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1. Main theorem

We recall some facts on differential forms and quasiregular mappings. Our notation is as
in [1]. Let /M be a Riemannian manifold of the class C?, dim.ll = n, without boundary.
Each differential form « can be written in terms of the local coordinates xi,...,x, as the
linear combination

o= z (X,’l...,‘kdxil /\---/\dxik. (1.1)

1<ij<---<ix<n

Let « be a differential form defined on an open set D C Jl. If (D) is a class of func-
tions defined on D, then we say that the differential form « is in this class provided that
ai,...i, € F(D). For instance, the differential form « is in the class L?(D) if all its coeffi-
cients are in this class.

A differential form « of degree k on the manifold Jl with coefficients a;,...;, € L, (L)
is called weakly closed if for each differential form f3, degf = k + 1, with compact support
suppf = {m € M :  # 0} in M and with coefficients in the class W;,IOC(J(/L), /p+1/q=1,
1 < p, q < o0, we have

Jmm,aﬁ) % =0 (1.2)
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Here the operator * and the exterior differentiation d define the codifferential operator
0 by the formula

Sa=(-1)f*x"ldxa (1.3)

for a differential form o of degree k.

Clearly, da is a differential form of degree k — 1. For smooth differential forms a con-
dition (1.2) agrees with the traditional condition of closedness da = 0.

For an arbitrary simple form of degree k,

W=WL A" AW (1.4)

we set

llwll = (ﬁl lwilz)m. (1.5)

For a simple form w we have Hadamard’s inequality

k
lwl <] ]|wil. (1.6)
i=1

Taking these into account and using the inequality between geometric and arithmetic
means

1/k

k 1 k 1 k 1/2
(1_[|Wi|> SkZ|Wi|S<kZ|Wi|2> (1.7)
i=1 i i
we obtain
lwl < k2wl (1.8)
Let
W=W A AW, 0=0,A---ANO,_k (1.9)

be simple weakly closed differential forms on JI.
We say that the pair of forms (1.9) satisfies a W'J -condition on JIt if there exist con-
stants 1,7, > 0 such that almost everywhere on Jl

v llwl¥? < (w,%0), 1011 < v2liwll. (1.10)

Our main removability result for differential forms is the following.

Tueorem 1.1. Let M be a Riemannian C3-manifold, dimM = n > 2, and let E C M be
a compact set of p-capacity zero, 1 < p < n. Let Z and 0 be simple forms on M \ E of de-

grees k — 1, n — k, respectively, |[dZ]] € Lﬁi. Suppose that the pair dZ and 9 satisfies a W -
condition on M \ E.
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If

ess sup |Z(m)| < oo, (1.11)
meM\E

then there exist forms Z, 0 such that 1dZll, ||5|| e Lk on M, the pair dz, ] satisfies the
WT -condition on M and their restrictions to M \ E coincide with Z, 0, respectively.
2. p-capacity

First we recall some basic facts about condensers. Let D be an open set on Jl and let
A,B C D be such that A and B are compact in D and A N B = @. Each triple (A, B;D) is
called a condenser on J.

We fix p = 1. The p-capacity of the condenser (A, B; D) is defined by

capp(A,B;D) = ianDIV(pIP Xl (2.1)

where the infimum is taken over the set of all continuous functions ¢ of class W;,IOC(D)
such that ¢|4 = 0, @|p = 1. It is easy to see that for a pair (A,B;D) and (A;,B;;D) with
A; C A, B; C Bwe have

cap,, (A1,B;;D) < capp(A,B;D). (2.2)

A standard approximation argument shows that the quantity cap,(A,B; D) does not
change if one restricts the class of functions in the variational problem (2.1) to smooth
functions ¢ equal to 0 and 1 in the sets A and B, respectively, and V¢ # 0 a.e. on M\ (AUB).

We say that a compact set E C Jl is of p-capacity zero, if cap,,(E, U; M) = 0 for all open

sets U C Al such that EnU = @.
We will need the following lemma.

