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1. Introduction

Let L(Py, P, ..., P,) = L be the differential operator generated in the space L}’ (~o0, o0) by the
differential expression

I(y) = y™ (x) + Pa(x)y" 2 (x) + P3(x)y" ) (x) + -+ + Py(x)y, (1.1)

and Li(P;, P;,...,P,) = L; be the differential operator generated in L'(0,1) by the same
differential expression and the boundary conditions

U, (y) =y™ (1) -e'y™(©0)=0, v=0,1,...,(n-1), (1.2)

where n > 2, P, = (py,j) is an m x m matrix with the complex-valued summable entries p,, ;,
P,(x+1) =P, (x) forv=2,3,...,n, the eigenvalues yi, o, . .., pt, of the matrix,

1
C= J P (x)dx, (1.3)
0
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are simple, and vy = (y1,v2,...,Ym) is a vector-valued function. Here, L]’ (a, b) is the space of
the vector-valued functions f = (f1, f2,..., fm), where fi € Ly(a,b) for k = 1,2,...,m, with
the norm ||-|| and inner product (-, -) defined by

b b
||f||2=j fPdx,  (f.g) = j (F(x), g(x))dx, (1.4)

where |-| and (-, -) are the norm and inner product in C”.

It is well known that (see [1, 2]) the spectrum o (L) of L is the union of the spectra
o(L¢) of Ly for t € [0,2r). First, we derive an asymptotic formula for the eigenvalues and
eigenfunctions of L; which is uniform with respect to t in Q. (n), where

Q.(2u) = {teQ:|t-xk|>¢ VkeZ), Q.u+1)=Q, ge<o,%>,,4=1,2,...,
(1.5)

and Q is a compact subset of C containing a neighborhood of the interval [-7 /2,27 — 7 /2].
Using these formulas, we prove that the root functions of L; for t € C(n) form a Riesz basis
in L7*(0,1), where C(2u) = C\ {ork : k € Z}, C(2u + 1) = C. Then we construct the uniformly
convergent spectral expansion for L.

Let us introduce some preliminary results and describe the scheme of the paper.
Denote by L;(0) the operator Li(P,, ..., P,) when P;(x) =0,..., P,(x) = 0. Clearly,

1
Prji(x) = e(t)e;e’®™* * forkeZ, j=1,2,...,m, where (e(t))” = j le™?dx,  (1.6)
0

e1 =(1,0,0,...,0), e2 = (0,1,0,...,0),..., em = (0,0,...,0,1) are the normalized eigenfunc-
tions of the operator L(0) corresponding to the eigenvalue (2orki + ti)". It easily follows from
the classical investigations [3, Chapter 3, Theorem 2] that the boundary conditions (1.2) are
regular and the large eigenvalues of L; consist of m sequences

{Aea(8) < [kl = N}, {Aka(8) < [k[ 2 N}, .. {dem (E) < [k[ 2 N}, (17)
satisfying the following asymptotic formula uniformly with respect to t in Q
M,j () = (2oki + ti)" + O(K"71/2™) s k — oo, (1.8)

where N >» 1 and j = 1,2,...,m. We say that the formula f(k,t) = O(h(k)) is uniform
with respect to t in Q if there exists positive constants N and ¢, independent of ¢, such that
|f(k,t)| < c|h(k)| forallt € Q and |k| > N.

The method proposed here allows us to obtain the asymptotic formulas of high
accuracy for the eigenvalues 1A ;(t) and the corresponding normalized eigenfunctions
Wy,t(x) of Ly when p,,; ; € L1[0,1] for all v, 7, j. Note that to obtain the asymptotic formulas of
high accuracy by the classical methods, it is required that P, Ps, ..., P, be differentiable (see
[3]). To obtain the asymptotic formulas for L;, we take the operator L;(C), where L;(P,, ..., P,)
is denoted by L;(C) when P (x) = C, P3(x) = 0,...,P,(x) = 0 for an unperturbed operator
and L; — L;(C) for a perturbation. One can easily verify that the eigenvalues and normalized
eigenfunctions of L;(C) are

picj(t) = (ki + t)" + i 2wk + )2, D () = e(t)v;e' @ (1.9)

forke?Z, j=1,2,...,m, where v;,v,,...,0, are the normalized eigenvectors of the matrix
C corresponding to the eigenvalues 1, jia, . . ., i, respectively.
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In Section 2, we investigate the operator L; and prove the following theorem.

Theorem 1.1. (a) The large eigenvalues of L; consist of m sequences (1.7) satisfying the following
formula uniformly with respect to t in Q. (n):

A j(t) = (ki + )" + p; (2orki + )" 2 + O(K" 2 In [K|). (1.10)

There exists constant N (¢) such that if |k| > N (g) and t € Q.(n), then Ay ;(t) is a simple eigenvalue
of Ly and the corresponding normalized eigenfunction Wy ;;(x) satisfies

Wi ii(x) = e(t)v; e’ * + O(k™ In|k|). (1.11)

This formula is uniform with respect to t and x in Q.(n) and in [0, 1], that is, there exists a constant
c1, independent of t, such that the term O (k™' In|k|) in (1.11) satisfies

O™ In|k| < cilk Inlk]| Vi€ Q.(n), x €[0,1], [k| > Ne). (112)

(b) If t € C(n), then the root functions of L; form a Riesz basis in L' (0, 1).

(c) Let Ly be adjoint operator of Ly and Xy j; be the eigenfunction of L} corresponding to the
eigenvalue Ay j(t) and satisfying (Xx, i+, Wk,js) = 1, where |k| > N (g) and t € Q,(n). Then, Xi j+(x)
satisfies the following formula uniformly with respect to t and x in Q(n) and in [0, 1], respectively,

X jr(x) = u]-(e(t))-lef@k“?)x +O(ktn|k|), (1.13)

where u;j is the eigenvector of C* corresponding to p; and satisfying (u;j,v;) = 1.

(d) If f is absolutely continuous function satisfying (1.2) and f' € LIJ'[0,1], then the
expansion series of f(x) by the root functions of L; converges uniformly, with respect to x in [0,1],
where t € C(n).

Shkalikov [4, 5] proved that the root functions of the operators generated by an
ordinary differential expression with summable coefficients and regular boundary conditions
form a Riesz basis with brackets. Luzhina [6] generalized these results for the matrix case. In
[7], we prove that if n = 2 and the eigenvalues of the matrix C are simple, then the root
functions of L; for t € (0,sr) U (or,2or) form an ordinary Riesz basis. The case n > 2 is more
complicated and the most part of the method of [7] does not work here, since in the case
n > 2 the adjoint operator of the operator generated by expression with arbitrary summable
coefficients cannot be defined by the Lagrange’s formula.

