — R?isan injective piecewise C ! function. We denote the outside of T with
respect to the chosen orientation by I'" and the inside by I'". Here we suppose that the I' is
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divided into two parts I'y and I'; and consider the electromagnetic field E-polarized. Different
boundary conditions on I'j, I';, and 0D lead to the following problem:

AU+KU =0 in R2\(5ur>,

U.=0 onT7,

U.=0 onI3, (2.2)
ou ikA\U, =0 onTj},
ov

U=0 onoD,

where Uy (x) = limy_o-U(x £ hv) for x € I’ and 0U./0v = limy,_¢-v - VU (x £ hv) for x € T
The total field U is decomposed into the given incident field u'(x) = e**¢, |d| = 1, and the
unknown scattered field u which is required to satisfy the Sommerfeld radiation condition

lim ﬁ(a—u - iku) =0 (2.3)

v— oo or

uniformly in X = x/|x| with r = |x|.

We recall some usual Sobolev spaces and some trace spaces on I in the following.

Let T C T be a piece of the boundary. Use H' (D) and H} (R*\ D) to denote the usual
Sobolev spaces, H 1/2(T) is the trace space, and we define

H1/2<f> = {u|l- ‘ue€ Hl/z(r)},
A2(F) = {we HVA(T) s suppu c T,
H/2 <f> = <ﬁ1/2 <f>>, the dual space of H'/? <f>, Y

H? <f> = <H1/2(f)>’ the dual space of H'? <f>

Just consider the scattered field u, then (2.2) and (2.3) are a special case of the following
problem.

Given f € HY*(I'1), g € H*(I;), h € HV/*(T;), and r € H'/2(8D) find u € H_(R?*\
(D UT)) such that
Au+ku=0 inR2\<5UF>,
u.=f only,
u-=g onlj, (2.5)
ou,
61; +iklu, =h onTj,

u=r onobD,
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and u is required to satisfy the Sommerfeld radiation condition (2.3). For simplicity, we
assume that k > 0 and A > 0.

Theorem 2.1. The problems (2.5) and (2.3) have at most one solution.

Proof. Let u be a solution to the problem (2.5) with f = ¢ = h = r = 0, we want to show that
u=0inR?\ (DUT). O

Suppose that Br (with boundary 0Bg) is a sufficiently large ball which contains
the domain Q. Obviously, to the Helmholtz equation in (2.5), the solution u € H!(Bg \
Q) H'(Q\ D) satisfies the following transmission boundary conditions on the complemen-
tary part 0Q \ T of 0Q:

U, =1u_,
o o’

where “+” denote the limit approaching 0Q from outside and inside Q, respectively.
Applying Green’s formula for u and % in Q \ D and Bg \ Q, we have

f (uAu+ Vu - Vu)dx = J‘ u,%ds + f u,%ds +f u,%ds,
o\D ao\f OV r, ov r, Ov

fB \ﬁ(uAﬁ + Vu- Vu)dx (2.7)
R

B ou ou, ou, ou,
- JaBleua” do s Iag\ru+ ov ds J‘rlqu ov ds + Lzm ov ds,

where v is directed into the exterior of the corresponding domain.
Using boundary conditions on I'y, I'; and the above transmission boundary condition
(2.6), we have

f u s f +f <|Vu|2—k2|u|2>dx+ f ik, 2ds. (2.8)
aBR av BR\ﬁ Q\B 1—‘2

Hence

ou
Im J u—ds ) >0. (2.9)
< aBR av >

So, from [13, Theorem 2.12] and a unique continuation argument we obtain that # = 0 in
R2\ (DUT).

We use [u] = u_ —u, and [0u/0v] = (Ou-/0v) — (0u,/0v) to denote the jump of u and
Ou/0v across the crack I', respectively. Then we have the following.
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Lemma 2.2. If u is a solution of (2.5) and (2.3), then [u] € HY2(T) and [0u/dv] € H V2(I).