LeMMmaA 2.1. A set E C M is of 1-capacity zero if and only if
#H"(E) =0. (2.3)

Proof. Fix € >0 and an open set U C Jl such that cap, (E,U; M) = 0. Choose a smooth
function ¢ : M — [0,1] such that |g =0, ¢ly =1, Vo # 0 a.e. on M\ (EU U) and

Vol * y<e 2.4
JMI plx y=<e (2.4)
By the coarea formula we have
1 1
J Vol % M:J dt [ agen =J %1-1(G,), (2.5)
M o Ja 0

where Gy = {m € J : p(m) = t} is a level set of ¢ [2, Section 3.2].
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Thus we obtain
irtlf‘?/f”_1 (Gy) <¢ (2.6)

and there exist sets G; of arbitrarily small (n — 1)-measure.
Since U is open it is possible only for the set E of (n — 1)-measure zero. O

If a compact set E C Jl is of p-capacity zero, then E is of g-capacity zero for all
q € [1,p]. By Lemma 2.1 we conclude that a set E of p-capacity zero, p = 1, satisfies
%" 1(E) = 0. In particular, such a set has n-measure zero.

3. Applications to quasiregular mappings

Let M and N be Riemannian manifolds of dimension #. It is convenient to use the follow-
ing definition [3, Section 14]. A continuous mapping F : .l — N of the class W, (L) is
called a quasiregular mapping if F satisfies

|F'(m)|" < KJp(m) (3.1)

almost everywhere on Jl. Here F'(m) : Ty (M) — Trm(N) is the formal derivative of
F(m), further, |F'(m)| = maxn =1 |F'(m)h|. We denote by Jr(m) the Jacobian of F at the
point m € JL, that is, the determinant of F'(m).

For the following statement, see [1, Theorem 6.15, page 90].

LemMA 3.1. IfF = (Fy,...,F,) : M — R" is a quasiregular mapping and 1 < k < n, then the
pair of forms

w=dF, A---ANdF, 0=dEx A ---ANdFE, (3.2)

satisfies a WIT -condition on MM with the structure constants vy = v1(n,k,K), v, = v2(n,k,K),
and p = n/k.

We point out some special cases of Theorem 1.1.

THEOREM 3.2. Let D C R" be a domain, 1 < k < n, and let E C D be a compact set of the
n/k-capacity zero. Suppose that a quasiregular mapping

F = (Fy,...,Fo,Fes1s...,En) : D\ E — R" (3.3)

satisfies (1.11) with

(—=1)"';FidFy AdFy A - - AdF; A -+ - AdFy, (3.4)

VR

Z(x) =

i=1

where the symbol dF; means that this factor is omitted and c; = const, > ¢; = 1.
Then there exists a quasiregular mapping F : D — R" for which F|p\g = F.
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Proof. Since the statement is a special case of Theorem 1.1, it suffices to show that Z and
0 satisfy the assumptions of the theorem. We have

k
dZ = (-1)"'¢idF; A\dFy NdFy A - - - AdF A -« AdFx =dFy A -+ - AdF. (3.5)

i=1
If we put
0 =dFi A -+ - AdF,, (3.6)

then by Lemma 3.1 the pair of forms w = dZ and 8 satisfies (1.10) on D \ E. Using
Theorem 1.1 we can conclude that forms Z and 0 have extensions to D. Moreover for
an arbitrary subdomain D, E C D’ cC D, it follows

J ]F(x)dxl---dx,,=J dFl/\---/\an=J dZ A0
D'\E D'\E D'\E

(3.7)
< CJD,\E [dZ|10]dx, - - - dx, < CNlAZ ]| Lo (o) 1Ol La(D\E)»
where C = const < o [2, Section 1.7] and p = n/k, q = n/(n — k).
From this it is easy to see that the vector function F belongs to W,,,,. in D and E is

removable for the quasiregular mapping F. Note that in the definition of a quasiregular
mapping continuity is not needed, see [4, Section 3, Chapter II]. This property has a local
character and its proof for subdomains of R” implies its correctness for manifolds. O

The case k = 1 reduces to the well-known case, see Miklyukov [5].

CoROLLARY 3.3. Let D C R" be a domain, and let E C D be a compact set of n-capacity zero.
Suppose that

F=(F\,Fy,...,F,) : D\ E — R" (3.8)
is a quasiregular mapping such that

sup |Fi(x)] < oo. (3.9)
xeD\E

Then there exists a quasiregular mapping F : D — R" for which F|p\g = F.
For k = n we have the following result.

