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1. Introduction

Minimax theorems are one of powerful tools for investigation on the solution of differential
equations and differential systems. The investigation on the solution of differential equations
and differential systems with non-C! perturbation term using minimax theorems came into
being in the paper of Stepan A.Tersian in 1986 [1]. Tersian proved that the equation Lu(t) =
ftut)) (L= —(d?/d#?)) exists exactly one generalized solution under the operators B;(j =
1,2) related to the perturbation term f(t, u(t)) being selfadjoint and commuting with the
operator L(= —(d2 /d#?)) and some other conditions in [1]. Huang Wenhua extended Tersian’s
theorems in [1] in 2005 and 2006, respectively, and studied the existence and uniqueness of
solutions of some differential equations and differential systems with non-C! perturbation
term [2-4], the conditions attached to the non-C' perturbation term are that the operator
B(u) related to the term is self-adjoint and commutes with the operator A (where A is a
selfadjoint operator in the equation Au = f(t,u)). Recently, by further research, we observe
that the conditions imposed upon B(u) can be weakened, the self-adjointness of B(u) can be
removed and B(u) is not necessarily commuting with the operator A.

In this note, we consider a two-point boundary value problem of a class of Duffing-
type systems with non-C! perturbation term and present a result as the operator B(u) related
to the perturbation term is not necessarily a selfadjoint and commuting with the operator
L. We obtain several valuable results in the present paper under the weaker conditions than
those in [2—4].
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2. Preliminaries

Let H be a real Hilbert space with inner product -, -) and norm || - || , respectively, let X and
Y be two orthogonal closed subspaces of H suchthat H = XoY.LetP: H - X,Q: H — Y
denote the projections from H to X and from H to Y, respectively. The following theorem
will be employed to prove our main theorem.

Theorem 2.1 ([2]). Let H be a real Hilbert space, f : H — R an everywhere defined functional
with Gateaux derivative Vf : H — H everywhere defined and hemicontinuous. Suppose that
there exist two closed subspaces X and Y such that H = X & Yand two nonincreasing functions a :
[0, +00) — (0,+00),p: [0,+00) — (0, +00) satisfying

s-a(s) — +oo, s-f(5) — +o0, ass— 4+ (2.1)
and
(VF(h +y) = Vf(hy+y),h - hy) < —a(|hy - hal) |11 - hal%, (2.2)
forall hy,hy e X,y €Y, and

(Vi(x+k) = Vf(x+k), ki — k) > B(llki = ka|))Ik1 = kal?, (2.3)

forall x € X, ki, ky € Y. Then
(a) f has a unique critical point vy € H such that V f (vy) = 0;
(b) f(v0) = maxyex minyey f(x +y) = minyey maxyex f (X + ).

We also need the following lemma in the present work. To the best of our knowledge,
the lemma seems to be new.

Lemma 2.2. Let A and B be two diagonalization n x n matrices, let py < pp < -+ < py and Ay <
Ay <+ <Ay, be the eigenvalues of A and B, respectively, where each eigenvalue is repeated according
to its multiplicity. If A commutes with B, that is, AB = BA, then A + B is a diagonalization matrix
and py + M < pp + Ay < -0 < py + Ay, are the eigenvalues of A + B.

Proof. Since A is a diagonalization n x n matrix, there exists an inverse matrix P such that
P'AP = diag (i, E1, i,Es, ..., i Es), where fi; < i, < -+- < fi,(1 < s < n) are the distinct
eigenvalues of A, E;(i =1,2,...,s) are the r; x r;{(r; + 12 + - - - + 15 = n) identity matrices. And
since AB = BA, that is,

P diag (,E1, i,Es, ..., }i,Es)P'B = BP diag (4,E1, }i,Es, ..., i, Es)P7}, (2.4)
we have

diag (4,E1, 4By, ..., i E)P7'BP = P7'BP diag (i Ei, }i,Es, ..., 11, Es). (2.5)
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Denote P"!BP = (Cij), where C;; are the submatrices such that E;C;; and C;E;(i = 1,2,...,s)
are defined, then, by (2.5),