The proof of this lemma can be found in [11].
We are now ready to prove the existence of a solution to the above scattering problem
by using an integral equation approaching. For x € Q \ D, by Green representation formula

oD (x, 0D (x,
)= [ [Suotn) -5 |as | [Stote) -5 s, @0

and for x e R*\ Q

0D (x,
u(x) = Iag [“é—iw - a_uq)(x y)]dsy, (2.11)
where
D(x,y) = ;;Hél)(k|x—y|) (2.12)

is the fundamental solution to the Helmholtz equation in R?, and Hél) is a Hankel function
of the first kind of order zero.

By making use of the known jump relationships of the single- and double-layer
potentials across the boundary 0Q (see [5, 11]) and approaching the boundary 02 from inside
Q\ D, we obtain (for x € 0Q)

oD
u_(x) = SQQ% — Koou_ + ZI [ “(y) D(x,y) —u(y) M] dsy, (2.13)
ov oD
ou_(x) _ ., Ou ou(y) oD (x, y)
5, = Koo, ~Taqu-+2-- @) LD[ O(x,y) —u(y) ds,, (2.14)
where Sqa, Koo, K’QQ, and Tqgq are boundary integral operators:
Saa: HV2(0Q) — HY?(0Q),  Kag : HY*(0Q) — H'?(0Q)
(2.15)
Koot H2(0Q) — HV2(0Q),  Taq: HY*(0Q) — H?(0Q),
defined by (for x € 0Q)
X,
Saap() =2 g0 s, Kooyt =2[ o) o as,
(2.16)

5CD(x Y)

Koaw) =2 p) " P s, Toapt =250 p() P s,
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Similarly, approaching the boundary 0Q from inside R? \ Q we obtain (for x € 6Q)

ou

u(x) = _SQQa_er + Koouy,
ou,(x) , Ouy
o = —KQQ v +ngu+
From (2.13)—(2.18), we have
ou_ Ou,
u_-+u, = SQQ( ali - %) - Kgg(u, —u+)
u(y) oD (x V),
2f "oy -utn) o as,
oD
ou_  ouy %_51{;, B B
ERrN 9( o av) Taa(u- ~u.)
ou(y) a<13(xrz/)
D(x, u ————"ds
t 25 LD[ (x,y) —u(y)

Restrict u on I'j, from (2.19) we have

2f(x) = Sgg<aal: %) T Koo (u- —uy)lr,
u(y) ~ 0D(x, y)
+2J‘aD D(x,y)dsy . ZJ‘aDu(y) 3y ds

where (-)|r, means a restriction to I';.
Define

Sar,¢(x) = ZJ‘aQso(y@(x,y)dSy

4
I

oD
Kar, p(x) = ZI . (gx y)q’(y)dSy

7

I

4
I

Spr,p(x) = 2faD‘P(y)(D(xf y)dsy

oul _, [a_”] _ (% _ %) b

o,y owlly, \ov ov /|, 7
ou ou- Ou, 3 3 _
Bl = G-F)| = mh=a-w=a

Y

I

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Then zero extend b, ¢, and d to the whole 0€ in the following:

; {O, on 0Q\ I,

b, onIy,

(2.23)
B {o, on 9Q \ T, p {o, on 9Q \ I,
Cc =

¢, only, d, onT5.

By using the boundary conditions in (2.5), we rewrite (2.21) as

Spr,a+ Sar, (b +¢) - Kar,d = p1(x), (2.24)

where

oD (x,
pr(x) = 2f (x) + ZJ‘aD%y)y)r(y)dsy - (2.25)

Furthermore, we modify (2.24) as

SDrla + Srlrlb + Srzrlc - Krzrld =p1 (x), (2.26)

where the operator Sr,r, is the operator applied to a function with supp C T, and evaluated
on I'1, with analogous definition for Spr,, Sr,r,, and Kr,r,. We have mapping properties (see
[5,11])

Spr, : HY2(dD) — H'2(I'y),
Sryr, : HV2(Iy) — HY2(I),

. (2.27)
Sror, : HV2(Th) — HYA(TY),

I(]"Zr1 . ﬁl/z(rz) —_— Hl/z(rl).

