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This study focuses on nonlocal boundary value problems for elliptic ordinary and par-
tial differential-operator equations of arbitrary order, defined in Banach-valued function
spaces. The region considered here has a varying bound and depends on a certain pa-
rameter. Several conditions are obtained that guarantee the maximal regularity and Fred-
holmness, estimates for the resolvent, and the completeness of the root elements of dif-
ferential operators generated by the corresponding boundary value problems in Banach-
valued weighted L, spaces. These results are applied to nonlocal boundary value problems
for regular elliptic partial differential equations and systems of anisotropic partial differ-
ential equations on cylindrical domain to obtain the algebraic conditions that guarantee
the same properties.

1. Introduction and notation

Boundary value problems for differential-operator equations have been studied in detail
in [4, 15, 22, 35, 40, 42]. The solvability and the spectrum of boundary value problems for
elliptic differential-operator equations have also been studied in [5, 6, 12, 14, 16, 18, 29,
30, 31, 32, 33, 34, 37, 41]. A comprehensive introduction to differential-operator equa-
tions and historical references may be found in [22, 42]. In these works, Hilbert-valued
function spaces have been considered. The main objective of the present paper is to dis-
cuss nonlocal boundary value problems for ordinary and partial differential-operator
equations (DOE) in Banach-valued weighted L, spaces. In this work, the following is
done.

(1) The continuity, compactness, and qualitative properties of the embedding opera-
tors in the associated Banach-valued weighted function space are considered.

(2) An ordinary differential-operator equation

Lu= > A" u®(x) = f(x), x€(0,b), am#0 (1.1)
k=0

of arbitrary order on a domain with varying bound is investigated.
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(3) An anisotropic partial DOE

zakD,lfu(x)+ Z Ag(x)D%u(x) = f(x), x= (x1,%2,...,%n) (1.2)
k=1

lazl| <1

is investigated.

(4) Both boundary conditions are, in general, nonlocal.

(5) The operators in equations and boundary conditions are, in general, unbounded.
Note that certain classes of degenerate equations of the above types are considered in L,
spaces, after transforming them with suitable substitutions to equations in weighted L,
spaces.

In the present work, we address the maximal regularity, Fredholmness, qualitative
properties of the resolvent, and the completeness of the root elements of differential
operators that are generated by these boundary value problems. These results are ap-
plied to nonlocal boundary value problems for elliptic and quasielliptic partial differential
equations with parameters and their finite or infinite systems on cylindrical domains. In
Section 1, some notation and definitions are given. In Section 2, certain background ma-
terial concerning embedding theorems between Banach-valued weighted function spaces
is presented. These spaces consist of functions that belong to Ep-valued weighted L,
space and their generalized anisotropic derivatives with respect to different variables be-
longing to E-valued weighted L, space. In this section, we show that there exist some
mixed derivatives of these functions that belong to (Eo, E)s-valued weighted L, spaces,
where (Ey,E)g are interpolation spaces between Ey and E, and the parameter 8 depends
on the order of mixed differentiations and the order of spaces. Embedding theorems of
such type have been investigated in [24] for Hilbert-valued L, spaces. In Section 3, co-
ercive estimates in terms of the interpolation spaces (E(A™),E)g of the nonlocal bound-
ary value problems for the underlying homogeneous ordinary DOE are proved. Next, in
Section 4, we show that the boundary value problem for the above ordinary DOE gen-
erates an isomorphism (algebraically and topologically) between corresponding E(A™)-
valued Sobolev spaces and

n

Ly(0,b;E) x [ [ (E(A™),E)g, (1.3)
k=1

where 0 depends on m and on the order of the boundary conditions. In Section 5,
the maximal regularity and Fredholmness of nonlocal boundary value problems on a
cylindrical domain for the above underlying anisotropic partial DOE are investigated. In
Section 6, estimates for the resolvent and the completeness of the root elements of dif-
ferential operators generated by these boundary value problems are shown. Finally, in
Section 7, the maximal regularity and Fredholmness of nonlocal boundary value prob-
lems for anisotropic partial differential equations and for their infinite systems, in general,
are proved.

Let y = y(x) be a positive measurable weight function on the region QO ¢ R”. Let
L, (s E) denote the space of strongly measurable E-valued functions that are defined
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on ) with the norm

1/p
flpy = 17y 0 = ([ 1I7GlEp0ax) 1< p<. (14)

For y(x) = 1, the space L, (Q; E) will be denoted by L, (Q; E) with norm || f || . By Ly, , ()
and Wll,)y(Q), p = (p1,p2) we will denote a p-summable weighted function space and
weighted Sobolev space (see [7, 38]) with mixed norm, respectively.

The Banach space E is said to be {-convex [8, 9] if there exists on E X E a symmetric
real-valued function & which is convex with respect to each of the variables and satisfies
the conditions

£(0,0) >0, E(u,v) < lu+vll for [lull = [lvll = 1. (1.5)

The &-convex Banach space E is often called a UMD space and written as E € UMD. It is
shown in [9] that a Hilbert operator (H f)(x) = lim,_o f‘y|>sf(y)/(x — y)dy is bounded
in L,(R,E), p € (1,), for those and only those spaces E which satisty E € UMD. UMD
spaces include, for example, Ly, lp spaces, and Lorentz spaces L, with p,q € (1, ).

Let C be the set of complex numbers and

Sp={AeC:largh—n| <m—-9}U {0}, O<gp=<m (1.6)

A linear operator A is said to be ¢-positive in a Banach space E with bound M > 0if D(A)
is dense in E and

1A =AD" = M(L+IA]) " (1.7)

with A € Sy, ¢ € (0,7], where I is the identity operator in E and L(E) is the space of
bounded linear operators acting on E. Sometimes, instead of A +AI we will write A +1
and denote this by A,. It is known [38, Section 1.15.1] that there exist fractional powers
A? of the positive operator A. Let E(A?) denote the space D(A?) with graphical norm
defined as

1/p
lullgeary = (lull? +[|A%ul[P) 7, 1< p<oo, 0 <f< . (1.8)

Let Ey and E be two Banach spaces and let Ey be continuously and densely embedded
into E. By (Eo,E)g,p, 0 <8< 1,1 < p < oo, we will denote interpolation spaces for {E,E}
by the K method [38, Section 1.3.1].

Let I be an integer and (a,b) C R = (—c0, ). Let W}l,’y(a,b;E) denote the E-valued
weighted Sobolev space of the functions u € Ly, ,(a, b; E) that have generalized derivatives
ub(x) e Ly, (a,b;E) included on (a,b) up to the Ith order and with the norm

1 b 1/p
lullwi, @by = 2. (J ||u<’<)(x)||§y(x)dx) < . (1.9)
k=0 *74

Consider the Banach space

W, (a,b;Ey,E) = Ly, (a,b;E0) " W), (a,b;E) (1.10)
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with the norm
||”||w;,,y(a,b;Eo,E) = llullL,, (absEo) + ||u(l)||LP,y(a,h;E) < oo. (1.11)
Let E; and E, be two Banach spaces. A function
¥ e C(R"L(E},E)) (1.12)
is called a multiplier from L, ,(R";E;) to Lg,(R"; E;) if there exists a constant C > 0 with
|[F~"W(&)Ful |Lq,y(Rn;Ez) < Cllullr,,rnE) (1.13)

forall u € L, (R"E;), where F is the Fourier transformation. The set of all multipliers
from L, (R"E;) to Ly, (R"; E;) will be denoted by MZZ;(El,Ez). For E; = E; = E, it will
be denoted by M%(E). Let

Hi = {¥)y € M} (E\,Es) :h = (hi,ha,...,hy) € K} (1.14)

be a collection of multipliers in MZ:;’,(EI,EZ). We say that H is a uniform collection of
multipliers if there exists a constant My > 0, independent of & € K, with

||F—1\PhFu||Lp,y(R”;Ez) < MOll“”Lp,y(R";El) (115)

forall h € K and u € L, (R";E;). The theory of multipliers of the Fourier transforma-
tion and some related references can be found in [38, Section 2.2.1] (for vector-valued
functions see, e.g., [26, 28]).