In Section 3 using Theorem 1.1, we obtain spectral expansion for the nonself-adjoint
differential operator L with the periodic matrix coefficients. The spectral expansion for the
self-adjoint differential operators with the periodic coefficients was constructed by Gelfand
[8], Titchmarsh [9], and Tkachenko [10]. In [11], it was proved that the nonself-adjoint Hill
operator H can be reduced to the triangular form if all eigenvalues of the operators H; for
t € [0,20r) are simple, where H and H; denote the operators L and L; in thecase m =1, n = 2.
McGarvey [2, 12] proved that L, in the case m = 1, is a spectral operator if the projections
of the operator L are uniformly bounded. Gesztesy and Tkachenko [13] proved that the Hill
operator H is a spectral operator of scalar type (see [14] for the definition of the spectral
operator) if and only if for all t € [0,2) the operators H; have not associated function,
the multiple point of either the periodic or antiperiodic spectrum is a point of its Dirichlet
spectrum, and some other conditions hold. (Recall that a function ¥ is called an associated
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function of H; corresponding to the eigenvalue A if (Hy — AI)¥ #0 and there exists an integer
k > 1 such that (H; — AI )k‘P = 0 (see [3]).) However, in general, the eigenvalues are not
simple, projections are not uniformly bounded, and L; has associated function, since the Hill
operator with simple potential g(x) = " has infinitely many spectral singularities (see
[15], where Gasymov investigated the Hill operator with special potential). Note that the
spectral singularity of L is the point of o(L) in neighborhood on which the projections of L
are not uniformly bounded. In [16], we proved that a number A € o(L;) C o(L) is a spectral
singularity if and only if L; has an associated function corresponding to the eigenvalue ..
The existence of the spectral singularities and the absence of the Parseval’s equality for
the nonself-adjoint operator L; do not allow us to apply the elegant method of Gelfand
(see [8]) for construction of the spectral expansion for the nonself-adjoin operator L. These
situations essentially complicate the construction of the spectral expansion for the nonself-
adjoint case. In [17, 18], we constructed the spectral expansion for the Hill operator with
continuous complex-valued potential g and with locally summable complex-valued potential
q, respectively. Then, in [19, 20], we constructed the spectral expansion for the nonself-adjoint
operator L in the case m = 1, with coefficients pr € C*~V[0,1] and with px € L;[0,1] for
k =2,3,...,n,respectively. In the paper [21], we constructed the spectral expansion of L when
Pri;j € C*7D[0,1]. In this paper, we do it when py ; ; is arbitrary Lebesgue integrable on (0,1)
function. Besides, in [21], the expansion is obtained for compactly supported continuous
vector functions, while in this paper, we obtain the spectral expansion for each function
f € L} (-0, o) satisfying

S f+ K] <o (1.14)
k=-—c0

if n = 2u + 1 and for each function from €, where f(x) € Q C L}(~c0, c0) if and only if there
exist positive constants M and a such that

If (x)] < Me™™ ¥V x € (~o0,0) (1.15)

if n = 2u. Moreover, using Theorem 1.1, we prove that the spectral expansion of L converges
uniformly in every bounded subset of (-oo,o0) if f is absolutely continuous compactly
supported function and f’ € L'(~o0, o). Note that the spectral expansion obtained in [21],
when py;; € C (k=D10,1], converges in the norm of L}(a, b), where a and b are arbitrary real
numbers. Some parts of the proofs of the spectral expansions for Lare just writing in the
vector form of the corresponding proofs obtained in [19] for the case m = 1. These parts are
given in appendices in order to give a possibility to read this paper independently.

Thus, in this paper, we obtain the spectral expansion for the nonself-adjoint differential
operators L; and L with the periodic matrix coefficients. There exist many important papers
about spectral theory of the self-adjoint differential operators with the periodic matrix
coefficients (see [22, 23] and references therein). We do not discuss the results of those papers,
since those results have no any relation with the spectral expansion for the nonself-adjoint
differential operators L; and L.

2. On the eigenvalues and root functions of L,

The formula (1.8) shows that the eigenvalue A ;(t) of L; is close to the eigenvalue (2kori + ti)"
of L;(0). By (1.5), if t € Q¢(n), |k| > 1, then the eigenvalue (2xrki + ti)" of L;(0) lies far from
the other eigenvalues L(0). Thus, (1.5) and (1.8) imply that

|\ j (t) — (2orpi + ti)"| > (k| = Ipl| + 1) (k] + [p])" " (2.1)
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forp#k, t € Q.(n), where |k| > 1. Using this, one can easily verify that

|p|n—v ( 1 )
=0 vd > 2|k,
p:P>d|Akrj(t) - (2-71'Pi + ti)n| dv-1 > | | (2.2)
Ipl"™ <ln|k|>
=0 ,
Pipz‘r;k |)lk,](t) - (Zﬂpl + tl)nl Jv-1 (23)

where |k| > 1, v > 2, and (2.2), (2.3) are uniform with respect to t in Q. (n).
The boundary conditions adjoint to (1.2) is U,,;(y) = 0. Therefore, the eigenfunctions

¥ and D , of the operators Lj(0) and Lj(C) corresponding to the eigenvalues (27pi + ti)"

and pis(t), respectively, and satisfying (¢xst, ¢ ) = 1, (@it Op ) = 1 are

Pss (1) = es(e(®) 1 CTENT, @y () = us(e(t) e, (2.4)

where pi s(t) and u, are defined in (1.9) and (1.13).
To prove the asymptotic formulas for the eigenvalue A (t) and the corresponding
normalized eigenfunction ¥y ;;(x) of L;, we use the formula

n
n-2 * n-v
(Akj = pes) (Pt kst) = (P2 - C)ka t)/cD st) + Z(P lPl(qf )’(Dkst) (2.5)
v=3
which can be obtained from
L% jt(x) = Mg j () W (x) (2.6)
by multiplying scalarly by @} _,(x). To estimate the right-hand side of (2.5), we use (2.2),

(2.3), the following lemma, and the formula

()‘k,]' (t) - (2‘71791 + ti)n) (ka,j,tr (P;,s,t) = Z (P IIII(("] tV)/ (P;,s,t)f (27)
v=2
which can be obtained from (2.6) by multiplying scalarly by ¢y,  .(x).
Lemma 2.1. If |k| > 1 and t € Q. (n), then

(PV‘P“;:];;’), (P;,s,t) = Zl < Z Pv,s,qp-1 (2.71'11 + it)"_” (IPk,t, (qu,t) > , (28)
9=

I=—

where Py,s gk = fé Pvsg (x)e~27kx dx. Moreover, there exists a constant c,, independent of t, such that

max <olk|"™ VteQ.(n), j=1,2,...,m. (2.9)

pPEZ, s=1.2,..,m

Z (P IIII(:’] tV)/ lp;,s,t)

Proof. Since PyW," > + PsW["Y + - + P, W, € 1[0, 1], we have

lim (2.10)

p—oe

Z (Py IP’I(("] tV)’ (P;,s,t) =
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Therefore, there exists a positive constant M (k, j) and indices py, sy satisfying

e Z(P W e | = | DB )| = MUK ). (211)
5= 12 m v=2
Then using (2.7) and (2.2), we get
. M(k, )
|(qu,j,t/ (Pp,s,t)| S X . AN/ R4
| Ak, (£) = arpi +it)"| (2.12)

1
§d|(mk]t")0pst)| M(k ])O<d" 1>
pipI>

where d > 2|k|. This implies that the decomposition of ¥y ;;(x) by the basis {¢,s:(x) : p € Z,
s=1,2,...,m} has the form

Wi ji(x) = Z (Phjtr P} 5,0)Pp,st (X) + g0.a(x), (2.13)
pilpl<d
where
sup [g4(x)| = Mk, )0 317 ) e14)
x€[0,1]

Now using the integration by parts, (1.2), and the inequality (2.12), we obtain

(q!kn] tV)' (Pp,s,t) = (ZJTIP + it)n_v (lpk,]'rt' Qoz,s,t)/

(T, 00 )| < [27rip + it|" M(k, ) (2.15)
kit *Post) S N T api v i)

Therefore, arguing as in the proof of (2.13) and using (2.2), we get

V) = 3 (W s (x) + gralx), (2.16)
pilpl<d
. 1
sup |gya(x)| = M(k, ;>O( - ) (2.17)
x€[0,1]

where v =2,3,...,n. Now using (2.16) in (P, ‘PI(("] tv), ¢} ;) and letting g — oo, we get (2.8).