Again from (2.13)—(2.18), restricting u to boundary I'; we have

2g(x) = Sgg<au_ au+)

e 2|, - Kot -l + - 028)
du(y) 00, y) |
2 i 0] 2 g s,

2
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or
ou(y) ou_ 6u+>
2| S @tonds| +saa(Ge -G )| | - Keate —wl + e -wo,
B0 (x, 1) (2.29)
D(x,y
=2¢g(x +2f ——r(y)ds
g( ) oD av(y) y y L,
Like previous, define
Sar,¢(x) = 2f P(y)D(x, y)dsy| ,
oQ I,
0D (x, )
Karp(x) =2[ 22 pas,| | (2.30)
aQ v I,
Spr,p(x) = Zf P(y)D(x,y)ds,
oD I,
Then we can rewrite (2.29) as
SDrza+SQr2<E+E> —Kgrzg+d=p2(x), XEFE, (2.31)
where
0D(x, y)
x)=2g(x)+ 2 ——r(y)ds,| . (2.32)
0 <2500+ 2f | St :
Similar to (2.26), we modify (2.31) as
SDrza + Srlrzb + Srzrzc + (I - Krzrz)d = pz(x) (233)
and we have mapping properties:
Spr, : HY2(0D) — HY*(T),
Srur : HV3(Iy) — HY2(Ty),
(2.34)

Sryr, : HV2(I1) — HYX(Iy),

Krzrz . ﬁl/z(rz) — Hl/z(rz).
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Combining (2.13) and (2.14),

- lkl(SQQ% - KQQLL)

ov

u(y) D (x,y)

=—iklqu_-2 D(x,y) — d
1 {u .[aD[ Oy ( ) P) ( ) y
oD
= ikl + 2ik)LJ‘ (y ) 4, y)ds, - 2zk1f () 22 4 (2.35)
oD v (y)
K,QQ Ou- + Toou_
ov
_ ou 0 ou(y) 0 0D (x, y)
= T2 ) ov O(x,y)dsy =25 s LDT(V) oy v
—iklu_ - %
(2.36)
3 ou_ 6u+ . ou,
= —ikMu- —uy) - < Er > —ik\u, — 3
Using (2.17) and (2.18),
0 ) , Ou, 0
(';/:— + zkAu+ = KQQ v + Toou, + lk)t(KQQuJ, — SQQ (,;:)
g (O O S+ Ou- _ Our
KQQ< v v ) ng(u_ u+) + lk)tSQQ( v v )

- ik/\KQQ(u_ - u+) lk.l(Sgg% - Kgou_ ) K,QQ% + Taoou_

v ov

K (%_%
U0\ 5y v

> Too(u- —uy) +ikASq < ou- au+>

O
— ikAKoo (- — u,) — ikAu_ — %

0
(y) —==D(x,y)ds, + zav(x) " Igs)y) @(x,y)ds,y,

+ 2ik)LI
oD

- szAf r(y) ——=

0P(x,y) | 0 0D (x, y)
() o0 )oY Tan(y)

dsy
(2.37)
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Then using (2.36),

2(‘36’:)+ +ikxu+> - nggz(% - a”*) Too (i —u,) +zkxsgg<% - a”+>

ov  ov ov  ov
. . ou_ Ou,
—ikAKgo(u- —uy) —ikAM(u- —uy) — <E ~ 5y )
(2.38)
) au(y)
+2i k.)LJ‘ (D(x, y)ds, + zav(x) D(x,y)ds,y,
: 0(x,y) 0 f a<1>(x y)
-2ikA]| r -2— r(y)———dsy
f W) 2@ )oY o)
From (2.29), we have
. ou_ au+
2ikAg(x) = 1k)L[SQQ< 3 By > - Koo (u- —uy)lp, + (u- —uy)lp,
(2.39)
ou(y) J‘ 0D(x, y)
+2 —®(x,y)ds -2 r ds .
faD ov (o y)dsy T, aD ) ov(y) Y I,
Restricting (2.38) to I'; and using (2.39), we modify (2.38) as
0 ou(y) , ou- ou’
25 f R L] KQQ(W E)
5 5 (2.40)
u- ut . a
- <$ - W) . - 2ikM(u- - u+)|r; =ps(x),
where
0D (x,
p3(x) = 2h(x) — 2ikAg(x) + J‘ r(y) 6(( )y) (2.41)
forx eTl™.
Define
K o(x) =2 0 f (y)®(x,y)ds (2.42)
DFZ(P aV(.X') E)D(P y 'Y Yy I’E, '

and using the notation in previous, we can rewrite (2.40) as

Kpr,a + Kpy, (b +€) = Tar,d - ¢ - 2ik\d = pa(x) (2.43)
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or