A set K C B(E1,E,) is called R-bounded (see [8, 39]) if there exists a constant C >0
such that for all Ty, T5,..., T, € K and uy,us,...,u,, € E;, m € N,

[

where {r;} is a sequence of independent symmetric [—1,1]-valued random variables on
[0,1]. Now, let

dy, (1.16)

E,

m 1] m
ri()Tjuj|| dy < CJ > ri(y)u;
j=1 E 0 1lj=1

Vn = {(EI)EZr-HJEn) S IR” : E] 7é 0})
Un = {B = (B:Po>-.»Bu) = | B| <}
Definition 1.1. A Banach space E is said to be a space satisfying a multiplier condition

with respect to p € (1, %) and weight function y if the following condition holds: if ¥ €
C"(R";B(E)) and the set

(1.17)

[ Dfw(8):E€ V,, Be U} (1.18)

is R-bounded, then ¥ € M5} (E).
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Definition 1.2. The positive operator A is said to be R-positive in the Banach space E if
there exists ¢ € (0, 7] such that the set

Ly={(1+§N(A-ED7 €Sy} (1.19)

is R-bounded.

Note that in Hilbert spaces every norm bounded set is R-bounded. Therefore, in
Hilbert spaces all positive operators are R-positive. If A is a generator of a contraction
semigroup on L;, 1 <gq < oo [25], then A has bounded imaginary powers with
I(=A")|IpE) < Ce”'"l, v < /2 [11] or if A is a generator of a semigroup with Gaussian
bound [16] in E € UMD, then those operators are R-positive.

Itis well known (see, e.g., [25]) that any Hilbert space satisfies the multiplier condition.
By virtue of [28], Mikhlin conditions are not sufficient for the operator-valued multiplier
theorem. There are, however, Banach spaces which are not Hilbert spaces but satisfy the
multiplier condition, for example, UMD spaces (see [8, 9, 39]).

A linear operator A(f) is said to be uniformly ¢-positive with respect to ¢ in E if
D(A(t)) is independent of ¢, D(A(t)) is dense in E, and

la® -0 = 3

(1.20)

for all A € S(¢), where ¢ € (0,7].
For two sequences {a;}jen and {b;}jen of positive numbers, the expression a; ~ b;
means that there exist positive numbers C; and C, such that

C]tlj < bj < Czaj V] e N. (1.21)

Let 0 (E1, E>) denote the space of compact operators acting from E; to E,. For E; =
E; = E, this space will be denoted by 0., (E). Denote by s;(I) and d;(I) the approximation
numbers and d-numbers of the operator I, respectively, (see, e.g., [38, Section 1.16.1]).
Let

0,(E1,Ey) = {A € 0w (E,Ey) : D s](A) < o0, 1 =g < oo}. (1.22)
j=1

LetQ c R"and ! = (L,h,...,I,). Suppose B = Br(x) are positive measurable functions
on Q. We consider the Banach-valued function space W;,’ﬁ’y(Q;EO,E) which consists of

the functions u € L, ,(€);Ey) that have the generalized derivatives Dju = 0%u/dx} such
that ﬁkD,lc"u € Ly, (QE), k € {1,2,...,n} with the norm

n
I
lullw s = 14l i +kZ 1By ull,, (o) < oo (1.23)
=1

For fi(x)=1,k € {1,2,...,n}, the space Wll,’ﬁ)y(Q;EO,E) will be denoted by Wll),y(Q;Eo,E).
For y(x) = 1, the space W}’%),(Q;EO,E) will be denoted by WII,(Q;EO,E). For E, = E, this
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space is denoted by W;,(Q;E). Lett = (t1,t,...,t,), where t; > 0 are parameters. We define
in W}’,)),(Q;EO,E) the parameter norm

n
!
||”||W},,y,[(Q;EO,E) = llullL, e + Z ||tkak“||LP,y(Q;E)- (1.24)
k=1

The weights y are said to satisfy an A, condition, that is, y € A, with 1 < p < o, if there
exists a constant C such that

p-1
e A

for all cubes Q C R”.

2. Embedding theorems

Let a = (a1,0,...,a,) and D* = DY'D5? - - - Dy". Using a similar technique as in [29, 32,
33], we obtain the following result.

THEOREM 2.1. Let the following conditions be satisfied:

(1) y = y(x) is a weight function satisfying the A, condition;

(2) E is a Banach space satisfying the multiplier condition with respect to p and weight
function y;

(3) A is an R-positive operator in E and t = (t1,t2,...,t,), 0 < tx <ty < co0;

(4) a=(a1,00,...,0,) and | = (I}, b,...,1,) are n-tuples of nonnegative integer numbers
such that

» = ‘((x+l—1>:l‘ =Z“k§1/psl, I<p<oo,0=<spu<1-ym 2.1)
k=1 'k

(5) Q C R™ is a region such that there exists a bounded linear extension operator acting
from Ly, (s E) to L, ,(R"; E) and also from W;,)Y(Q;E(A),E) to W},,y([R“;E(A),E).

Then, an embedding
D*W,, (QE(A),E) C Ly, (GE(A'™7H)) (2.2)

is continuous and there exists a positive constant C, such that

n
/1 —(1-
ﬂtkk k||Da”||LP,V(Q;E(A1”"!‘)) <Gy [hH”u”W;,_W(Q;E(A),E)+h ( ”)”“”LP,V(O;E)] (2.3)

forallu e W;,,V(Q;E(A),E) and 0 < h < hy < oo,
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Proof. Tt suffices to prove the estimate (2.3). In fact, first, the estimate (2.3) is proved for
Q = R". The estimate (2.3) for Q = R"” will follow if we prove the inequality

[T IF [GO™A 44|, oy

|:h‘“ (A+ Z tk fk fk) )+h(1/‘):|ﬁ

k=1

(2.4)

=G
Lpy(R",E)

where § € C*(R) with 6(y) = 0 forall y = 0, §(y) =0 for |y| < 1/2, §(—y) = =38(y) for
all y,and

=818 & (2.5)
It is clear that (2.4) will follow if we can prove that the operator-function
-1
]‘[ (e gapl-snpn [A+ St (8(8)) " +h } (2.6)
k=1 k=1

is a multiplier in L,,(R";E), which is uniform with respect to the parameters ¢ and h.
Then, by using the moment inequality for powers of positive operators and the Young
inequality as in [32, 33, 34] we obtain

W (&)l < ClIQE)u | +|AQE)ul (2.7)
where
" -1
o)~ |4+ Y to(e) 4| - 25)
k=1

Thus, in view of (2.7), due to R-positivity of the operator A (or, applying [39, Lemma
3.8], we can obtain this for UMD spaces), we find that the function ¥, is a multiplier in
L, ,(R;E). Therefore, we obtain the estimate (2.4). Then, by using the extension operator
in W}’,)y(Q;E(A),E), from (2.4) we obtain (2.3). a

By applying a similar technique as in [29, 31] we obtain the following.
THEOREM 2.2. Suppose conditions (1)—(3) of Theorem 2.1 are satisfied. Suppose Q) is a
bounded region in R" and an embedding Ey C E is compact. Then, an embedding

W} (E(A),E) C Ly, (O%E) (2.9)

is compact.

THEOREM 2.3. Suppose all conditions of Theorem 2.1 are satisfied and suppose Q) is a
bounded region in R", A=' € 04 (E). Then, for 0 < yu < 1 — sc an embedding (2.2) is compact.
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Proof. Putting in (2.3) h = ”””Lp,y(Q;E)/H””W,’,,V(Q;E(A),E)) we obtain a multiplicative in-
equality

H I—p
||Dau||LP,y(Q;E(A1*%*#)) = Cy||u||pry(Q;E)||M||le),y(Q;E(A)’E). (2.10)

By virtue of Theorem 2.2 the embedding WII)y(Q;E(A),E) C Ly (€ E) is compact. Then,
from the estimate (2.10) we obtain the assertion. O

Similarly as in Theorem 2.1 we obtain the following result.

THEOREM 2.4. Suppose all conditions of Theorem 2.1 are satisfied. Then, for 0 <y < 1— ¢
an embedding

D*W,,,, (% E(A),E) C Ly, (% (E(A),E),. ) (2.11)

is continuous and there exists a positive constant C, such that

n
/1
[ 16 1Dl e
f (2.12)

n

I —(1—

<C, [h"(”AuHLN(Q;E) +> ||tkaku||Lp,y(Q;E)) +h @ u>||u||Ll,)y(Q;E)]
k=1

forallu e W, (Q;E(A),E) and 0 < h < hy < co.
Similarly as in Theorem 2.2 the following result can be shown.