Let us prove (2.9). It follows from (2.11) and (2.8) that

Mk, j) = Z(p L Ohso)
; m * (2.18)
Z Z< Z pVSoqpo 1(2-71'1771 + lt)n v<lpk]t’(qut)> ‘
v=2 g=1
By (2.12) and (2.3), we have
n m ln k
ZZ<ZPVS0 ,q,po— 1(2.7flm+li’) (ka/j/t’(PZq,t)>‘ M(k )O( |k|| |>
. q:" Zk (2.19)
Z (pVSoqu k(2orim + it)" (ka]t’(pkqt =O(k"72),
=2 g=1

Therefore, using (2.18), we get M(k, j) = M(k, j)O(In|k|/k) + O(|k|"2), M(k, j) = O(|k|""%)
which means that (2.9) holds. O
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It follows from (2.9)—(2.12) that

col k|2

- (27rpi +it)"|

[ (Prjt, 90| < T Vp#k. (2.20)
/]

Lemma 2.2. The equalities,

(B=-Ow" 7, @) = (k" Inlkl),

S s (2.21)
(P¥, " Pps) = OK™),
hold uniformly with respect to t in Q. (n), where v > 3.
Proof. Using (2.8) for v = 2, p = k and the obvious relation
(CD 0hsn) = Dy (P2sq0 ki +it)" (Wi, 0 1)), (2.22)

q=1
we see that
(P-O)¥ 7 g = > <ZP2,s,q,k—l(2.71'li +it)" (W, <p;jq,t)>. (2.23)
-1 \I#k
This with (2.20) and (2.3) for v = 2 implies that
(P=C)¥ 2,91 ) = O(k" Inlk]). (2.24)
Similarly, using (2.8), (2.20), (2.3), we obtain

(P, ijj'] Dph.) = O™ Vv >3, (2.25)

Since (2.3) is uniform with respect to t in Q,(n) and the constant ¢, in (2.20) does not depend
ont (see Lemma 2.1), these formulas are uniform with respect to f in Q. (n). Hence, using the
definitions of @} _, and ¢} ot (see (2.4)), we get the proof of (2.21). O

Lemma 2.3. There exist positive numbers N1 (g) and c3, independent of t, such that

Jmax | (Wit kst)| > c3 (2.26)

forall |k| > N1(¢), t € Qc(n),and j=1,2,...,m
Proof. It follows from (2.20) and (2.3) that
. In|k
> < > | (Frin (Pp,s,t)|> = O(—kl |> (2.27)
s=1,2,..,m \p:p#k
and this formula is uniform with respect to t in Q.(n). Then, the decomposition of Wy ;:(x)

by the basis {¢ps:(x) : s =1,2,...,m, p € Z} has the form

Yeja(x) = D (‘Pk]t,tpksmpkst(x)+O<ln|k|) (2.28)

s=1,2,....m k
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Since ||Wjtll = llgxjsll = 1 and (2.28) is uniform with respect to ¢t in Q.(n), there exists a
positive constant N (¢), independent of ¢, such that

(2.29)

m+1

S=%?§m|(lpk,j,t, Prs)l >

for all |k| > Ni(e),t € Qc(n), and j = 1,2,...,m. Therefore, using (2.4) and taking into
account that the vectors uq, uy, ..., u,, form a basis in C™, that is, e, is a linear combination of
these vectors, we get the proof of (2.26). O

Proof of Theorem 1.1(a). It follows from Lemma 2.2 that there exist positive constants N> (e)
and ¢4, independent of ¢, such that if |k| > Nz(¢), t € Q.(n), then the right-hand side of
(2.5) is less than c4|k|"" In |k|. Therefore, (2.5) and Lemma 2.3 imply that there exist positive
constants c¢s, N (¢), independent of ¢, such that if t € Q.(n) and |k| > N (¢), then

e (), M2 (®), - Mem(B)} € (D(k,1,8) UD(k,2,£) U--- U D(k,m, 1)), (2.30)

where D(k, s,t) = U (pks(t), cs|k|" 2 In|k|), U(p,c) = {A € C : |A — p| < c}. Now let us prove
that in each of the disks D(k,s,t) for s = 1,2,...,m and |k| > N(¢), there exists a unique
eigenvalue of L;. For this purpose, we consider the following family of operators:

Lt,z = Lt(C) + Z(Lt - Lt(C)), 0<z<1. (231)

It is clear that (2.30) holds for L;., that is, the eigenvalues Ai1(f), Ak2z(t), ..., Amz(t),
where |k| > N(e¢), of L;; lie in the union of the pairwise disjoint m disks
D(k,1,t),D(k,2,t),...,D(k,m,t). Besides, in each of these disks, there exists a unique
eigenvalue of L;¢. Therefore, taking into account that the family L;. is holomorphic with
respect to z, and the boundaries of these disks lie in the resolvent set of the operators L; . for

all z € [0,1], we obtain the following proposition.

Proposition 2.4. There exists a positive constant N (€), independent of t, such that if t € Q.(n)
and |k| > N((g), then the disk D(k, j, t) contains unique eigenvalue, denoted by Ay ;, of Ly and this
eigenvalue is a simple eigenvalue of Ly, where j =1,2,...,mand the sets Q.(n), D(k, j, t) are defined
in (1.5), (2.30).

Using this proposition and the definition of p s (see (1.9)) and taking into account that
the eigenvalues of C are simple, we get

[Ak,j = Hk,s| > a]-|k|"’2 Vs#j, k| > N(e), (2.32)
where a; = ming 4 j|u; — ps|- This together with (2.5), (2.21) gives
(Wijt Ppor) = O Infkl) Vs#j. (2.33)

On the other hand, by (2.4) and (2.27), we have

> < > 1(Fki @;,s,t)|> = O(k™" In|k]). (2.34)
s=1,2,...,m \p:p#k

Since (2.21), (2.27) are uniform with respect to t in Q. (n), the formulas (2.33) and (2.34) are
also uniform. Therefore, decomposing ¥y ;; by basis {®,s; : s = 1,2,...,m, p € Z}, we see
that (1.11) and (1.12) hold. Theorem 1.1(a) is proved. O
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Proof of Theorem 1.1(b). It follows from (1.11) that the root functions of L; quadratically close
to the system,