ﬁiCij = /_l]Cl] (1,] = 1, 2, ey S). (26)
Noticed that p; # p1; (i #j), we have C;j = O (i#j), and hence
P 'BP = diag (C11,Ca, ..., Css), (2.7)

where C; and E;(i = 1,2,...,5) are the same order square matrices. Since B is a
diagonalization n x n matrix, there exists an invertible matrix Q = diag (Q1,Q>, ..., Q;) such
that

Q' (P'BP)Q = diag (Q7",Q;",...,Q;") - diag (Ci1, Car, .., Css) - diag (Q1,Qs, -, Qs)

= dlag (QIlCllQll QElCZZQZI LR Q;lCSSQS> = dlag (-)Llr )‘2/ ey )‘n)l
2.8)

where A; < A, <--- < 4, are the eigenvalues of B.
Let R = PQ, then R is an invertible matrix such that R"'BR = diag (A1, 1y, ..., 4,) and

R(A+B)R=R!AR+R'BR=Q" <P‘1AP>Q +R'BR

= diag (Q;',Q;", .., Q") - diag (,E1, /LEs, .. i,Es) - diag (Q1,Qs,..,Qs)
+diag (A1, A2,...,Ay)
=diag (p,E1, iy, ..., f Eq) +diag (A1, A2, ..., Ay)
= diag (p1, Ho, ..., pn) +diag (A1, A2,..., Ay)
=diag (g1 + M, po+ Ao, oo pin + Ay).
2.9)

A + B is a diagonalization matrix and pq + My < pp + Ay < -+ < py + Ay, are the eigenvalues of
A +B.
The proof of Lemma 2.2 is fulfilled. O

Let (,-) denote the usual inner product on R" and denote the corresponding norm
by |ul = {3, uiz}l/2 , where u = (u1,us,...,u,)". Let [,-] denote the inner product on
L2([0,or],R™). It is known very well that L2([0, ], R") is a Hilbert space with inner product

[u,v] = f :(u(t),v(t))dt, <u,v € LZ([O,Jz'],IR")> (2.10)

and norm ||u|| = v/[u,u] = (fg(u(t),u(t))dt)l/z, respectively.
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Now, we consider the boundary value problem

(2.11)

u' +Au+ g(t,u) = h(t), te(0,x),
u(0) = a, u(r) =b,

whereu : [0,.r] — R”, Ais a real constant diagonalization n x n matrix with real eigenvalues
1 < pp < -+ < py, (each eigenvalue is repeated according to its multiplicity), g : [0, o] x
R" — R"is a potential Carathéodory vector-valued function, h : [0,sr] — R" is continuous,
a=(ay,ay,...,a,)" , b= (b,by,...,b)" ,a,b; R, (i=1,2,...,n).

Letu(t) = v(t) + w(t), w(t) = (1 - (t/x))a+ (t/x)b, t € [0,or] , then (2.11) may be
written in the form

{"" +Av+g'(t,v) =h*(t), (2.12)

v(0) =v(xr) =0,

where g*(t,v) = g(t, v+ w), h*(t) = h(t) — Aw(t). Clearly, g*(t, v) is a potential Carathéodory
vector-valued function, h* : [0, 1] — R". Clearly, if vy is a solution of (2.12), up = vo + w will
be a solution of (2.11).