Kpr,a+Kp b+ (Kip, = e = (Tryr, +2ikAD)d = ps(x), (2.44)

where the operators Kr I, K’rzrz, and Tr,r, are restriction operators (see (2.29)). As before, we

have mapping properties:

Ky, : HV2(0D) — H™V2(Iy),
Ki,p, : HY2(I) — H VA1),
_ (2.45)
Kip, : HY2(2) — HV2(Iy),
Trzrz . Hl/z(rz) — H_l/z(rz).

By using Green formula and approaching the boundary 8D from inside Q \ D we obtain (for
x € 0D)

0 0D (x,
u(x) = ZJ‘aD%Q(x,y) ds, + ZJ‘aDﬁu(y)dsy

+2J‘ [a aiy) O(x,y) - u()afb(xy)] .

The last term in (2.46) can be reformulated as

(2.46)

(y)

of ag[a W) g, ) - () 22 u(y)]dsy
= fag[<aué£y) _ 6ugiy) >(I)(x,y) - (u_ (y) - u+(y))WJ dSy (2'47)

+2fag[a”5(y)®<x,y> m(y)M]dsy-

Since x € 0D and y € 0Q in (2.47), we have the following result (see [13]).

Lemma 2.3. By using Green formula and the Sommerfeld radiation condition (2.3), one obtains
ou oD (x,
f [ +<y)q>(x y) - 1. (y )M] s, =0. (2.48)
o0

Proof. Denote by By a sufficiently large ball with radius R containing Q and use Green

formula inside By \ Q. Furthermore noticing x € 0D, y € 0Q, and the Sommerfeld radiation
condition (2.3), we can prove this lemma. O
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Combining (2.46), (2.47), and Lemma 2.3 and restricting x to 0D we have

0
Zfa Lé(y) ®(x,y)dsy

+ ZI [au_ () _ouy) :|CD(x,y)dsy
D o)

v ov ov
? op (2.49)
0D(x,y)
~2f @) @) s, | =poo),
FYe) oD
where
0D(x, )
po) =) - 2| 1) e, (2.50)
aD v aD
Define
Soop(0) = 2[ g0 ds,| @51)
oD oD
and then we can rewrite (2.49) as
Sppa + Sr,pb + Sr,pc — Kr,pd = po(x). (2.52)

Similarly, Srp and Krp are restriction operators as before, and we have mapping properties:

Spp : HY?(dD) — HY?(D),
Srp : HV*(I') — HY?*(8D), (2.53)

Krp : HY2(@T) — HY?(3D).
Combining (2.52), (2.26), (2.33), and (2.44), we have

SDDll + Sl‘lDb + SFZDC - KFZDd = po(x),
SDrla + Srlrlb + Srzrlc - Krzrld =p1 (x),

(2.54)
Sprza + Srlrzb + Srzrzc + (I - Krzrz)d = pQ(X),

Kpr,a+ Kp,p,b+ (Kiyr, = T)e = (Tryr, + 2ikA0)d = ps ().
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If we define

Spp Srp Stp -Kr,p
A Spr; St Sor —Kr,r, ,
Spr, Snr,  Shr, I-Kr,r,
Kpr, Kpp, Kpp, =1 —~(Trr, +2ikAI)
(2.55)
Po(x)
- | &)
" e |
p3(x)
then (2.54) can be rewritten as a boundary integral system:
a
A b =7. (2.56)
c
d

Remark 2.4. 1f the above system (2.56) has a unique solution, our problem (2.5) with (2.3) will
have a unique solution (see [13, 14]).