{vie(t)e' @™ 1 ke7, 1=1,2,...,m}, (2.35)

which form a Riesz basis in L}’(0,1). On the other hand, the system of the root functions of
L; is complete and minimal in L7'(0,1) (see [6]). Therefore, by Bari theorem (see [24]), the

system of the root functions of L; forms a Riesz basis in L7*(0,1). O
Proof of Theorem 1.1(c). To prove the asymptotic formulas for normalized eigenfunction ‘P;,].,t
of Lj corresponding to the eigenvalue Ay ;(t), we use the formula
(ke (8) = Qorpi + t0)") (¥ 1 pst) = > (W0 2pi + 1) " Poipp,s1) (2.36)
v=2
obtained from L;“Pz’jrt = Ak (t)‘P*I;’j/t by multiplying by ¢, s ; and using
(L;IPZ,]‘,V (PPISrt) = (qr;;,]',t’ Lt(Pp/S/t)' (2'37)
Instead of (2.7) using this formula and arguing as in the proof of (2.20), we obtain
v = O(k™?) Vp#k. 238
|( k,jt (Pp,q,t)| |.)Lk,](t) _ (2.71'pl N lt)nl ( ) P?é ( )
This together with (1.9) and (2.3) implies the following relations:
|(W5 ;0 Ppan)| = O(k™2) Vp#k, (2.39)

Ak (t) = (2rpi + it)"|

> > |(‘1’Z,]-,u‘1’p,s,t)|> = O(k™' Inlk|). (2.40)

s=1,2,..mpp#k

On the other hand (1.11) and the equality (‘PZI#, Yist) =0 for j#s give

(W0 Prsr) = Ok Infk]) Vs#j. (2.41)
Clearly, the formulas (2.39)—(2.41) are uniform with respect to t in Q.(n) and they yield
W) = wi(e(t) eI L O (K Ink]), (2.42)

where u; is defined in (1.13). Now, (1.11) and (2.42) imply (1.13), since

*

k,jt

(W0 Whin)

Xij = = (1+ Ok In|k|)¥: (2.43)

kjt*
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Proof of Theorem 1.1(d). To investigate the convergence of the expansion series of L;, we
consider the series

Z (f, Xk,j,t)lpk,j,t (%), (2.44)

k|k>N, j=12,..,m

where N = Ni(e) and N(e) is defined in Theorem 1.1(a), f(x) is absolutely continuous
function satisfying (1.2) and f'(x) € L}'(0,1). Without loss of generality, instead of the series
(2.44), we consider the series

S (fi X i) Wi (), (2.45)

k:|k|>N, j=1,2,...m

since (2.45) will be used in the next section for spectral expansion of L, where f;(x) is defined
by Gelfand transform (see [8, 9])

f@ =S fat ke, (2.46)
k=-00

f is an absolutely continuous compactly supported function and f’ € L}'(-o0, o). It follows
from (2.46) that

filx+1) =€"fi(x),  fi € Ly[0,1]. (247)
To prove the uniform convergence of (2.45), we consider the series
> 1 Xii)l. (2.48)

K[>N, j=12,...,m

To estimate the terms of this series, we decompose Xy ;; by basis { (I); 4 PE€EZLs=12,...,m|
and then use the inequality

1(Foo Xl < D0 1(fer @ )l (X it Prs )]

s=1,2,...m

» (2.49)
+ Z |(ft’ q)p,j,t)H(Xk,j,t/ (Dp,s,t)|'
p#k,s=1.2,.,m
Using the integration by parts and then Schwarz inequality, we get
o1 ®p )= D s (LD )| < oo (2.50)
KN, o KoN, 2rrki + it s
s=1,2,...m s=1,2,...m

Again using the integration by parts, Schwarz inequality, and (2.39), (2.43), we obtain that
there exists a constant cg, independent of ¢, such that the expression in the second row of

(2.49) is less than
o\ 172
> , (2.51)

which is O(k2). Therefore, the relations (2.49), (2.50) imply that the expression in (2.48) tends
to zero, uniformly with respect to t in Q.(n), as N — oo, and the expression in (2.45) tends to
zero, uniformly with respect to t and x in Q.(n) and in [0, 1], respectively, as N — oo. Since
in the proof of the uniform convergence of (2.45) we used only the properties (2.47) of f;, the
series (2.44) converges uniformly with respect to x in [0, 1], that is, Theorem 1.1(d) is proved.
Moreover, we proved the following theorem, which will be used in the next section. O

(3| L
6/t P s (t) — Qarpi +it)"|

p#k,s=12,.,m
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Theorem 2.5. If f is absolutely continuous compactly supported function and f' € L' (~o0, %), then
the series (2.45) converges uniformly with respect to t and x in Q.(n) and in any bounded subset of
(00, 0).

Indeed, we proved that (2.45) converges uniformly with respect to t and x in Q.(n)
and in [0, 1]. Therefore, taking into account that (1.2) implies the equality

Wit (x+1) = "Wy i (x), (2.52)

we get the proof of Theorem 2.5.

3. Spectral expansion for L

Let Y1(x,1),Ys2(x,4),...,Yy,(x, 1) be the solutions of the matrix equation
Y () + Py (o) Y2 (x) + P3(x) Y (x) + -+ + Py(x)Y = AY (x), (3.1)

satisfying Y,Ej) (0,A) =0y, for j#k -1 and Ylik_l)(O, A) = I, where 0,, and I,,, are m x m zero
and identity matrices, respectively. The eigenvalues of the operator L; are the roots of the
characteristic determinant

AL D) = det(Y].(v_l) (1,4) - e“Y].("‘” (0,1)} 1 52)
— einmt + fl ()L)ei(nm—l)t + fz()L)ei(nm—Z)t et fnm—l ()L)eit +1

which is a polynomial of et with entire coefficients fi(L), f2(1), .. .. Therefore, the multiple
eigenvalues of the operators L; are the zeros of the resultant R(1) = R(A,A’) of the
polynomials A(\, t) and A'(A, t) = (0/0A)A(A, t). Since R(1) is entire function and the large
eigenvalues of L; for t #0, or are simple (see Theorem 1.1(a)):

kerR={1:R() =0} ={ay,az,...}, I}im|ak| = co. (3.3)

For each ay, there are nm values ti 1, tkp, ..., tium Of t satisfying A(ax,t) = 0. Hence, the set

Cs

A=J{t: Aar,t) =0} = {te;:i=1,2,...,nm; k=1,2,...} (3.4)

k

Il
—

is countable and for t ¢ A, all eigenvalues of L; are simple eigenvalues. By Theorem 1.1(a),
the possible accumulation points of the set A are ork, where k € Z.

Lemma 3.1. The eigenvalues of Ly can be numbered as Ai(t), X2(t), ..., such that for each p, the
function A, (t) is continuous in Q and is analytic in Q \ A(p), where Q is defined in (1.5), A(p) is
a subset of A consisting of finite numbers tp,tg, cee, t’zp, and |\, (t)| — oo as p — co. Moreover, there
exists a number Ny such that if |k| > Ny, t € Q¢(n), then

Apiiey () = Aij (B), (3.5)

where Ny > N (¢), p(k,j) =2|klm +jifk >0, p(k,j) = 2lk| - 1)m + j if k <0, and the set Q. (n)
and the number N (g) are defined in (1.5) and in Theorem 1.1(a), respectively.
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Proof. Let t € Q. It easily follows from the classical investigations [3, Chapter 3, Theorem 2]
(see (1.7), (1.8)) that there exist numbers r, ¢, independent of ¢, and an integer Ny > N(¢)
such that all eigenvalues of the operators L; . for z € [0,1], where L; . is defined by (2.31), lie
in the set

U(O,r)u( U U((Zyrki+ti)”,ck"11/2m)>, (3.6)

k:|k|=No

where U(p,c) = {A € C: [A - p| < c}. Clearly, there exists a closed curve I such that the
following hold.