Assume that there exists a real bounded diagonalization n x n matrix B(t,u) (t €
[0,r],u € R") such that for a.e. t € [0,or] and ¢, 7 € L?([0, ], R"™)

g(t,n) —g(t,¢) =B(t, g +7(n-¢)(n-9), (2.13)

where T = diag(7i, ™,...,7,), 7 € [0,1] (i = 1,2,...,n), B(t,u) commutes with A and is
possessed of real eigenvalues A;(f,u) < Ay(t,u) < --- < Ay(¢,u) . In the light of Lemma 2.2,
A +B(t,u) is a diagonalization n x n matrix with real eigenvalues p; + A1 (t, u) < po + A2 (¢, u) <

- < Hp + Ay(t,u) (each eigenvalue is repeated according to its multiplicity). Assume that

there exist positive integers N; (i = 1,2,...,n) such that for u € L?([0, ], R")
N?—pi < Mi(t,u) < (Nj+1)2 =y (i=1,2,...,n0). (2.14)

Let¢; (i=1,2,...,n) be nlinearly independent eigenvectors associated with the eigenvalues
ui+Ai(t,w) i=1,2,...,n)and lety; (i =1,2,...,n) be the orthonormal vectors obtained by
orthonormalizing to the eigenvectors ¢; (i = 1,2,...,n) of p; + Li(t,u) (i = 1,2,...,n). Then
for every u € R”

(A+B(tu)y; = (i + Xi(t,w)y; (i=12,...,n). (2.15)

And let the set {y;,1,,...,7,) be a basis for the space R", then for every u € R",

U =ury, + Uy, + -0+ Uy, (2.16)
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It is well known that each v € L?([0,7], R") can be represented by the absolutely
convergent Fourier series

n oo JT
= EZZ (Ckisinkt)y;, Cki= VEI vi(t)sinktdt (i=1,2,...,m;k=1,2,...). (2.17)
Tk T Jo

=1

Define the linear operator L = —(d?/d#?) : (L) c LA([0,x],R") — L2([0, ], R"),

(L) = {v e L2([0,],R™) | v(0) = v(or) = 0, v(t) = ZZ(CM sinkt)y,,

zlkl

JT n o
Cki = \/%L vi(t)sinktdt, (i=1,2,...,n), > > Cik* < +oo}, (2.18)

i=1 k=1

ZZkz(Ck, sinkt)y;, o(L)= {n2 |ne N}.

llkl

Clearly, L = —(d*/d#?) is a selfadjoint operator and (L) is a Hilbert space for the inner
product

(u,v) = Jo [(u'(t),V'(F) + (u(t),v(t)]dt, (u,veD(L)), (2.19)
and the norm induced by the inner product is
[v]* = Io [(V'(£), V(1)) + (v(t), v(t)]dt, (veD(L)). (2.20)

Define

11k1

X = {x e L2([0, ], R™) | x(t) = ZZ(Ckl sinkt)y, t € [0, 7],

(2.21)
Cii = \/gfrxi(t) sin ktdt},
0
= {Y € L*([0,x],R") | y(t) = Z Z (Ckisinkt)y;, t € [0,7r],
z 1k=N;+1 (222)

Cki =\/3f yi(t)sinktdt, > ' Cik* <+ ¢.
7)o i=1 k=N;+1

Clearly, X and Y are orthogonal closed subspaces of D(L) and D(L) = X @Y.
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Define two projective mappings P : (L) — X and Q : ©(L) — Y by Pv=x€ X and
Qv=yeY,v=x+y€D(), then S = P - Q is a selfadjoint operator.

Using the Riesz representation theorem , we can define a mapping T : L*([0, ], R") —
L2([0, ], R") by

(T(u),v) = J: [(W,V) - (Au,v) - (g(t,u),v) + (h(t),v)]dt, Vv e L*([0,x],R"). (2.23)

We observe that T in (2.23) is defined implicity. Let T(u) = VF(u) in (2.23), we have
(VF(u),v) = J‘]r [(W, V) - (Au,v) - (g(t,u),v) + (h(t),v)]dt, VveD(L)cL*([0,x],RY).
0
(2.24)

Clearly, VF and hence F is defined implicity by (2.24). It can be proved that u is a solution of
(2.11) if and only if u satisfies the operator equation

VF(u) = 0. (2.25)