THEOREM 2.5. Suppose all conditions of Theorem 2.2 are satisfied. Then for 0 <y <1 — ¢
an embedding (2.11) is compact.

THEOREM 2.6 [34]. Let E be a Banach space, A a ¢-positive operator in E with bound M,
9 (0,7/2). Letm,leN, 1 < p<oo,anda € (1/2p,m+1/2p), 0 < v < 2pa— 1. Then, for
A € S(¢) an operator, —AY" generates a semigroup e=M'* which is holomorphic for x > 0.
Moreover, there exists a constant C > 0 (depending only on M, ¢, m, a, and p) such that for

every u € (E,E(A™))ai/zm—(14v)/2mp,p and A € S(¢),

J |[(A+AT)%e *AAD )Py

0 (2.13)
p 1p/2—(1+v)/2 P

< C 10 pm gy 2]

Proof. By using a similar technique as in [12, Lemma 2.2], at first for a ¢-positive operator
A, where ¢ € (n1/2,7), and for every u € E such that

J x0T P (A(A +x) 7)™ ul|Px”dx < oo, (2.14)
0
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using the integral representation formula for holomorphic semigroups, we obtain an es-
timate

Jo ||A%e4ul[Px"dx < CJO || TP (A(A +x)71) " u||Px7 dx. (2.15)

Then, by using the above estimate and [12, Lemmas 2.3-2.5] we obtain the assertion. [J

Let Q denote the closure of the region Q. Similarly as in [7, Theorem 10.4] we obtain
the following.

THEOREM 2.7. Suppose the following conditions are satisfied:

(1) y = y(x) is a weight function satisfying the A, condition;
(2) E is a Banach space and a = (a1,00,...,00), I = (I, h,..0500), 1 < p <00, 3¢ =

Z}?:l (arx+1/p)/lk < 1;
(3) Q C R" is a region satisfying the I-horn condition [7, page 117].

Then, the embedding D"‘Wll,,y(Q;E) C C(O;E) holds, and there exists a constant M > 0
such that

ID*ul|ceyp) < M[hl_% lullwt ey +hIl UHLN(Q;E)] (2.16)

forallue W}, (OE) and 0 < h < hg < co.

Let

G={x=(x1,%5...,%,) : 0 < xx < Tk}, y(x) = x)' %)X (2.17)

Let B = 2 v = [Ty xps y = [Tjoyx'. Let I = I(W) ; (Q3E(A),E), Ly, (O:E)) be the
embedding operator

W1 5, (S E(A),E) — Ly, (OE). (2.18)

Using a similar technique as in [30] and [38, Section 3.8], we obtain the following result.

THEOREM 2.8. Suppose that E is a Banach space with base and

O<yp<p-—1, 0<pe<l, ve—ye>p(Br—1),
1<p<oo, sj(I(Ep,E)) ~ j7%, ko >0, jEN,

; (2.19)
o :;Pz}l};—ﬂkk) <!
Then,
si(I(W}) g, (GE0,E),Lpy(GiE) ) ) ~ j~Vthatsa), (2.20)
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Proof. By the partial polynomial approximation method (see, e.g., [38, Section 3.8]), we
obtain that there exist positive constants C; and C, such that

si(1(W) 4, (GEo,E), Lpy(GsE) ) ) < CyjVikotoa,

l . (2.21)
di(1(W! 5, (GiEo,E), Lps(GsE) ) ) = Cpj~Vlhatsa),

Therefore, from the above estimates and by virtue of the inequality d;(I) < s;(I) (see [38,
Section 1.16.1]), we obtain the assertion. O

Consider a principal differential-operator equation

ar A U0 (x) + (Bu)(x) =0, x € (0,b). (2.22)

M=

Lu = u'™(x) +
k

1

Let wy,wy,...,w;, be the roots of the equation
W+ a0+t a, =0 (2.23)
and let

wm =min {argwj, j = 1,...,% argw; + 7, j =v+1,...,m}, (2.24)
2.24
wym = max {argw;, j = 1,...,% argw; + 7, j = v+1,...,m}.

A system of numbers w,ws,...,wy, is called v-separated if there exists a straight line P
passing through 0 such that no value of the numbers w; lies on it, and wy, wy,...,w, are
on one side of P, while w,,1,...,w,, are on the other.

As in [42, Lemma 5.3.2/1], we obtain the following result.

LemMa 2.9. Let the following conditions be satisfied:

(1) am # 0 and the roots of (2.23), wj, j = 1,...,m, are v-separated;
(2) A is a closed operator in the Banach space E with a dense domain D(A) and

(A =AD" < CIAI~, —g — Wy < arg < g Wy A — oo, (2.25)

Then, for a function u(x) to be a solution of (2.22), which belongs to the space W}'(0,b;
E(A™),E), it is necessary and sufficient that

v m
u(x) = Z e‘x‘”kAgk-i- Z e_(b_x)“’kAgk, (2.26)
k=1 k=v+1

where

g € (E(Am),E)l/mp)P, k=1,2,....,m. (2.27)
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Statement of the problems. Let Q be a region in RY and Q the closure of Q. Let t =
(t1,t2...,tn) € Q and let b(t) be positive continuous functions on the region Q. Con-
sider a nonlocal boundary value problem

Lu:=> atAl*u®(x) = f(x), x€(0,b), am #0, (2.28)
k=0
Vk
Liu:= > [cxk, 0) + Briu” (b(t)) +Zak,] xk]t)} = fi» k=12,...,m, (2.29)
i=0 j=1

in a Banach space E, on the varying region 0 < x < b(t), where 0 < v < m — 1 and a;,
Bki> Okij are complex-valued functions depending on the domain parameters ¢ and xj; €
(0,b(1)) for t € Q. Moreover, Ay = A+, A, and Ty; are, generally speaking, unbounded
operators in E. We denote &y, By, and &y, by ax, Bx, and J;, respectively.

Let y(x) = x. The functions belonging to the space W'(0,b; E(A™),E) and satisfying
Lu = f(x) a.e. on (0,b) are called solutions of (2.28) on (0,b). Let

G={(x,y) eR*:0<x<1,0<y<h(x)}, (2.30)
where h is a continuous function on [0, 1]. We now consider a boundary value problem

Lou:= alDllu(x y) +aley2 u(x,y) +Ayu(x, y)

+ > Aux,y)D*u(x,y) = f(x,), (2.31)
lazl|<1
Llju=0, j:1,2,...,ll, szu:O, j= 1,2,...,[2, (232)
where
my Nl)
Llju:=z[a1],u()(0y +51]1u (1 )/ +Z‘51]wu x]w}/)]
i=0 v=1
My

+ 3 Tijpu(x00,9) =0, j=1,2,...,1,
v=1

(2.33)
mj Naj '
szu = z |:0(2],u (X 0 +/))2],1/l ]’l) + Z 82]'1'1;1/{5,1) (x,ij)}
i=0 v=1
My,
+2T2jyu(x,l",,o) =0, j=1,2,...,lz,
v=1

in E, where Ay = A+, A, Ay(x,y) and Ty;j, are, generally speaking, unbounded opera-
tors in E, 0 <x, < 1,0 <x,0 <1,0<T, <h(x), 0 <T,o < h(x), and ak, a;ji, Bji> Okjir are
complex numbers,

0<my; < I —1. (2.34)
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We denote ajm,; by axj and ijm,; by frj, k = 1,2. Let

aocl [4%]
a _ a _
Dll - D;‘l - axal ’ D22 - D;z - ayocz >

y1(x)=x", pa(y)=y", y=ylxy)=x"y"

D* = D% D%,
Y (2.35)

Functions belonging to the space Wll,)y(G;E(A),E), I = (I,h), satistying (2.31) a.e. on
G and boundary conditions (2.32) are called solutions of the boundary value problem
(2.31), (2.32) on G.