(a) The curve I lies in the resolvent set of the operator L; . for all z € [0,1].

(b) All eigenvalues of L; ., for all z € [0,1] that do not lie in U ((2orki + )", ck™1-1/2m)
for |k| > Ny, belong to the set enclosed by I'.

Therefore, taking into account that the family L, , is holomorphic with respect to z, we
obtain that the number of eigenvalues of the operators L;y = L;(C) and L;; = L; lying inside of
I are the same. It means that apart from the eigenvalues Ay j(t), where |k| > Ny, j = 1,2,...,m,
there exist (2N — 1)m eigenvalues of the operator L;. We define A, (t) for p > (2Np - 1)m and
t € Q:(n) by (3.5). Let us first prove that these eigenvalues, that is, the eigenvalues Ay j(t) for
|k| > Ny are the analytic functions on Q,(n). By Theorem 1.1(a) if ty € Q.(n) and |k| > Np,
where Ny > N (g), then Ay ;(t) is a simple zero of (3.2), thatis, A(A, to) = 0, and A'(A, ) #0
for A = Ag (o). By implicit function theorem, there exist a neighborhood U (ty) of ty and an
analytic function A(t) on U(to) such that A(A(t),t) = 0 for t € U(tp) and A(ty) = A j(to).
By Proposition 2.4, Ak ;(to) € D(k, j,to). Since py j(t) and A(t) are continuous functions, the
neighborhood U (ty) of ty can be chosen so that A(t) € D(k, j, t) for all t € U (tp). On the other
hand, by Proposition 2.4, there exists a unique eigenvalue of L; lying in D(k, j,t) and this
eigenvalue is denoted by Ay ;(t). Therefore, A(t) = Ay () for all t € U(ty), that is, A ;(t) is an
analytic function in U (t) for any ¢y € Q. (n).

Now let us construct the analytic continuation of A, j)(t) from Q.(n) to the sets
Uu(0,¢e), U(ar,e) by using (3.2) and the implicit function theorem. Consider (3.2) for ¢t €
uQ,e), A € Uy = U((2rki)", 2n(2rk)"'¢). Since Uy is a bounded region, (ker R) N Uy
is a finite set (see (3.3)). Therefore, the subset A(Uy) of A corresponding to (ker R) N U,
that is, the values of ¢ corresponding to the multiple zeros of (3.2) lying in U is finite. It
follows from (1.7) and (1.8) that for any t € U (0, ¢) \ A(Uyp), the equation A(A,t) = 0 has 2m
different solutions d; (), da(t), ..., dom(t) in Ug and A’(A, ) #0 for A = dy(t), da(t), .., dom/(£).
Using the implicit function theorem and taking into account (1.8), we see that there exists a
neighborhood U (t, 6) of t such that the following hold.

(i) There exist analytic functions d1+(z), dy(z), ..., doms(z) in U(t, 6) coinciding with
di(t),dy(t),..., don(t) for z = t, respectively, and satisfying

A(dsi(2),2) =0, dsi(z)#djs(z) VzeU(t,06), s=1,2,...,2m, j#s. (3.7)

(i) U(t,6) N A(Up) =@ and ds;(z) e Up forz € U (t,6),s=1,2,...,2m.

Now, take any point ¢y from U (0, €) \ A(Uy). Let y be a line segment in U (0, €) \ A(U)
joining ¢y and a point of the circle S(0,¢) = {t : |{| = €}. For any ¢ from y, there exists U(t,5)
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satisfying (i) and (ii). Since y is a compact set, the cover {U(t,6) : t € y} of y contains a
finite cover U (ty, 6),U(t1,5),...,U(ty, 6), where t, € 5(0,¢). For any z € U(t,, 6) N Q.(n), the
eigenvalue Ay j)(z) coincides with one of the eigenvalues di,(z), da4,(2), ..., d2mt, (2) since
there exists 2m eigenvalue of L lying in Uj. Denote by B, the subset of the set U (t,, 6)NQ. (1)
for which the function A, )(z) coincides with dg;,(z). Since dg;(z) #d;:(z) for s#i, the
sets By, By, ..., By, are pairwise disjoint and the union of these sets is U(t,, 6) N Qg (n).
Therefore, there exists index s for which the set B; contains an accumulation point and hence
Apkj)(z) = dsp,(2) for all z € U(t,, 6) N Qe(n). Thus, dss,(z) is an analytic continuation
of Apk,j)(z) to U(ty,6). In the same way, we get the analytic continuation of A,k j)(z) to
U(ty-1,6), U(ty—,06),...,U(ty, 6). Since ty is arbitrary point of U (0, ) \ A(Up), we obtain the
analytic continuation of A, j)(z) to U(0, €) \ A(Up). The analytic continuation of A, j)(z) to
U(rr,e) \ A(U,) can be obtained in the same way, where A(U,) can be defined as A(Uy).
Thus, the function A, j)(t) is analytic in Q \ A(p), where A(p)consists of finite numbers
t’f, t’;,. ..,tzp. Since A(A,t) is continuous with respect to (A,t), the function Ay« j)(t) can be
extended continuously to the set Q.

Now let us define the eigenvalues A, (t) for p < (2Np — 1)m, t € Q, which are apart
from the eigenvalues defined by (3.5). These eigenvalues lie in a bounded set B, and by (3.3),
the set B N ker R and the subset A(B) of A corresponding to B are finite. Take a point a
from the set Q \ A. Denote the eigenvalues of L, in an increasing (of absolute value) order
M@ < Pa@] < - < Dangym(@]. 1 Lp(@] = [Apu1(a)], then by 4, (), we denote the
eigenvalue that has a smaller argument, where argument is taken in [0,2sr). Since a ¢ A, the
eigenvalues Aq(a), A\2(a),..., Aony-1ym(a) are simple zeros of A(A, a) = 0. Therefore, using the
implicit function theorem, we obtain the analytic functions Aq(¢), A2(t), ..., Aen,-1)m(f) on a
neighborhood U (g, 6) of a which are eigenvalues of L, for t € U (a, 6). These functions can be
continued analytically to Q.(n) \ A, being the eigenvalues of L;, where, as we noted above,
ANQg(n)consists of a finite number of points. Taking into account that A(B) is finite, arguing
as we have done in the proof of analytic continuation and continuous extension of \,(t) for
p > (2N — 1)m, we obtain the analytic continuations of these functions to the set Q except
finite points and the continuous extension to Q. O

By Gelfand’s lemma (see [8, 9]), every compactly supported vector function f(x) can
be represented in the form

20T

fx) = % ; fi(x)dt, (3.8)

where fi(x) is defined by (2.46). This representation can be extended to all functions of
L} (-0, 0), and