CoROLLARY 3.4. Let D C R" be a domain, and let E C D be a compact set of Hausdorff
(n — 1)-measure zero. Suppose that

F = (F,F,...,F,) : D\ E — R" (3.10)
is a quasiregular mapping such that

ess sup Jr(x) < oo, (3.11)
xED\E

Then there exists a quasiregular mapping f* : D — R" for which f*|p\g = f.
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Proof. Since the Jacobian determinant of F is bounded and E is of (n — 1)-measure zero,
the quasiregularity of F implies that F and the form

n

S'(~1)'FidF\dF, A - - - dF; - - - A dF, (3.12)
i=1
belong to Lj;.(D). Hence the corollary follows from Theorem 3.2. O

Remark 3.5. Observe that Corollary 3.4 has an easy alternative proof. Since Jp(x) is
bounded and E is of (n — 1)-measure zero, the quasiregularity of F implies that the de-
rivative of F belongs to L;; (D) and F is a Lipschitz mapping in D \ E. This shows that
F can be extended to a Lipschitz mapping on D. It is clear that the extended mapping is
quasiregular in D.

Corollary 3.4 gives the following version of the well-known Painlevé theorem.

COROLLARY 3.6. Let E C D C C be a compact set of linear measure zero. Let F: D\ E — C
be a holomorphic function. The set E is removable for F if and only if

sup |F'(z)] < oo, (3.13)
2eK\E

for each compact set K C D.

4. Proof of Theorem 1.1
We will need the following integration by parts formula for differential forms [1].

LEMMA 4.1. Leta € W;’IOC(L/!/L) and B € Wy (M) be differential forms, dega+ degf = n—1,
/p+1/q=1,1<p, q < co, and let 5 have a compact support. Then

deomﬁ _ (—1)deset L%oc/\dﬁ. @.1)

In particular, the form a is weakly closed if and only if da = 0 a.e. on JL.

Let D C Jil be a domain containing E and with a compact closure in Jl. Let {Ux};.,
be a sequence of open sets Uy C Jl such that

EcC Uy, Ur C D, N Uxr =E. (4.2)

Fix a nonnegative smooth function ¥ : Ml — R, 0 < y < 1, with a compact support and
y=1onD. Fixak=1,2,... and a smooth function ¢ : M — R, 0 < ¢ < 1, with the
properties

ol =0, suppeCUs, ¢=1 Vmell\U. (4.3)

The form y?¢PZ A 0 has a compact support in Jl \ E. This yields

J d(yPePZ A 0) =0. (4.4)
MNE
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Using (4.1) we have

vPPdZ A 6+ (—1)degzj vPoPZ AdO = —J d(yPeP) AZ A O.
Ty M

JM\E \E

Observe that
dZ A0 =(dZ,*%0) x 4.

The form 6 is closed and, consequently, from (1.10) we get

VIJ yP P || dZ||*P sI yP P (dZ, %0) * =—J d(yPe?) NZ A
JM\E JM\E JM\E
=~ |, (dwre?) £ 2,56) 5
M\E
sj |d(yPeP) NZ|I % 0] % .
JM\E
But degf = n — k and by (1.8) we have
| %01 =101 < (n— k)" P2 0)" .

Thus from the second condition of (1.10), it follows that
vlj wP(pPIIdZIIkP* sv3j |d(yPe?) AZ|I1dZIIP71 %,
M\E ANE

where v = (n—k)"0/2y,.
By (1.11) there exists a constant 0 < M < co such that

|Z(m)| <M fora.e.in l\E.