3. Homogeneous equations

Let L be defined as in (2.28) and consider the homogeneous equation
Lu=0 (3.1)

together with the boundary conditions (2.29). Let w;, w3, ..., be the roots of the char-
acteristic equation

A" +aiw™ M - +ay=0. (3.2)

Let [vpk]uk=12,..,m be an m X m-matrix with determinant w(¢) = det[v,x], where

(3.3)

B ar()(—w,)™ forn=1,2,...,d, k=12,..,m,
n Br(t)wn* forn=d+1,d+2,....m, k=1,2,...,m.

THEOREM 3.1. Let the following conditions be satisfied:

(1) A is a -positive operator in a Banach space E for ¢ € (0,7/2);

(2) w(t) =det[vk] #0 forallt € Q, and ny = (pm+ pvi+1)/2pm, k=1,2,...,m;

(3) am # 0 and |argw; — | <7/2 - ¢, j = 1,2,...,d, largw;| <n/2 - ¢, j=d+1,...,
m, 0<d<m;

(4) aki, Bris Oji are continuous functions on Q.

Then, the problem (3.1), (2.29) for
fk € Ex = (E(Am),E)%p, p € (1,0), largAl <m—¢ (3.4)

and sufficiently large |A| has a unique solution u € W;"(O, b;E(A™),E), and coercive unifor-
mity with respect to t and A, that is,

- m—k—j i - _
S (D" A, oy <MY (il + HAL) 35)
k,j=0 k=1

holds for the solution of (3.1), (2.29), where k+ j < m.

Proof. From condition (1), by virtue of Theorem 2.6, for |argA| < w — ¢, there exists the
semigroup e~ and it is holomorphic for x > 0 and strongly continuous for x > 0. By
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virtue of Lemma 2.9, an arbitrary solution of (3.1) for |argA| < 7 — ¢ belonging to the
space W}?‘(O, b;E(A™),E) has the form

d m
x) = Z ex‘“"A*gn + Z e_(b_")“’”A"gn. (3.6)
n=1 n=d+1
Let
V() eXwnAy forn=1,2,...,d, (3.7)
X) = .
A e~ =0y forn=d+1,d+2,....,m

Now, taking into account the boundary conditions (2.29), we obtain algebraic linear
equations with respect to g1,£>,...,¢m, that is,

M=

Lc(Van)gn = fu» n=12,...,m, (3.8)

n=1

where

Vk N
k(Van) Z - w,) [ock, + Briet M+ > 8 e"k”“’"A*:|A’ forn=1,2,...,d,

= (3.9)

Vk N
Li(Vi) = D ), [akieb‘“”’“ +Br+ > 6kj,-e(l”‘kﬂ)“’”‘“]Ajl forn=d+1,...,m
i=0 j=1

We obtain from the above equalities that the determinant of the system (3.8) is the
determinant-operator

DL t) = det[Li(Vin) ] = [w(I + B(A,1)]AL, (3.10)

where vg = X", v, and B(A,t) is an operator in E in which all elements are bounded op-
erators containing A;y for some y >0 and bounded operators V1 (0), Vi (b), Vi (xkje).
Therefore, by virtue of the properties of positive operators and holomorphic semigroups
(see [38, Section 1.13.1]) and in view of continuity of the functions a;, Bki, Okji on Q,
it is easy to see that for |argA| <m — ¢, [A| — o we have ||[B(A,1)lp2) — 0 uniformly
with respect to t € Q. Therefore, by the condition w(t) # 0 for |argA| <7 — ¢, A — o,
the operator Q(A, ) [w(t)I + B(A,t)]~! is uniformly invertible in E with respect to A and ¢,
that is,

QA < C. (3.11)

Therefore, the operator D(A, ) is invertible in E, and the inverse operator D~'(A,t) can
be expressed in the form

D'\ 1) = A" QA 1). (3.12)
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Thus, D7'(A,t) is uniformly bounded with respect to the parameters A and ¢, that is,
IID7Y(A,1)|] < C. (3.13)

Consequently, system (3.8) has a unique solution for |argA| < 7 — ¢ and [A] sufficiently
large, and the solution can be expressed in the form

gn=Q(/\tZ (LOA i, n=1,2,...,m, (3.14)

where C,;(A,t) are operators in E involving linear combinations of uniformly, with re-
spect to A and t, bounded operators A)ty, y >0and V,;1(0), Viu(b), Vi (xkjr). Substituting
(3.14) into (3.6), we obtain a representation of the solution of the problem (3.1), (2.29)
as

u(x At)[ii i, 1) Viu( )Aﬂf,}. (3.15)

Since b = b(t), axi = aki(t), Skij = Okij(t) are continuous functions on Q, by virtue of
properties of holomorphic semigroups (see [38, Section 1.13.1]), in view of (3.13) and
by virtue of uniform boundedness of the operators C,; and Q(A,t) with respect to A and
t, for |argA| < m — ¢, t € Q, and for sufficiently large ||, we obtain

m—k—n
(1+1Al) ||Aku(n)||LP(0,b;E)

ilMs

kn=0
i o . py (3:16)
—n
scloal] 3 arnym S S ([ vacosirar) |
k,n=0 j=li=1
Using the equality A};r =A) (k= "Am " and Theorem 2.6, we obtain from (3.16)

—k— n
(T+ A" AR )||LP(O,b;E)
0

ilMs

k

m

1/p
<C z (14 A" ||aT - ”>||2U A %vm(x)ﬁnpdx] (3.17)

A

< O3 [11flle + IMHILAL],

where the constant C is independent of the parameters A and ¢. Therefore, we obtain the
estimate (3.5). O
4. Nonhomogeneous equations

Now, we consider nonlocal boundary value problems for nonhomogeneous equations
of the form (2.28), (2.29), where Ay = A+, A is, generally speaking, an unbounded
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operator in E and b = b(t), axi = aki(t), Pri = Pri(t), Okij = Okij(t) are complex-valued
functions on Q. Let Ex = (E(A™),E)g,,p, where Ok = (v +1/p)/m, k = 1,2,...,m.

TueoreM 4.1. Let all conditions of Theorem 3.1 be satisfied and let E be a Banach space sat-
isfying a multiplier condition with respect to p € (1, 00). Then, the operator By : u — Bou =
{Lu,Lyu,Lyu,...,Lyu} for largh| < — ¢ and sufficiently large |A| is an isomorphism

Ex. (4.1)

M=

from W;,”(O,b;E(A’”),E) onto  Ly(0,b;E) +
k

1

Moreover, coercive uniformity with respect to A and t, that is,

m
7k7
> @+ n||Aku(n)||Lp(0,b;E)
k,n=0 (4.2)

< |l 3 (Ll + 10 |
k=1

holds for the solution of (2.28), (2.29), where k+n < m.

Proof. By definition of the space W[,”(O,b;E(A’"),E) and by virtue of the trace theorem
in it (see [24] or [38, Section 1.8]), we obtain that the operator u — Byu is bounded from
W[,”(O,b;E(A'”),E) onto L,(0,b;E) + >;_, Ex. Then, by Banach’s theorem it suffices to
show that this operator is bijective. We have proved the uniqueness of the solution of the
problem (2.28), (2.29) in Theorem 3.1. Therefore, we need only to prove that the problem
(2.28), (2.29) for all f € L,(0,b;E) has a solution satisfying estimate (4.2). We define

) {f(x) if x € [0,b(1)], w3

0 ifx ¢ [0,b(1)].
We now show that the solution of the problem (2.28), (2.29) belonging to the space
Wg”(O,b;E(A’”),E) can be represented as a sum u(x) = u;(x) + uz(x), where u; is the
restriction on [0, b] of the solution #; of the equation
Lu= fi(x), x€R=(—00,00), (4.4)
and u; is a solution of the problem

Lu=0, Liu= fy — Lyuy, k=1,2,...,m. (4.5)

A solution of (4.4) is given by the formula

) = F L DES = o [ LD ER) (46



24  Maximal regular BVPs in Banach-valued weighted space

where F f; is the Fourier transform of the function f; and L(A,§) is a characteristic oper-
ator pencil of (4.4), that is,

m

= > ar(i)FATF, (4.7)