3. The Main Theorems
Now, we state and prove the following theorem concerning the solution of problem (2.11).

Theorem 3.1. Assume that there exists a real diagonalization n x n matrix B(t,u) (u €
L2([0,or],R™) with real eigenvalues \i(t,u) < \a(t,u) < --- < A,(t,u) satisfying (2.14) and
commuting with A. Denote

a(llull) = ||5ﬁ1si|ﬂnn min ggisr)r{)»i(t,ﬁ) +ui— N7 > 0}, (3.1)
B(|lull) = “L%‘lsiﬁ“ {glgr}z (gltisr}r{(Ni +1)% = — \i(t, 1) > O}. (3.2)
If
a:[0,+0) — (0,+0), p:[0,+00) — (0,+00),
s-a(s) — +oo, s-P(s) — +o0, as s — +oo, 39
problem (2.11) has a unique solution uoy, and g satisfies VF (ug) = 0, and
F(up) =r)r(1€e§(xr;1€i§11-"(x+y+w) =I;1ei§11}(1§(x1-"(x+y+w), (3.4)

where F is a functional defined in (2.24) and w = (1 - (t/or))a+ (t/x)b, t € [0, ]
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Proof. First, by virtue of (2.21) and (2.22), we have

f (x,x')dt =J‘ (—x",x)dt
0 0

ks 2 & 2N,~ 2 & Ni )
sj — 2 NP 2 (Cusinkt)y, \[— 3.3 (Cuisinkt)y; ) dt (3.5)

0 i=1 k=1 i=1 k=1

2 por
< <maxNi> f (x,x)dt,
1<i<n 0

(&= v

0 0
) o (3.6)
f <\/%Z > K*(Cisinkt)y;, Z Z (CkiSinkt)Yi>dt’

i=1 k=N;+1 1 1 k=N;+1

f (v,y)dt

maxigicn (N +1)?

T 2 n [} kZ
= = (Ckisinkt)y,, y )dt (3.7)
J‘0 (\/;,%: k:%ﬂmaxlsisn (Ni + 1)2 Ty

> j:(y, y)dt.

Denote VF(u) = VF(v + w) = VF*(v).

By (2.24), (2.13), (3.5), (3.6), (3.7), (3.1), and (3.2), for all x1,x, € X,y € Y, let v =
x1+y€EDL), va=x+y€EDL), v=vi-va=x1-x =x€ X, x; = Pvi € X,x, =Pv; € X,
y=Qv; =Qv; €Y, we have

(VF*(v1) = VF*(v2),%1 - x2) = (VE(u;) — VF(uy), %1 - x2) = (VE(u1),x) — (VF (1), x)
J [(u, %) - (Aus, ) = (g(t,w), ) + (h(t),%)] dt
J [(u %) = (Aws, ) - ((t,u2), ) + (h(), %)t
= IO [((u1 —w), X) = (A(u1 — w2),x) = (g(t, w1) - g(t, wp), x)| dt
_ f: [(—v",%) - (AV,x) — (B(t, V2 + w + TV)v, x)] dt

= J‘” [(—x",x) = (Ax,x) = (B(t, V2 + w + TV)X, x)] dt
0
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JT n N,'
< J > N7 \/EZ(CH sinkt)y;, x
o \i=1 Tia

n N;
- <Z %Z(Cm sinkt) (A + B(t,¥))y,, x>] dt
k=1

i=1
n

Jr N;
SJ <Z<Ni2_.ui—)ti(t,‘7)> %;(Ckisinkt)yi,x>dt

0\ i=1

<=a(viD | cxxat

1

(maxigicn Ni)* + 1

= —a(||lvy = v2|))