3. Existence and Uniqueness

Based on the Fredholm theory, we show the existence and uniqueness of a solution to the
integral system (2.56).
Define

H = H/2(dD) x HV/A(Iy) x H '/(Ty) x H/*(T) (3.1)
and its dual space
H* = HY?(dD) x H?(I'}) x HY2(T») x H V(). (3.2)

Theorem 3.1. The operator A maps H continuously into H* and is Fredholm with index zero.

Proof. As is known, the operator Spp is positive and bounded below up to a compact
perturbation (see [18]); that is, there exists a compact operator

Lp : HY2(dD) — H'Y?(3D) (3.3)



14 Boundary Value Problems

such that
Re({(Sop +Lo)¢,#)) 2 Cllg |5 12y for ¢ € H/2(@D) (3.4)

where (, ) denote the duality between H™'/2(dD) and H'/2(dD).
For convenience, in the following discussion we define

So=Spp + Lp. (3.5)

Similarly, the operators Sqq and —-Tgq are positive and bounded below up to compact
perturbations (see [18]), that is, there exist compact operators

Lo : HV2(0Q) — HY2(0Q)
(3.6)
Ly : H?(0Q) — H2(0Q)

such that

Re({(Saa + La)g,#)) > Cll¢|f2py,  for ¢ € H2(0Q),
(3.7)

Re((~(Taa + L)@, 7)) > Cllo|[3p2@py,  for ¢ € HY2(0Q).

Define S; = Sqgo + Lo and Ty = —(Tqgq + L), then S; and T; are bounded below up and
positive.

Take a € H™/2(dD), and let b € H1/2(8Q), ¢ € H1/2(8Q), and d € H/2(3Q) be the
extension by zero to dQ of b € HV/2(I'}), c € HV/%(I';), and d € H"/?(I';), respectively.

Denote? = (a,b,c,d)".

It is easy to check that the operators Sr,p, Sr,p, Spr,, Spr,, Kr,p, and K brz are compact

N
operators, and then we can rewrite A¢ as the following:

a a a
— b b b N N
A¢=A = Ao +Ac =Apé +Ac¢ (3.8)
c c c

QU
QU
QU
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with

—LDa|aD + SF1Db + SFZDC - Krde

SDrla — <LQE + LQE) |F

Y 1
ACE = o ,
SDrza - (LQb + LQC) -
Kbl"z + LTd -
(3.9)
Soa
(Slg + 515> ' - Krzrld
Aoé b
0 ~ ~ s
(Slb + SlC) |F + (1 — Krzrz)d
2
Kip,b+ (Kiyp, = I)e+ Tud| - 2ikad
where Ac : H — H* is compact and A : H — H* defines a sesquilinear form, that is,
<A0ﬁz> = (Spa,a) + <515 +S1¢, E) - (K d, by,
H,H*
+ (816 +518,€) + (d,0) - (Krur,d, ), (3.10)

+ (Kb )|+ (Kined)| - (cd)+(Tid,d) - 2ik\(d, d).

Here (u,v) denotes the scalar product on L?(8D) or L*(0Q2) defined by faDuEds or fagui_)ds,
and (u,v)|r, is the scalar product on L?(T}) (i = 1,2).
By properties of the operators Sy, S1, and T;, we have

Re(Spa, a) > CHaHiﬁ/z(bD)’

Re[(S1b+$18,b) + (Sib +$18,€) + (Tid,d)| =Re[(51(b+€),b +&) + (Tid, d)|

B2l * 1)
H—l/Z(aQ) Hl/Z(aQ)

= C(II o)+ Nl g,y + 11, )

HA2 () HA172(ry) H'2(1)
(3.11)

v
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Similarly,

Re(Ky,b, )|, = (Krurid, by | = Re[ b Krar, )y, = (e, bl

- Re[(Krzrld, b)|r ~ (Knrd, b)|rl]

= 0,
(3.12)

Re| (Kir.c. )|, - (Krurd, Ol | =0,

2
Re[(d,c) - (¢, d) —2id\(d,d)] = Re[(d, c)-(d,c)- Zik)t(d,d)]
=0.
So the operator A is coercive, that is,
7 2

Re(((4-4088),,,. ) > Clélly forgeH, (313)
whence the operator A is Fredholm with index zero. O

Theorem 3.2. The operator A has a trivial kernel if —k? is not Dirichlet eigenvalue of the Laplace
operator in D.