It follows from the above expression that

,k7 I~
(T+A1)" A kugn)HLP(R;E)

iMs

k,n=0
m (4.8)
= D0 (D) ET )L A F £l s
k,n=0
where k +n < m. We show that the operator-valued functions
HOLE) = AL (Li€),  Huhi) = (1+ )" (@) Ak L (1,i8), (4.9)

n,k =0,1,...,m, n+k < m, are Fourier multipliers in L, (R; E), uniformly with respect to
the parameter A. Conditions (2) and (4) imply

m
—iwg'EeS(p),  LT'LiE) =[] (€ - wpAr) (4.10)
k=1
Then by virtue of the resolvent properties of the positive operator A, we obtain
ML (L) < C (4.11)
and

11+ D)™ " gnak L1 (), i€)|

= H(l - |A|)’"‘”"‘£"A"ﬁ (i€ — w;Ay) "

j=1
n k . m—n—k 4
H (i€ —wjAy) 1_[ (i€ —wjAy) ‘ 1_[ (14 A1) (i — wjAr)
= j=1 j=1

<C

(4.12)
for n,k =0,1,...,m, n+k < m. Therefore, using (4.9), we obtain

||H(/1’E)|| <G, ||an(Az£)|| <C. (4.13)
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Since
EHOLD = L7 0LiE) FeLOLEIL (L),
d%an(A,t,f) = (1+ M) ngn-1 AR L1 (), iE) (4.14)
— &AL, if)d%L()u, t,i&)L71 (M, i),
and using (4.13) for all £ € R\ {0}, we obtain
_ d _
[drosfu. [dmas]ser s

for n,k =0,1,...,m, n+k < m. It is easy to see that due to R-positivity of the opera-
tor A, the operator-valued functions H(A,¢) and H,x (A, €) are R-bounded with R-bound
independent of A. Moreover, it is easy to see from the inequalities (4.13) that the operator-
valued functions &(d/dé)H (A, &) and &(d/dE)H,, (A, &) are R-bounded with R-bound in-
dependent of A and ¢ (or applying [39, Lemma 3.8] we can get this for UMD spaces).
Then, in view of Definition 1.1 it follows from (4.9) and (4.15) that the functions H(A,¢&)
and Hi (A, §) are Fourier multipliers in L, , (R; E), uniformly with respect to the parameter
A. Then, by using (4.8), we get

m

Mm—=Kk—ny|en 2 m— ~ 7
kz (1+1A]) |&"am*Fa |, < Cllfill,, k+n<m, (4.16)
=0
uniformly with respect to A and ¢. Then, we have
il € W) (RE(A™),E). (4.17)

By virtue of (4.5) (or [38, Section 1.8]), we get that u(v" (+) € Ex, k =1,2,...,m. Hence,
Liu, € Ex. Thus, by Theorem 3.1 and due to 0k < nx for k = 1,2,...,m, the problem (4.5)
has a unique solution u;(x) that belongs to the space wy (R;E(A™),E) for |argh| <m — ¢
and for sufficiently large |A|. Moreover, for a solution of the problem (4.5), we have

an:O (14 1) Ak,
< C Y (Ilf — Loktaal [, + A0l fi — Logaan I
k=1 (4.18)
< C 3 [ fill, + AT 0| fel [+ 1A% [ Lojeans ||
=1

16 ooz + 1A% el cqops |-
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From (4.16) we obtain

m

> (A" AR, < Clf Il (4.19)
k,n=0

Therefore, by virtue of [24] (or [38, Section 1.8]) and the estimate (4.19), we obtain
||”(1vk)(')||Ek = C||“1||w;,"<o,b;E<Am),E) <Cllfllp. (4.20)
By Theorem 2.7 forp e C,u € WI',”(O,b;E), we get
> [[uO ] < CLIul P llullwyo,pm) + 1P lull ). (4.21)

Dividing by |u|"? and substituting A = y? for A € C and u € W} (0,b;E), from (4.21)
we get

IO | ()] < Clllullwaose + 1M Tull,p]. (4.22)
From (4.19), (4.20), and (4.22), we obtain
A0 Y ()] < Clllwllwyp ez + Mllmll,] < Cl £, (4.23)
uniformly with respect to the parameters ¢ and A. Similarly, we get for k = 1,2,...,m
AP 1™ o) | < Clllllwp o scam.ey + 1M lall,] < CILF 1. (4.24)

Hence, from the estimates (4.18), (4.20) and (4.23), (4.24) for |argA| <7 — ¢, [A| —
and t € Q, we obtain

>+ AR, < C[Ilfllp+ > (I fell, + MMHJ&HE)] (4.25)
k,n=0 k=1
Then, the estimates (4.19) and (4.25) imply (4.2). O

Remark 4.2. Let the boundary conditions (2.29) be homogeneous, that is, fr = 0. We
consider a differential operator Q) acting in L,(0,b;E) and generated by the problem
(2.28), (2.29), that is,

D(Q/\) = W;n(0>b’E(A)7E’Lk)7

Quu = Z a AT Fu® (x),  x € (0,b(1)), t € Q. (4.26)

k=0

Then, by Theorem 4.1, for |argA| < 7 — ¢ and sufficiently large |A], the operator Q) has a
bounded inverse operator from the space L, (0, b;E) to the space Wg’(O, b;E(A™),E), and
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for all solution of this problem we have

1Qullr, (0,658) = Nullwy o.iEcam,E)»

m
ke (4.27)
Z (1+ W)m n||Aku(n)||Lp(O,b;E) = C”f”Lp(O)h;E)’ k+n<m.

k,n=0

We now consider a boundary value problem (2.28), (2.29) with ax = 0 for k = 1,2,...,
m—1,a,=1,and fy =0fork =1,2,...,m, that is,

Lu = agu'™ (x) + Ayu(x = f(x), x€(0,b), Liu=0, k=1,2,....,m, (4.28)

where Li are defined in (2.29) and where Ay = A+, A is, generally speaking, an un-
bounded operator in E and b = b(t), ax; = aki(t), fri = Pki(t), Okij = Okij(t) are complex-
valued functions on Q. By B we will denote a differential operator actingin F = L,(0,b;E)
and generated by the problem (4.28), that is, it is defined by

D(B) = W} (0,b;E(A), E, L),

Bu = apu'™ (x) + Au(x), xe< (0,b(t), te Q. (4.29)

Let w; be the roots of the equation
apw™ +1=0. (4.30)

Theorem 4.1 implies the following result.

CoROLLARY 4.3. Let the following conditions be satisfied:

(1) E is a Banach space satisfying a multiplier condition with respect to p € (1, 0);

(2) A is a p-positive operator in E and 0 < ¢ < 7;

(3) w(t) #0 forallt € Q and 6 = vi/m+ 1/mp, p € (1,00);

(4) ag # 0and |argw; —m| <n/2—¢, j =1,2,...,d, |argw;| <m/2—¢, j=d+1,...,

m,0<d<m;

(5) akis Pri> Okji are continuous functions on Q.
Then, for |argA| < m — ¢, there exists a resolvent (B — M)~ of the operator B, and coercive
uniformity with respect to A and t, that is,

ST (1 Ag) T EEm| ghm £ d ~(B+1)"! <C, k+n<m, (4.31)
k=0 dx" L(F)
holds. Moreover,
||Bln”||L,,(o,h;E) = llullwy 0,n;E(4),E)- (4.32)

Proof. By [22, Theorems 10.6 and 10.3], A = (AY™)™, and the operator A", m > 2, is ¢-
positive in E for 0 < ¢ < 7. Then, in view of Theorem 4.1, the problem (4.28) is coercive
in L, (0, b; E), uniformly with respect to ¢ € Q, which in turn implies that the operator By
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for |argA| < m — ¢ and for sufficiently large |A| has a bounded inverse operator (B+1)~!
from L,(0,b;E) to W[’,”(O,b;E(A),E), and the relations (4.31) and (4.32) hold. O
5. BVPs for anisotropic partial DOEs

We consider a principal part of the problem (2.31), (2.32), that is, the boundary value
problem

Lou: —alDlu(x,y)+a2Dyu(x y)+Aux,y) = f(x,y), (5.1)
Lolju =0, ]=1,2,...,ll, L()szZO, ]:1,2,...,12, (52)
where
myj Nl]
Lojju:= Z [(xlﬂu 0,y +[5’1],u (1, ) +Z§1],vu xﬂ,y)} =0, j=12,..,0,
i=0 v=1

myj Noj
Loyju := Z |:042]-,-u(’)(x,0) +[32]-,-u(’)(x,h) + Z Szji,,u(’) (x,l"jv)] =0, j=12,...,b,

i=0 v=1

in E. By wyj, j = 1,2,...,Ix, k = 1,2, we denote the roots of the equations
awh+1=0, k=1,2 (5.4)