X J:r [<(max1§i§n Ni)2> (x,x) + (x, x)] dt

< —a* (v - val)Ix1 - x|,

<“*(||V1 vy = v = valD >

(maxi<i<n N,-)2 +1

(3.8)

forallx € X,y1,y2 €Y, letvi =x+y; ED(L), va =x+y, € D(L),v=vi-Va=y1-y2 =y €Y,
yi=Qvi €Y, y2=0wv; €Y,x=Pv; = Pv; € X, we have

(VF*(v1) = VF*(v2),y1 — y2)

= (VF(w) - VF(a2),y1 - y2)
= J‘O [((1.11 - uZ)I’y,) - (A(ul - 112), Y) - (g(t/ ul) - g(tr uZ)IY)] dt
= IO [(v.Y) - (Av,y) - (B(t, V)v, y)]dt
0

= f [(¥,¥) - (A+B(t,¥))y,y)]dt

T [ 2 n [e’e] k2
> ) -\ = Cyisinkt) (i + Li(£, V)7, dt
fo (v.y) <\/;§k=%ﬂmaxlw (N Corsin kD) (e + 1t D)y y>]

-

T 1 2 & &
_ _ 1/, _ - A= k2 C isinkt i+)Li t/i; ir dt
.[0 ') maX(Ni+1)2\/;i=1k—%+l . o ey

L
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JT 2 n [e'e]
f —Z Z K2 (Crisinkt)y;, y
T k=N+1

1 28 &
- = k*(Ciisinkt) (i + Xi(t,¥))y,y | | dt
<maX1<1<n(N +1 \/;gl:k_%ﬂ (# )

i

1 JT 2 n o0
> - k?(Cri sinkt) ((Ni+1)2 = (pi+Xi(£,%)) )y, y ) dt
maxlgign(Ni+1)2fo (\/;;k:%lﬂ (Ck )(( )= (pit i )))r y>

i

ming)< v Mini<i<, Minse[o ] {(N + 1) — pi — Ai(t, V) > 0}

maXi<i<n (Nz + 1) +1

<1+ max1<l<n(N +1) >I (y Y)dt

Pl [ 16 y) 5yl

maxj<i<n (N + 1) +1

>

= B (VDII? = B (vt = vaDllys - ya I, <ﬂ*<||v1—vz||>= T 1>.

maxi<i<n (N; + 1) +
(3.9)

By (33), s - a*(s) — +4oo,s5 - f*(s) — +oo,ass — +oo. Clearly, a* and p*
are nonincreasing. Now, all the conditions in the Theorem 2.1 are satisfied. By virtue of
Theorem 2.1, there exists a unique vy € D(L) such that VF*(vp) = VF(vo + w) = VF(ug) =0
and F*(vq) = F(vo + w) = F(up) = maxyexminyey F(x +y + w) = minyey maxxex F(x +y + w),
where F is a functional defined implicity in (2.24) and w(t) = (1-(t/or))a+ (t/x)b,t € [0, 7].
vo(t) is just a unique solution of (2.12) and uy(t) = vo(t) + w(t) is exactly a unique solution of
(2.11). The proof of Theorem 3.1 is completed. O

Now, we assume that there exists a positive integer N such that

—pi<M(tu) < (N+1)? - (i=1,2,...,n) (3.10)

foru € L2([0,r],R"), t € [0,r]. Define

X = {x e L2([0, ], R™) | x(t) = ZZ(C,G sinkt)y,, t € [0, 7],

zlkl

2 JT
Cri = —j x;(t) sin ktdt 3,
T Jo

(3.11)
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> (Crisinkt)y, t € [0, ],

T
LM

Y = {Y € L2([01‘77]1Rn) | Y(t) =

i=1k=N+1
(3.12)
2 JT . n 0 914
Cri=\/=| vi(®)sinktdt, > > Crk* <+ ¢,
T)o i=1 k=N+1
. . . = N
a(IIUII)—llf{ﬁgﬁll{glsr)lorglsr;{f\l(t,u)+#l N >0}, (3.13)
_ . . . 2_ L . ~
plall) = min min min { (N +1)° - s = (¢, @) > 0}. (3.14)

Replace the condition (2.14) by (3.10) and replace (2.21), (2.22), (3.1), and (3.2) by
(3.11), (3.12), (3.11), and (3.14), respectively. Using the similar proving techniques in the
Theorem 3.1, we can prove the following theorem.