Proof. In this part, we show that KernA = {0}. To this end let? = (a,b,c,d)" € Hbea
— —
solution of the homogeneous system A = 0, and we want to prove that ¢ = 0.
—
However, Ag = 0 means that

SDDIZ + SrlDb + SFZDC - KFZDd = 0,

SDrla + Srlrlb + Srzrlc - Krzrld = O,

(3.14)
SDrza + Srlrzb + SrerC + (I - Krzrz)d = 0,

Kpr,a + Kp,p,b+ (Kiyr, = e = (Tr,r, + 2ikAl)d = 0.
Define a potential

v(x) = Spa + Sab + Sqt — Kod (3.15)
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where b, & and d have the same meaning as before and

Spg(x) = faDw(y%D(xfy)dsw

Sap(x) = fagq’(y)q)(xry)dSw (3.16)

0D (x,y)

Tanly)

Kop(x) = f 9(y)

This potential v(x) satisfies Helmholtz equation in R? \ (D UT) and the Sommerfeld radiation
condition (see [13, 14]).

Considering the potential v(x) inside Q \ D and approaching the boundary 8D (x —
0D), we have

v(x) = ={Sppa + Sr,pb + Sr,pc — Kr,pd} (3.17)

N~

and (3.14) implies that

v(x)|5p = 0. (3.18)

Similarly, considering the potential v(x) inside Q \ D and approaching the boundary 9Q
(x — 0Q), then restricting v(x) to the partial boundary I'}:

{SDrla + SF1F1b + Srzrlc — Krzrld} =0, xe€ FI, (319)

NI~

v(x) |1"; =
and restricting v(x) to the partial boundary I';, we have

{SDrza + Squzb + Srzrzc +d-— Krzrzd} =0, xe€ FE (320)

1
U(x)|r; = )

Now, we consider the potential v(x) in the region R? \ Q and approach the boundary 6Q
(x — 0Q), and then restricting v(x) to the partial boundary I'], similar to (3.19), we have

v(x)|r{ =0, xelj. (3.21)
Refering to (3.20),
o(X)|r; = -[oll; =0, x€T73,
azgg)x) - %{ Kpp,a+Kp b+ <K’r2r2 - I)c - Trzrzd}, xeT:. (322
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Combining (3.22), from (3.14) we have

2% ko) = Kpr,a+ Kp,p,b + (Ki,p, - I)c - Trur,d - 2ik\d

v I3 (3.23)
=0.

From (3.18)—(3.23), the potential v(x) satisfies the following boundary value problem:

Av+k*v=0 in R2\<5ur),
v.=0 onlIy,

v_=0 onlIj, (3.24)

0v,
ov

+iklv, =0 onlTj,

v=0 onoadD,

and the Sommerfeld radiation condition:

o

lim ﬁ( .

Y — 0

- ikv) =0 (3.25)

uniformly in X = x/|x| with r = |x|.
The uniqueness result Theorem 2.1 in Section 2 implies that

v(x) =0, x€R*\ (DUT). (3.26)

Notice that —k? is not Dirichlet eigenvalue of the Laplace operator in D, and so

v(x)=0, xe€D. (3.27)

Therefore, the well-known jump relationships (see [13, 14]) imply that
¥ =(a,b,c,d) =(0,0,0,0). (3.28)
So we complete the proof of the theorem.
Combining Theorems 3.1 and 3.2, we have the following O
Theorem 3.3. The boundary integral system (2.56) has a unique solution.

Remark 3.4. If we remove the condition that “~k? is not Dirichlet eigenvalue of the Laplace
operator in D,” instead of it by the assumption that Im k > 0, then Theorem 2.1 in Section 2
and Theorem 3.3 in Section 3 are also true.
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