Let [vgjilij=1,2..;,> kK = 1,2, be lx-dimensional matrices with determinant 7y = det[v;;],
where

(ij(—wi)Mkj ifi= 1,2,...,dk, (5 5)
Vkii = My .
S ™ if i = di+ 1Lde+2,..
O<di<l, j=1,2,....0, k=1,2. Let
y1(x) = 21, n(y) =y (5.6)

THEOREM 5.1. Assume that the following conditions are satisfied:

(1) E is a Banach space satisfying a multiplier condition with respect to p € (1,0) and
with respect to the weight function y(x,y) = x" ¥, 0 < y1, y2 < 1 —1/p;
(2) A is an R-positive operator in E for 0 < ¢ < 7;
(3) nx = det[vgji] # 0 fork = 1,2;
(4) ar # 0 and |argwyj — | < /2 — @, j=1,2,....dx, |argwyj| <m/2— ¢, j=di +
el 0<di < I, k=1,2.
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Then, the problem (5.1), (5.2) for f € L,,(GE), p € (1,00), |argA|l < 7 — ¢, and suffi-
ciently large |A|, has a unique solution that belongs to the space W},,Y(G;E(A),E), and coer-
cive uniformity with respect to t and A, that is,

h

V= j/h | mj
> (1+1A) l||Dﬁjcu||L,,,y(G;E)
=0

I
- 1=j/b |~ (5.7)
+2, (1+ 1Al ||D§’u||LM(G;E) +lAull,, G
j=0

<Ml fllz,,GE

holds for the solution of the problem (5.1), (5.2).

Proof. We first consider a nonlocal boundary problem

Lu = a;u" (x) + Ayu(x) = f(x), x€(0,1),

mij A . Nyj ‘ (5.8)
Lojju= ). [061]'1'”(')(0) + By (1) + D 8y (xkj):| =0

i=0 k=1

in L,,,(0,1;E), where A is a positive operator in E and x; € (0,1), ayji, Biji» 01j;i are
complex numbers. By [18, Theorem 10.6], we have A} = (A)ll/ h ). Then, by using a similar
technique to that in Theorem 4.1, we obtain that for all f € L,,,, (0, 1;E), |argA| <7 —¢
and sufficiently large A, the problem (5.8) has a unique solution that belongs to the space

W;},yl (0,1;E(A),E), and coercive uniformity with respect to A, that is,

I
Z (1+ W)l (H’])/IHAl/llu(.’)”p)yl SM”pr,yw i+j< I, (5.9)
i,j=0

holds for the solution of the problem (5.8). We now consider in L, ,(G;E) the boundary
value problem (5.1), (5.2). This problem can be expressed as

Dgfu(y)+Bu(y)+Au(y) =f(y),

mj , , Ny , (5.10)
Logju =, [“2jiu(’)(0) + it (h) + 3 62jiv”(l)(rjv):| =0, j=L2,..,h,
i=0 v=1

where B is a differential operator acting in L, (0,1;E) and generated by the problem
(5.8), that is,

D(B) = W} (0, 1;E(A),E, Lo ),

Bu = a;u™(x)+Au(x), xe€(0,1). (.11)
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Then, by virtue of Corollary 4.3 and in view of (5.9), we obtain that the operator B is
positive in F = L, ,, (0,1;E) and

I .
ST+ k+"/l‘HAk/’1 d (B+A)!

k,n=0

<C, k+n<l, (5.12)
L(F)

[1Brully = llull,y 5.13)

L(0,1E(A),E)’ (
Using Theorem 4.1 and Remark 4.2, the problem (5.10) for

feLly,,(0,hL,,,(0,E)) =Ly, (GE), |argAl <m—g, (5.14)

and sufficiently large |A|, has a unique solution u € Wll){yz(o,h;El(B),El), and coercive
uniformity with respect to t and A, that is,

b
)i o
> () TR B, e < MIfllL,oE)s i+ < by (5.15)
i,j=0
holds for the solution of the problem (5.9). From (5.15), we obtain
L 1=j/b || i
1BullL, e+ > (1+ W) 2 DJully, (e < MIIfIL,, o (5.16)

j=0

Moreover, by Theorem 2.1, we have

h

letllyn o,15a0.8) = 1AL, ©0.18) + > ||u(j)||pry1<0’1;E). (5.17)
j=0
Therefore, by virtue of (5.12) and (5.16), we have (5.7). O

LetF = L, (0,1;E) and Fo = W}.,, (0, 15E(A), E, Loy ).

THEOREM 5.2. In addition to the conditions of Theorem 5.1 assume the following:
(1) Ag(x)A~O-lell=w) € [ (G, L(E)) for some 0<pu < 1—|a:|;
(2) if myj = 0, then Ty j, = 0, and if myj # 0, then for e >0,

[ Txjwtal| 5, < elltll(Bo,F) 141y, T CENUllE. (5.18)

)1+ pty2)/pla.p
Then, problem (2.31), (2.32) for f € L,,(G;E), p € (1,00), |argA| < m — ¢ and for suf-
ficiently large |A|, has a unique solution that belongs to the space W},,y(G;E(A),E), and
coercive uniformity with respect to t and A, that is (5.7) holds for the solution of the problem
(2.31), (2.32).
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Proof. Let u W}l,,y(G;E(A),E) be a solution of the problem (2.31), (2.32). Then, u =
u(x, y) is the solution of the problem

a; DM u(x, y)+a1D’2u(x y)+Aulx,y) = f(x,y)— Z Ay(x, y)D%u(x, y),

Ja:l|<1
M]j
L01ju=L1ju— ZTUW(MO,)’), (5.19)
v=1
sz
LoszZszu—Zszyu(x,rvo), j=1,...,lk, k= 1,2,
r=1

where Lok are defined by (5.2). Let Qg and Q be differential operators acting in L, ,(G; E)
and generated by the boundary value problems (5.1), (5.2) and (2.31), (2.32), respec-
tively. It is easy to see that

W, (GE(A),E) = Wp

2, (0,1 W)

b (0,15E(A),E), Ly, (0,15E)). (5.20)

By virtue of [24] (or [38, Section 1.8]) and by Theorem 2.4, the operator u — u(xp) is
bounded from W‘f,’y(G;E(A),E) into (Fo, F)(14y,)/pl,,p and

||u(x0k)||(F0=F)(l+y2)/p12p = ”uHWI J(GE(A +C( )HUHLM(G;E)' (5'21)

Consequently, from condition (1) and by estimate (5.21), it follows for all e >0 and u €
W}, (G;E(A),E) that

||Tkju||(po)p) = £||u||W,§,y(G;E(A),E) +C(5)||u||Lp,y(G;E)- (5-22)

(1+p+y2)/pl,p

Then, by Theorem 5.1 and by the estimate (5.22) for all u € W;,)V(G;E(A),E), |argd| <
7 — ¢, and sufficiently large 1], we obtain

||Tkju||(Fo,F) < ¢|[(Qo +/1)u||P,y+C(s)||qu,y. (5.23)

(L+p+y2)/ply.p
It is clear that
1
lullpy = 3 11(Qo + 1)1t = Qo] . (5.24)

Moreover, for all u € W}, (G;E(A),E), we have

||Q0u||LP,y(G;E) < Cllullw (Gea).e)- (5.25)
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From (5.23), (5.24), (5.25) for |argA| < 7 — ¢ and sufficiently large |A|, we obtain
I Txjul |(F0,F)(1+p+yz)/P12‘P <el[(Qo+A)ul |LM(G;E)' (5.26)

By Theorem 2.1 and by condition (1), for all WIZ, (G;E(A),E), we have

>, lAex)D%ul],, < C > [|AT D],
lol|<1 lo:l|<1 (5.27)
= s”””w},,y(G;E(A),E) +C(e) ||U||p,y,

where ¢ is sufficiently small and C(¢) is a continuous function. Using (5.24), (5.25), (5.27)
for |argA| < 7 — ¢ and sufficiently large 1], we obtain

> lAa)Dul], , <el[(Qo+A)ull,,- (5.28)

la:l|<1

Then, by Theorem 5.1, by virtue of equality (2.31), and the estimates (5.26), (5.28), and
using the perturbation theory of linear operators [19], we obtain the assertion. O

THEOREM 5.3. Let all conditions of Theorem 5.2 be satisfied and let A= be a compact oper-
ator in E. Then, the problem (2.31), (2.32) is Fredholm in L, ,(G; E).