Thus, we obtain
vlj yPoP ldZ|*P % < ngf |d(yPeP) | I1dZ]1P7" % .
M\E M\E
However,

|d(yPeP) | < pePyP [ Vy|+ peP~lyP|Vel,
PoP||dz||kp
vlLMEvup (1dZ]"P *

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

spv3MJ oP [Vl dZ]1P % +pv3MJ WP Vol ldzl? % .
M\E M\E

(4.13)
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Next we use the Cauchy inequality
k _
ab? 1 < 0 gp ¢ =L ora-pyir (4.14)
kp k

fora,b,e >0, p > 1.
For € > 0 this implies two estimates

J PPy V|l dz]|"k %
M\E

S’/‘7_kshv/(kfn)J g,,pl/,p||dz|\kp>,< +£J PP | Vy|P
kp MNE kp Jue ’

(4.15)
| e ruriveliazin
JM\E
n—k ip- J k fkpj
< ——— gkp/tk=m) PyP||dZ|I*F x  +— PIVo|P
kp M\Eq) yPlldZ|| kp M\Elll Vol
Now from (4.13) it follows
| yrerazi
ANE (4.16)
sclj Yl P |dZ|[FP +c2J oIV |7 +C2J YP Vol
M\E M\E M\E
where
_ kp
C] = " kstskp/(k—n)’ Cz = V3M€T. (417)
Choose € = gy > 0 such that C; = v;/2. Then we obtain
| wreriazi
2 Ju\E
<1;3M£ QP | Vy|P % +v3M£J yP|VelP x (4.18)
B k Jue k Jue )
e’gp sép
:vM—J Vol? % +vM—J Vyl? %
Tk Uk\El ¢! Tk A/L\Dl 4
and since0 <y, ¢ < 1,
1 ekp
fvlj dZ||%P 93ML<J IVol? * +J |Vyl|? * ) (4.19)
2 D\ Ui k Uk\E M\D

The special choice of ¢ and ¥ permits to take the infimum over ¢ and v such that

kp kp
11;1[ 1dZIF % <M cap, (B, Uisll) + M0 cap (Dl ll).  (4.20)
2 D\ Uy k P k p
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However, cap,, (E, M \ Ug; M) = 0 and thus we arrive at the estimates

kp

%J 1dZIk? 5 < vM 0 cap. (D, .;.10), (4.21)
2 D\U k P
1 skp
fvlJ' 1dZIK? s < v ME cap. (D, Ms.M) (4.22)
2 D k p

because by Lemma 2.1 the set E is of (n — 1)-measure zero.

Next by Lemma 2.1, the coefficients of Z can be extended to W;JOC
This is due to the estimate (4.22) and to the ACL-property of W}l—functions; note that the
ACL-property can be easily transformed to the manifold Jil since .l is in the class C3.

Thus, Z can be extended up to some form Z. Moreover clearly, [|dZ|| € Lﬁ;ﬂc(M). The
extension of 0 is analogous. Theorem 1.1 is completely proved.

-functions in Jt.

Acknowledgment

Authors would like to thank the referee for his good work and very useful remarks.

References

[1] D. Franke, O. Martio, V. Miklyukov, M. Vuorinen, and R. Wisk, “Quasiregular mappings and
WT -classes of differential forms on Riemannian manifolds,” Pacific Journal of Mathematics,
vol. 202, no. 1, pp. 73-92, 2002.

[2] H. Federer, Geometric Measure Theory, vol. 153 of Die Grundlehren der mathematischen Wis-
senschaften, Springer, New York, 1969.

[3] J. Heinonen, T. Kilpeldinen, and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic
Equations, Oxford Mathematical Monographs, The Clarendon Press, New York, 1993.

[4] Yu. G. Reshetnyak, Space Mappings with Bounded Distortion, vol. 73 of Translations of Mathe-
matical Monographs, American Mathematical Society, Rhode Island, 1989.

[5] V. Miklyukov, “Removable singularities of quasi-conformal mappings in space,” Doklady
Akademii Nauk SSSR, vol. 188, no. 3, pp. 525-527, 1969 (Russian).

Olli Martio: Department of Mathematics, University of Helsinki, P.O. Box 68,
00014 Helsinki, Finland
Email address: martio@cc.helsinki.fi

Vladimir Miklyukov: Department of Mathematics, Volgograd State University,
Universitetskii prospect 100, Volgograd 400062, Russia
Email address: miklyuk@vlink.ru

Matti Vuorinen: Department of Mathematics, University of Turku, 20014 Turku, Finland
Email address: vuorinen@utu.fi


mailto:martio@cc.helsinki.fi
mailto:miklyuk@vlink.ru
mailto:vuorinen@utu.fi