1 o
jo (), Xies (x)) i = j (F (%), Xia () ydx, (3.9)

where {Xy; : k = 1,2,...} is a biorthogonal system of {¥y; : k = 1,2,...}, ¥i(x) is
the normalized eigenfunction corresponding to Ai(t), the eigenvalue Ay (t) is defined in
Lemma 3.1, Wis(x), and Xi;(x) are extended to (—oo,0) by (2.52) and by Xi:(x + 1) =
eith,t (x)

Leta e (0,r/2) \ A, € € (0,a/2) and let I(¢) be a smooth curve joining the points —a
and 2o — a and satisfying

I(e) c (Q.(n) NTI(a,e))\ A, l(~e)\NA=2, D(e)uD(=¢) cQ, (3.10)
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where I1(a,e) = {x+iy : x € [-a,27r —a],y € [0,2¢)},I(~¢) = {t : t € I(¢)}, the sets
Q, Q:(n), and A are defined in (1.5) and (3.4), D(¢) and D(-¢) are the domains enclosed by
I(e) U [-a,2or — a] and I(—€) U [-a, 2or — a], respectively, and D(-¢) is the closure of D(-¢).

Clearly, the domain D(e) U D(—¢) is enclosed by the closed curve I(g) U™ (-¢), where [~ (-¢)
is the opposite arc of [(-¢). Suppose f € Q, that is, (1.15) holds. If 2¢ < a, then f;(x) is an
analytic function of f in a neighborhood of D(¢). Hence, the Cauchy’s theorem and (3.8) give

1
£ =57 | ot (3.11)

Since I(¢) € C(n) (see (3.10) and the definition of C(n) in Section 1, it follows from
Theorem 1.1(b) and Lemma 3.1 that for each ¢ € I(¢), we have a decomposition

fi0) = S an O W), (3.12)
k=1
where ay(t) = (fi, Xk). Using (3.12) in (3.11), we get

1 1 &
fm=ﬂhﬁmw:ﬂi(2mmwmﬂ (3.13)

€) k=1

Remark 3.2. If A € o(L), then there exist points ti,f,...,t of [0,2or) such that A is an
eigenvalue A(t;) of L;, of multiplicity s; for j = 1,2,... k. Let S(\,b) = {z : [z - A| = b}
be a circle containing only the eigenvalue A(t;) of L, for j = 1,2,..., k. Using Lemma 3.1, we
see that there exists a neighborhood U (t;,6) = {t : |t — t;| < 6} of t; such that the following
hold.

(a) The circle S(A, b) lies in the resolvent set of L; for all t € U(tj,(S) andj=1,2,...,k.

(b) If t € (U(t;,6) \ {tj}), then the operator L; has only s; eigenvalues, denoted by
Nj1(t), Nja(t), ..., Ajs; (1), lying in S(A, b) and these eigenvalues are simple.

Thus, the spectrum of L; for t € U(t;,6),j = 1,2,...,kis separated by S(\,b) into
two parts in the sense of [25] (see [25, Chapter 3, Section 6.4]). Since {L; : t € U(t;,6)}
is a holomorphic family of operators in the sense of [25] (see [25, Chapter 7, Section
1]), the theory of holomorphic family of the finite dimensional operators can be applied
to the part of L; for t € U(t;,6) corresponding to the inside of S(A,b). Therefore, (see
[13, Chapter 2, Section 1]) the eigenvalues A;j1(t),Aja(t), ..., Ajs;(t) and corresponding
eigenprojections P(A;1(t)), P(Aja(t)), ..., P(Ajs;(t)) are branches of an analytic function.
These eigenprojections are represented by a Laurent series in /7, where v < s;, with finite
principal parts. One can easily see that if 1, (t) is a simple eigenvalue of L;, then

1

PO ) = (£ X0 ¥ PO = i =

1
m }, (3.14)

and P(\,(t)) is analytic function in a neighborhood of t, where a,(t) = (‘Pp,t,‘lf;t). This and

Lemma 3.1 show that a,(t)¥,, is analytic function of t on D(g) U D(-¢) except finite points.
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Theorem 3.3. (a) If f is absolutely continuous, compactly supported function and f' € L7 (-0, o0),
then

fx) = f ak (B W (x)dt (3.15)
f0 = MZ [, v (3.16)
where
f ak(t)‘Pk,t(x)dt:limf ak ()W (x)dt, (3.17)
[0.27)" e=0 J1(e)

and the series (3.15), (3.16) converge uniformly in any bounded subset of (—oo, c0).
(b) Every function f € Q, where Q is defined in (1.15), has decompositions (3.15) and (3.16),
where the series converges in the norm of L)' (a, b) for every a,b € R.

Proof. The proof of (3.15) in the case (a) follows from (3.13), Theorem 2.5, and Lemma 3.1.
In Appendix A, by writing the proof of Theorem 2 of [19] in the vector form, we obtain the
proof of (3.15) in the case (b). In Appendix B, the formula (3.16) is obtained from (3.15) by
writing the proof of Theorem 3 of [19] in the vector form. O

Definition 3.4. Let A be a point of the spectrum o(L) of L and fy,t,...,t be the points of
[0,27r) such that A is an eigenvalue of L;, of multiplicity s; for j = 1,2,..., k. The point 1 is
called a spectral singularity of L if

sup [[P(Aji(£))]| = oo, (3.18)

where supremum is taken over all t € (U(t;,6) \ {t;j}),j =1,2,...,k;i=1,2,...,sj, the set
U(tj,6), and the eigenvalues A;j1(t), Aja(t), ..., Ajs;(t) are defined in Remark 3.2. In other
words, A is called a spectral singularity of L if there exist indices j, i such that the point ¢; is a
pole of P(A;;(t)). Briefly speaking, a point A € o(L) is called a spectral singularity of L if the
projections of L; corresponding to the simple eigenvalues lying in the small neighborhood of
A are not uniformly bounded. We denote the set of the spectral singularities by S(L).

Remark 3.5. Note that if y = {1,(t) : t € (a,p)} is a curve lying in (L) and containing no
multiple eigenvalues of Ly, where t € [0,2r), then arguing as in [16, 21], one can prove that
the projection P(y) of L corresponding to y satisfies the following relations:

P(y)f = f( ﬂ)(f,Xp,t)‘Pp,t at,  IP(y)ll = SuP 1P (Ap ()]l (3.19)

te(a,p

These relations show that Definition 3.4 is equivalent to the definition of the spectral
singularity given in [16, 21], where the spectral singularity is defined as a point in the
neighborhood of which the projections P(y) are not uniformly bounded. The proof of (3.19) is
long and technical. In order to avoid eclipsing, the essence by the technical details and taking
into account that in the spectral expansion of L, the eigenfunctions and eigenprojections of L;
for t € [0,27r) are used (see (3.16)), in this paper, in the definition of the spectral singularity,
without loss of naturalness, instead of the boundlessness of the projections P(y) of L, we use
the boundlessness of the projections P(A,(t)) of L, that is, we use Definition 3.4. In any case,
the spectral singularity is a point of o(L) that requires the regularization in order to get the
spectral expansion.
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Theorem 3.6. (a) All spectral singularities of L are contained in the set of the multiply eigenvalues
of Ly for t € 0,2, that is, S(L) = {A1, Ay, ...} Cker RNo(L), where S(L) and ker R are defined in
Definition 3.4 and in (3.3), respectively.