Proof. By Theorem 5.2, the operator Q+ A for |argA| < m — ¢ and sufficiently large [A] is
Fredholm in L, ,(G; E). Moreover, by Theorem 2.2, the embedding

W, (GE(A),E) C Ly, (G;E) (5.29)

is compact. Since Qu = (Q +A)u — Au, by Theorem 5.2 and by the perturbation theory of
linear operators [19], we obtain that the operator Q is Fredholm in L, ,(G; E). O

Let Q be a differential operator generated by problem (2.31), (2.32). From Theorem
5.2, we obtain the following result.

CoROLLARY 5.4. Let all conditions of Theorem 5.2 be satisfied. Then, for |argA| < m — ¢
and for sufficiently large |A| there exists the resolvent (Q+A)~" in E\ = L, (G;E), and

I ) )
S+ AN MDIQ A s
j=0

. (5.30)

+ (1 I R IDIQ M) e, + IAQ+ V) Iz < M.
j=0
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Remark 5.5. Theorems 5.1, 5.2, and 5.3 may be proved in a similar manner for the same
nonlocal boundary value problem for differential-operator equations (1.2) on the same
region G C R", where x = (x1,X2,...,%,), D} = 0'/0xj.

6. Spectral properties of anisotropic differential operators

Consider an n-dimensional variant of the nonlocal boundary value problem (2.31), (2.32)
on G C R", that is,

Lu= Z akD Z An(x)D%u(x) = f(x),
k=1 lacl] <1
Gk Ny,
Liyu= > |:0Ckvkzu (Tko) + Broeiti (Ter) + Z Skt (Tkja) } (6.1)
i=0
My
+ > Tiy ju(Tkjao) =0,
o1

where

G={x=(x1,%,...,%:) :0<xk < T}, O0=<gpo <l —1,
l_‘k0: (Xl,...,kal,O,...,xn), l_‘kT: (xl)-'-axkfl)Tka'-wxn)a (6 2)
rk]d = (XI,...,xkfl,dkj,...,xn), rk]dO = (xl)---)xkfl)dkj())---)xn)) ’

dkj € (0, Tx), dkj() S [0, Tk].

Moreover, A, A, and Ty, ij are, generally speaking, unbounded operators in E. Let Q de-
note a differential operator in L, ,(G; E) that is generated by the boundary value problem
(6.1) and let B, = B(L,,,(G; E)).

THEOREM 6.1. Suppose all conditions of Theorem 5.3 for k = 1,2,...,n are satisfied and E is
a UMD space with base. Let

Z ll sj(I(E(A),E)) ~ j™Yk, jeN, ko >0. (6.3)

Then, for |argA| < m — ¢ and sufficiently large |A| there exists a resolvent (Q+ 1)1 of the
operator B, and

>3 (D) T HIDLQ ) I, +IAQ+ )5, < M,
i1 = (6.4)

5i((Q+ 1) (Lpy(GsE))) ~ j~Vkotsa),
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Proof. By Theorem 5.2, the resolvent operator (Q +A)~! exists and is bounded from
Ly, (G;E) to W;,)Y(G;E(A),E). The first estimate in (6.4) is obtained as in Corollary 5.4.
Moreover, by Theorem 2.7, the embedding operator I (Wll,,y(G;E(A),E),Lp,y(G;E)) is
compact and

si(I(W},,(G;E(A),E), Ly (GSE))) ~ j~ Vot (6.5)

Since

(Q+1) Ly, (G;E)) (6.6)
= (Q+1) " (Lpy(G;E), W}, (GE(A),E)) (W}, (GE(A),E),Lyy(GE)),

from the relations (6.5) and (6.6) we obtain the relation (6.4). O

THEOREM 6.2. Suppose all conditions of Theorem 6.1 are satisfied and let ¢ € (0,7/2).
Then, the root elements of the differential operator Q are complete in L, (G;E).

Proof. The estimate (6.4) implies that the operator Q + A, for sufficiently large Ao is ¢-
positive in L, ,(G; E). Moreover, from Theorem 2.7 we obtain that

-1
(Q+Xo)  €04(Lpy(GE)), q> ot (6.7)
Then, by virtue of [13, page 277] we obtain the assertion. O
Remark 6.3. We consider in L, (0, b;E) a degenerate boundary value problem
Lu= Y a AT ulM(x) = f(x), x€(0,b), am #0, (6.8)
k=0
Tk . ) Ny ]
Liu=) [(xkiu[l](o) + B (b(1)) + > 8jiul” (xkjt):|
i=0 =1
(6.9)

My
+ Z Trju(xkjwo) = frio k=1,2,...,m,
j=1

in a Banach space E, on the varying region 0 < x < b(t), where ulfl (x) = (x?(d/dx))*u(x),
0 < v < m— 15 &k, Pri» Oji are complex-valued functions depending on the domain pa-
rameters t and x; € (0,b(t)), xkji0 € [0,b(t)] for t € Q. Moreover, Ay = A+ A, A and Ty;
are, generally speaking, unbounded operators in E.
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Under the substitution
y=01-y) %", (6.10)

the spaces L,(0,b;E) and Wg}(o,b;E(A),E) are mapped isomorphically onto the

weighted spaces L ;(0, b;E) and Wf,,f,(O,l;;E(A),E), respectively, where

1

b= 11—y’ = (1=, (6.11)

Moreover, under the substitution (6.10) the problem (1.1) reduces to the nondegenerate
boundary value problem (2.28), (2.29). Consider in L, (G; E) a degenerate boundary value
problem of type (6.1) for the differential-operator equation

iakDL’k]u(xH > Au(x)DWu(x) = f(x), (6.12)
k=1

la:l]<1

where G C R" is a region of cylindrical type, x = (x1,%2,...,%4), D,[f]u(x) = (ka(d/
dx))u(x), 0 < yr < p—1,and A, A, are, generally speaking, unbounded operators in E.
Under the substitution

ye=(1-y) % 7% (6.13)

the spaces L,(G;E) and WE;(G;E(A),E) are mapped isomorphically onto the weighted
spaces LPJ,(G;E) and Wl%,)-,(G;E(A),E), respectively, where

y=
k

(1= )W yres ), (6.14)
-1
Moreover, under the substitution (6.13), the corresponding degenerate boundary value
problem reduces to the nondegenerate boundary value problem (6.1).

7. Nonlocal boundary value problems

7.1. Quasielliptic equations. The Fredholm property of boundary value problems for
elliptic equations in smooth domains was studied in [1, 2, 3, 23]. The case of nonsmooth
domains was treated in [17, 20, 27, 36], for instance. Let Oy = G X Q, where Q C R™,
m = 2, is a bounded domain with an (m — 1)-dimensional boundary 0Q which locally
admits rectification. We consider a nonlocal boundary value problem for a quasielliptic
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differential equation of the form
Lu= Z( DkarDf u(x, y) + > Zaa](x y)DEDju(x, y)
k=1 Ja:21|<1 j=1

+ > akj(y)DeDju(x,y) + b(x, y)u(x,y) = f(x,9), (x,9) € Qq,

kij=1
mj Nyj
Liju= Z [“111” (0,x2,) +ﬁ1ji“§¢ll)(1’x2>)/) + Z 51]'{1,14,(}1) (xq,,xz,y)} =0,
i=0 v=1
(7.1)
i=1,2,...,2L;,
myj NZJ
Lyju= ) |:‘X2jiu;(clz) (x1,0,p) + Baji' (x1,h, y) + > 8jintal!) (xl,l“v,y)] =
i=0 v=1
i=1,2,...,2,
ZCJ(J’ u(x, ¥y )+co(y )ulxy)=0, xe€G, y €dQ,

where
x€G={(x,x) ER?: 0<x;<1,0<x2<h(x1))}, y= Y00 ym) €Q, (7.2)

h is a continuous function on [0,1], 0 < x, < 1, 0 < T, < h(x;), and ax, akji, Bji> Okjiv are
complex numbers. We denote ajm,; by ax;j and Bxjm,; by frj, k = 1,2. Let Dyt = 9%/9x%,
D* = D{'Dy*, Dj = —i(9/9y;). Let r = ord Ly and Qg = G X Q.