Theorem 3.2. Assume that there exists a real diagonalization n x n matrix B(t,u) (t € [0,o],u €
R™) with real eigenvalues \i(t,u) < Ay(t,u) < -+ < A, (¢, u) satisfying (2.13) and (3.10) and
commuting with A. If the functions a and p defined in (3.11) and (3.14) satisfy (3.3), problem (2.11)
has a unique solution wy, and uy satisfies VF(ug) = 0 and (3.4).

It is also of interest to the case of A = O.

Corollary 3.3. Let h(t), g(t,u), a and b be as in (2.11). Assume that there exists a real
diagonalization n x n matrix B(t,u) (t € [0,sr],u € R") with real eigenvalues A1 (t,u) < Ay(t,u) <
- < Ay (t,u) satisfying (2.13) and NI.2 <M(tu) < (N;+1)* (N; € Z%,i=1,2,...,n). Denote

a(ul) = min min min{Ai(t,ﬁ) ~N2> o},
([l <|[ul| 1<i<n Ost<x

(3.15)
_ . . . . 2 _ . ~
Bllull) = min, {glgr;ggr{(Nl +1)° = At ) > 0} :
If a and p satisfy (3.3), the problem
u’ +g(t,u) =h(t), te(0,x),
(3.16)
u(0) =a, u(r)=>b

has a unique solution wy, and ug satisfies VF (ug) = 0 and (3.4), where F is a functional defined in

(VF(u),v) = fo [(W, V) = (g(t,u),v) + (h(t),v)]dt, veD(L). (3.17)



Boundary Value Problems 11

Corollary 3.4. Let h(t), g(t,u), a, b, and B(t,u) be as in Corollary 3.3. The eigenvalues of
B(t,u)\; (£, u) < Aa(t,u) < --- < Ay (¢, u) satisfy N2 < \i(t,u) < (N +1)*(N € Z*). Denote

a(ul)) = min min min{/\i(t,ﬁ) ~N2> o},
[tll<ul| 1<isn 0<t<r

(3.18)
B(lul)) = min min min { (N +1)? - 4(t, &) > 0}.

l[all<|[ull 1<i<n 0<t<r

If a and P satisfy (3.3), problem (3.16) has a unique solution uy, and ug satisfies VF (ug) = 0 and
(3.4), where F is a functional defined in (3.17).

If there exists a C? functional G : [0,7r] x R” — R such that g(t,u) = VG(t, u), then
(2.13) should be

1
g(t,n) —g(t,¢) = VG(t, 1) - VG(t,6) = IODZG(tré +7(1-¢)) (1 - ¢)dr, (3.19)

where D?G is just a Hessian of G. In this case, the following corollary follows from
Theorem 3.1.

Corollary 3.5. Let the eigenvalues of féch;(t,g +7(—¢&)drhi(t,u) < L(tu) < -+ < Ay(t )
satisfy (2.14). If a and P defined in (3.1) and (3.2) satisfy (3.3), problem (2.11)(where g(t,u) =
VG(t,u)) has a unique solution wy, and g satisfies VF (ug) = 0 and (3.4).

Using the similar techniques of the present paper, we can also investigate the two-
point boundary value problem

{u,, +Au+g(t,u)=h(t), te(0,27), (3.20)

u(0) =a, u(2r) =b,

where u, A, h(t), g(t,u), a and b are as in problem (2.11). The corresponding results are
similar to the results in the present paper.

The special case of A = O and n = 1 in problem (3.20) has been studied by Zhou Ting
and Huang Wenhua [5]. Zhou and Huang adopted the techniques different from this paper
to achieve their research.
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