(b) Let A = A, (to) € o(L) \ S(L), where ty € (a,2or —a). If yi,y2,..., is a sequence of smooth
curves lying in a neighborhood U = {t € C : |t — to| < 6o} of to and approximating the interval
[to - 60, to + 60], then

to—6o
I}im f a, ()W, (x)dt = ’[ a, ()W (x)dt, (3.20)
—00 Yi _

to—bo

where U is a neighborhood of t such that if t € U, then A, (t) is not a spectral singularity.
() If the operator L has no spectral singularities, then we have the following spectral expansion
in term of the parameter t:

1 o) 27T
fx) = Eé fo ay (H) Wy, (x)dt. (3.21)

If f(x) is an absolutely continuous, compactly supported function and f' € LI'(-oo, 00), then the
series in (3.21) converges uniformly in any bounded subset of (—oo,00). If f(x) € Q, where Q is
defined in (1.15), then the series converges in the norm of L)' (a, b) for every a,b € R.

Proof. (a) If A,(ty) is a simple eigenvalue of L, then due to Remark 3.2(see (3.14) and the
end of Remark 3.2, the projection P(\,(t)) and |a,(t)| continuously depend on t in some
neighborhood of to. On the other hand, a,(ty) #0, since the system of the root functions of
Ly, is complete. Thus, it follows from Definition 3.4 that A is not a spectral singularity of L.

(b) It follows from (3.3) and Theorem 3.6(a) that there exists a neighborhood U of t
such that if t € U, then \,(t) is not a spectral singularity of L. If A,(t)) € o(L) \ S(L), then
by Definition 3.4, t, is not a pole of P(,(t)), that is, by Remark 3.2, the Laurent series in Hv
where v <'s, of P(\,(t)) at to has no principal part. Therefore, (3.14) implies that

1
|ap(t)|

is a bounded continuous functions in a neighborhood of ¢y, which implies the proof of (b).
(c) By Theorem 3.6(b) if the operator L has not spectral singularities, then

(ftr Ip;t)lpp,t (3.22)

21T
[ atwad= [ e, (3.23)
[0,2)* 0

where the left-hand side of this equality is defined by (3.17). Thus, (3.21) follows from (3.23),
(3.16) and Theorem 3.6(c) follows from Theorem 3.3. O

Now, we change the variables to A by using the characteristic equation A(\,¢) = 0
and the implicit-function theorem. By (3.2), A(\, t) and dA (A, t) /9t are polynomials of e and
their resultant T'(A) is entire function. It is clear that T (1) is not zero function. Let by, by, .. .,
be zeros of T(A). Then, |bx| — oo as k — oo and the equation A(\, f) = 0 defines a function
t(A) such that

(3.24)

i dt  9A/d) OA(A, 1)
ALED) =0, 3 =—5ra ot /t—tm)#O
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forall A € C\ {by,b,,...}. Consider the functions

Fou(x)= >, Yk(x,/\p(t))Ak(t,)tp(t))=< Yk(x,)t)Ak(t()t),)t)> , (3.25)
k=12,..,n A=1,(6)

k=1,2,..n

where Yi(x,1),Y2(x,A),...,Y,(x, 1) are linearly independent solutions of (3.1), Ax =
(A1, Ak ooy Akm), Aki = Aki(t, L) is the cofactor of the entry in mn row and (k — 1)m + i
column of the determinant (3.2). One can readily see that

Api(t, L) = ge(V)e' + g 1 (M) 4y g (Ve + go (L), (3.26)

where go(1), g1(A), ..., are entire functions. By (3.24), Ak ;(t(1), 1) is an analytic function of
Ain C\ {b1,by,...}. Since the operator L; for t #0, or has a simple eigenvalue, there exists a
nonzero cofactor of the determinant (3.2). Without loss of generality, it can be assumed that
Ak,1(t()), 1) is nonzero function. Then, Ag1(¢(A), A) has a finite number zeros in each compact
subset of C \ {by, by, ...}. Thus, there exists a countable set E; such that

{b,by,...} CEy, Ak1(t(A),A)#0 VAZE;. (3.27)

Let A; be the set of all ¢ satisfying A(A,t) = 0 for some A € E;. Clearly, A; is a
countable set. Now, using Lemma 3.1, (3.25), (3.27) and taking into account that the functions
Yi(x,A),Ya(x,A),...,Ya(x, ) are linearly independent, we obtain

Pp,t (X)

¥ , (x) = 7
Pt | Epell

[Fpill #0 Vit € (D(e) UD(=¢)) \ (AU Ay), (3.28)

where ¥, ;(x) is a normalized eigenfunction corresponding to \,(t). Since the set AU A; is
countable, there exist the curves I(¢1),[(e3), ..., such that

slilgl(ss) =[-a,2mr—a], ()€ (D()UD(-¢)) \ (AUA;) Vs. (3.29)

Now let us do the change of variables in (3.15). Using (3.24), (3.25), (3.28), we get

ap(t(A) ¥y (x) = %F(x, A), where F(x,\) = . Z Yi(x,M)A;(L), (3.30)

j=12,..n

Aj(d) = Aj(H1), 1), Aj(t, ) is defined in (3.25), and (F(x, )iy = Fpe(x), h()) =

(f(),®D(-, 1)), D(x,A1,(t)) is eigenfunction of L; corresponding to A,(t) and a(l)
(F(-,A),®(-, 1)). Using these notations and (3.24), we obtain

[ hWe) (&
J oy 0= J ey a0 <§Y1‘x' ”Azm)dif (331)

where I'y(gs) = {A = A,(t) 1 t € I(&5)}, ¢ = 0A/0), ¢ = 0A/0t. Note that it follows from
(3.24) and (3.29) that ¢(1) #0 for A € I'y(es). If t € I(es), then by the definition of A and by
(3.29) A, (t) is a simple eigenvalue. Hence, a,(t) # 0, since the root functions of L; is complete
in L7'(0,1). Therefore, a(A) #0 for A € [, (es).
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To do the regularization about the spectral singularities Aj, Ay, ..., we take into
account that there exist numbers i;, 6, and ¢7 such that if |\ — Aj| < §, then the equality

(3.32)

(A= A)"R(V)p(L) A; (1) ‘
7

a()e)
holdsforj=1,2,...,nand U(A4, 6),U(A;, ), ... are pairwise disjoint disks, where U (A, 6) =
{A:]A = Al < 6}. Introduce the mapping B as follows:

= " (f(x, A
Bf e ) = £, 1)~ 3 3B L A (339)
I v=0

where B;,(1) = (A = Ay)”/v! for L € U(A;, 6) and By, (A) =0 for A ¢ U (A, 5). We set
Te={A=X() :t€[0,20)}, Sk={l: Ny eTxNnS(L)}. (3.34)

Now, using these notations and formulas (3.16), (3.17), (3.31), we get

1 g —h(L)p) (& . _
flx) = EZ(J’H 2P <jZlB(1/;(x/)L))A;()L)>d)t + ZMk,l(x)>, (3.35)

k=1 1eSk

where

1 ~h(Wp) (&[S 0" (Yj(x, Ap))
v -tz [ S (S A ) 0

Thus, Theorem 3.3 implies the following spectral expansion of L.