THEOREM 7.1. Suppose that the following conditions are satisfied:

(1) axj € C(Q), 0Q € C%, y(x1,x,) =x'x), 0 <y <1-1/p;

(2) Sitici(y)a; #£0,y" €00, 0 € R"\ {0} forr = 1;¢(y") # 0, y' €9G forr = 0;
)fory €Q,0eR argh =, [o| +IA #0, )L+Zk] lak](y)akaj +0;

4) y' is any point on 0Q), the vector ¢’ is tangent, and o is a normal vector to 0Q) at the

point y' € 0Q. Consider the boundary value problem

(

[m s akj(y')(a,;—iaj%)(o,;—iaj%ﬂu(f):o, £>0,1<0,  (7.3)

- ’ 7 . d
ZC]‘()/)(O'k_lo'ja)u(f)'f:(]:h forr =1, (7.4)
j=1
=h forr=0. (7.5)
It is required that for r = 1 problem (7.3), (7.4) (for r = 0 problem (7.3), (7.5)) has

one and only one solution, including all its derivatives, tending to zero as & —  for
any h € C';
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(5) ax are positive numbers and
’11)’72 #0) a(x,j)bELoo(QO)- (76)

Then,

(1) the problem (7.1) for f € Lyy(Q0), p = (p1,p2), p1,p2 € (1,00) has a unique solu-

tion that belongs to the space WI(,,Zyl’z)(Qo), and coercivity, that is,

lutll e ) < ClILullL, 00 + lullL,,@0)] (7.7)
holds for the solution of the problem (7.1);

(2) the problem (7.1) is Fredholm in Ly, (Q).
Proof. Let E = L,,(2) and consider an operator A which is defined by the equalities

D(A) = W, (Q;Lou = 0), Au=— Z arj(y)DkDjul(y),
) ot (7.8)
Ag(X)u= Z aqj(x, y)Dju(x, y) + b(x, y)u(x, y).
j=1

Then, the problem (7.1) can be rewritten in the form

2
Lu= Z(—l)lkakD,%l"u(x) + Z as(x)D%u(x) + Au(x) = f(x), x€G, Lyju=0,
k=1 a2l <1
(7.9)

where u(x) = u(x,-) and f(x) = f(x,-) are functions with values in the Banach space
E =1 (Q), fk = fi(+).
We apply Theorems 5.2 and 5.3 to problem (7.9). By virtue of [21], the space E = L,,

satisfies the multiplier condition with respect to p and with respect to the weight function
x?. By [1], the problem

Au(y)+ D aj(y)DiDju(y) = f(y), y€G (7.10)
k,j=1

for argd = 7, [A| — co and f € L,(Q), has a unique solution u € W} (Q) and
Alullz,, @ < Cll fllL,, - (7.11)
Consequently,

[(A=AD7Y| < CIM™Y, argd=m, [A| — . (7.12)
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The operator A is positive in E = Ly, (Q2). It is known (see, e.g., [39]) that for E = L,(€2)
the definition of R-boundedness is reduced to the formula

" 12 " 12
2 2
(2|Tj“j|) SCH(Z|“;‘|>
=1 L, =1

Note that by Kahane’s inequality (see, e.g., [10]) we can replace L, by L,. In Hilbert spaces,
all positive operators are R-positive. Therefore, using positivity of A and by virtue of
the above estimate, we obtain that the operator A is R-positive in L,,. Moreover, it is
known that the embedding Wgz(G) C L,,(G) is compact (see, e.g., Triebel [38, Theorem
3.2.5 in Section 3]). Then using interpolation properties of Sobolev spaces [38, Section
4] we obtain that all conditions of Theorems 5.2 and 5.3 are fulfilled. This completes the
proof. O

(7.13)

Lg

7.2. Infinite systems of quasielliptic equations. Consider a BVP

n

(Ly+A)u z kaum (%) + (b + 1) th ()

(7.14)
+ Z Zb(xjm(x)Daum(x) = fm(x)’
la:l|<1 j=1
Qe
Liy thm = . |:“kvk1u (Tko) + Brewit™ (Ter)
i=0
N, Mo (7.15)
+ > Syt (Trja) + . Tkvkjum(rkjdo)]) meN,
j=1 j=1
on G C R", where
G={x=(x1,%2,...,%) : 0<x, < Tk}, O0<qpy <l —1,
rk() = (xlv--)xkflaoa-'-rxn)) rkT = (xla---)-xkbek)-'-)xn))
ijd = (xla--~)xk—1)dkj>---)xn)> l—‘kde = (-xly---)-xk—ladijy--->-xn)r (716)
dkj € (0, Tx), dk;o S [0 Tk Hx

Let

b=1{bn}, bn>0, u={un}, bu={byu,}, meN,

o p
lp<b):{u:uelp,||u|lp<b>= ||bu||lp=<2 |bmum|") <oo}, (7.17)
m=1

I <p<oo,
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By wij, j = 1,2,...,1t, k = 1,2,...,n, we will denote the roots of the equations
s +1=0, k=1,2,...,n (7.18)

Let [vjil, i,j = 1,2,...,]x be lx-dimensional matrices with determinant 7 = det[vg;i],
where (5.5) holds for 0 < di < Ik, j = 1,2,..., 1k, k = 1,2,...,n.

Let Q denote a differential operator in L, ,(G;l,) generated by the boundary value
problem (7.14), (7.15). Let B = B(L,,(G;1,)).

TueOREM 7.2. Let i # 0, 0 < ye <1—1/p, k = 1,2,...,n, and let by, be positive numbers,
bajm € Lo (R™) such that

> S BE b TN < oo, (7.19)
j=1m=1

ae forx € GandO<pu<1l—|a:ll, 1< p<oo. Then,

(1) for all f(x) = { fu(x)}men € Lp,(Gsl,) and for sufficiently large A >0, the prob-
lem (7.14), (7.15) has a unique solution u = {uy,(x)}men that belongs to the space
WII,)Y(G, Ip(b),1,), and coercivity, that is,

1/p
+

” S s 1/p
I P ,
g} UG mZ:l | Dt (x) | Y(x)dx] [Lmz1 | Byt (%) | )/(X)dx}

] " (7.20)
< CUG mZ:l | fn) | py(x)dx] ,

holds for the solution of the problem (7.14), (7.15);
(2) for sufficiently large A > 0, there exists a resolvent (Qy +A)™! of the operator Qq, and
the following estimate is obtained:

n I f .
>+ 1D HIDE Qo+ ) L+ 1A (Qo+ 1) |y = M. (721)
k=1j=0

Proof. Let E =1,, A and A,(x) be infinite matrices such that
A= [bmamj]’ Aglx) = [bocjm(x)‘smj]: m,j € N. (7.22)
It is easy to see that this operator A is positive in [,. Therefore, by Theorem 5.2 we obtain

that the problem (7.14), (7.15) for all f € L,,(G;l,) and for sufficiently large A > 0 has a
unique solution u(x) that belongs to the space W},’Y(G; lp(b),1,), and

n

l
>. D¢ully, (G, + 10Ul 6a,) < ClflL, (G- (7.23)
k=1

From the above estimate we obtain (7.20). The estimate (7.21) is obtained from (6.4). [
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Remark 7.3. There are many positive operators in different specific Banach spaces. There-
fore, putting instead of E specific Banach spaces and instead of the operator A specific
positive differential, pseudodifferential operators, or finite or infinite matrices for in-
stance, on the differential-operator equations (2.31), by Theorems 5.2 and 5.3 we can
obtain a different class of coercive and Fredholm boundary value problems for partial
differential or pseudodifferential equations or its finite and infinite systems.

Remark 7.4. By virtue of Theorem 5.2, we can obtain estimates of type (5.30) for the
boundary value problem (7.1).
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