Theorem 3.7. Every function f(x) € Q has decomposition (3.35), where the series in (3.35)
converges in the norm of L' (a,b) for every a,b € R. If f(x) is absolutely continuous, compactly
supported function and f' € LJ'(-oo,0), then the series in (3.35) converges uniformly in any
bounded subset of (—o0, o).

Remark 3.8. Let n = 2u + 1. Then by Theorem 1.1 all large eigenvalue of L; for t € Q are
simple and hence the set A N Q, where A is defined in (3.4), is finite. The number of spectral
singularities is finite and (3.23) holds for k > 1.If ¢ < 1, then D(6)NA = @ and D(-¢)NA = &,
where D(¢g) and D(-¢) are defined in (3.10). Therefore, the spectral expansion (3.35) has a
simpler form. Moreover, repeating the proof of Corollary 1(a) of [20], we obtain that every
function f € L}'(-o0, o0), satistying (1.14), has decomposition (3.35).

Appendices

A. Proof of (3.15)

Here, we justify the term by term integration of the series in (3.13). Let Hx be the linear span
of Wis(x), Waos(x),..., ¥ni(x) and fn be the projection of f;(x) onto Hy . Since {¥;(x)} and
{Xk(x)} are biorthogonal system, we have

) = D, ay (O¥i(x), (A1)

k=12,..,N
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where akN (t) = (fNt, Xk ). Using the notations g+ = fi — fnt ka (t) = (gnt, Xk ), the equality
(A.1), and then (3.11), we obtain akN (t) = ax(t) - ka (1),

fi= D> (a(t) =bY () ¥ei+ 8N
k=12,..,N

N (A2)
f( ) = 2][ <Z J;(g) <ak(t)mkt(x)dt+Jl( <gNt(x) ;b (t)>lpkt(x)>dt>

To obtain (3.15), we need to prove that the last integral in (A.2) tends to zero as N — oo. For
this purpose, we prove the following.

Lemma A.1. The functions

S BN (1) ¥k

k=12,.,N

llgnll, (A.3)

tend to zero as N — oo uniformly with respect to t in I(e).

Proof. First, we prove that ||gn,|| tends to zero uniformly. Let Py and P, be projections of
L2'[0,1] onto Hn, and H,,, respectively, where Hy, ; = U Hn ;. If follows from (3.12) that
ft € Hyy s On the other hand, one can readily see that

Hpny € Hyi1p € Heof, Pni CPyy, Pnp— Poy. (A4)

Therefore, Pn;fi — fi, thatis, ||gn || — 0. Since ||gn || is a distance from f; to Hy, for each
sequence {t1,t1,...} CI(¢) converging to ty, we have

fo= D> ag (t)¥r(x)

k=12,.,N

lgnall <

(A5)
<Nl + I, = froll +

> ay (to) Wy, — 1Pk,ts)ll

k=1.2,.,N

<lignmll + as,

where a; — 0 as s — oo by continuity of f; and W on I(¢). Similarly (interchanging f and ¢),
we get ||gns || < l|gn e ||+ PBs, where B — 0 as s — oo. Hence, ||gn || is a continuous function on
the compact I(¢). On the other hand, the first inclusion of (A.4) implies that ||gn¢l| > ||gn+1]l-
Now, it follows from the proved three properties of ||gn || that ||gn || tends to zero as N — oo
uniformly on the compact I(¢).

Now, to prove that the second function in (A.3) tends to zero uniformly, we consider
the family of operators I',; fort € I(¢), p = 1,2,..., defined by formula

Toi(f) = D (f X)) Wha(x). (A.6)

k=1,2,...p

First, let us prove that the set I'(f) = {[,:(f) : t € I(¢), p = 1,2,...} is a bounded subset
of L7'[0,1]. Since in the Hilbert space every weakly bounded subset is a strongly bounded
subset, it is enough to show that for each g € L7'[0, 1], there exists a constant M such that

(g, @)l <M, YoeT(f). (A7)
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Decomposing g by the basis {Xk; : k = 1,2,...}, using definition of ¢ and then the uniform
asymptotic formulas (1.11), (1.13), we obtain

(g0l < D (0, Xen) (g ¥l

k=1.2,..p
< D X+ D (g Pk (A.8)
k=1.2,..,p k=1,2,...p

llgpll* + 11gl1* + O 1),

which implies (A.7). Thus, I'(f) is a bounded set. On the other hand, one can readily see that
[, fortel(e), p=1,2,...,1s a linear continuous operator. Therefore, by Banach- Steinhaus
theorem, the family of operators I', ; is equicontinuous. Now, using the equality

Inigne = Z ka,j () ¥kt (A.9)
k=12,.,N

and taking into account that the first function in (A.3) tends to zero uniformly, we obtain that
the second function in (A.3) also tends to zero uniformly. O

Using Lemma A.1 and Schwarz inequality, we get

“J‘ (gN,t(x)— > bff(t))‘l'k,t(X)
I(e) k=12,..,N

dt

b

< cgf f g = S BN (W (x)|ddx (A.10)
a Jli(e) k=1,2,..,.N

= Caf <gN,t(x) - > b,]:](t)>‘Pk/t(x) |dtf — 0 as N — oo,
I(e) k=1,2,...,N

where C, is the length of I(¢), the norm used here is the norm of L}’(a, b), a and b are the real
numbers. This and (A.2) justify the term by term integration of the series in (3.13).

B. Proof of (3.16)

Here, we use the notation introduced in (3.10) and prove (3.16). Since for fixed k the
function ay (t)Wx, is analytic on D(g) except finite number points £ t'z‘, .., t,};k (see the end
of Remark 3.2), we have

f ay ()W, dt = f ar()®redt+ > Res_par(t) ¥y (B.1)
I(e) [0,27]" sitkeD(e)
Similarly,
f ay ()W, dt = f ar()®redt+ D> Res_par(t)¥p. (B.2)
1(—¢) [0,2or]* s:t’;em

Since I(g) U1~ (—¢) is a closed curve enclosing D(—-¢) U D(—¢), we have

J‘ a,j ()P (x)dt = Z Res;_par (t) Wi - (B.3)
l(e)Jl™(=¢) s:tkeD(~¢)UD(=z)
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Now applying (3.15) to the curves I(¢), [(—¢€),l(e) Ul (=€), using (B.1), (B.2), (B.3) and taking
into account that I(¢) Ul (—¢) is a closed curve, we obtain

f@ =5 3 < j{om a (O (x)dt+ 3 Rest_tgak(tmfk,t), (B4)

k=1,2,... s:itkeD(e)
1
flx) = o > <f ap()¥re(x)dt+ D Rest:t_guk(t)q'k,t>, (B.5)
T i1, \ 7/ [027] stkeD ()

! 1
0=— I (x)dt = — Res,_s ac(H) ¥, ). b
270 J1eyur(-e) S 20 Z < Z p=tk t (B.6)

k=12,.. \g:tke(D(-e)uD(=¢))

Adding (B.4) and (B.5) and then using (B.6), we get the proof of (3.16).
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