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1. Introduction

Consider the following system of nonlinear equations:
g(x)=0, xefR", (1.1)

where g : R" — 9" is continuously differentiable, and the Jacobian V g(x) of g is symmetric
for all x € R". Let & be the norm function defined by 8(x) = 1/2||g(x) |>. Then the nonlinear
equations (1.1) is equivalent to the following global optimization problem:

mind(x), xe€R" (1.2)

There are two ways for nonlinear equations by numerical methods. One is the line
search method and the other is the trust region method. For the line search method, the
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following iterative formula is often used to solve (1.1):

X1 = Xk + agdy, (1.3)

where xy is the kth iteration point, ay is a steplength, and dy is search direction. To begin, we
briefly review some methods for (1.1) by line search technique. First, we give some techniques
for aj. Brown and Saad [1] proposed the following line search method to obtain the stepsize
(2973

Oxx + axdy) — O (xx) < O'LthIS(xk)Tdk, (1.4)

where 0 € (0,1). Based on this technique, Zhu [2] gave the nonmonotone line search
technique:

O(xx + agdy) — ﬁ(xz(k)) < O'thVﬂ(xk)Tdk, (1.5)

18 i)l = maxogemee) (18 (xi) 1}, m(0) = 0 and m(k) = min{m(k-1)+1,M},k > 1, and M
is a nonnegative integer. From these two techniques (1.4) and (1.5), it is easy to see that the
Jacobian matrix V gx must be computed at every iteration, which will increase the workload
especially for large-scale problems or this matrix is expensive to calculate. Considering these
points, we [3] presented a new backtracking inexact technique to obtain the stepsize a:

gt + axdi)|* < g II” + bai gl i, (1.6)

where 6 € (0,1), gk = g(xx), and d is a solution of the system of linear (1.15). We established
the global convergence and the superlinear convergence of this method. The numerical
results showed that the new line search technique is more effective than the normal methods.
Li and Fukashima [4] proposed an approximate monotone line search technique to obtain the
step-size ay satisfying

ﬁ(xk + akdk) - IS(Xk) < —61||akdk||2 - 62||akgk||2 + €k||g(xk)||2, (1.7)

where 6, > 0 and 6, > 0 are positive constants, ax = rik, r € (0,1),ix is the smallest
nonnegative integer i such that (1.7), and e satisfies

> ex < oo. (1.8)
k=0

Combining the line search (1.7) with one special BFGS update formula, they got some better
results (see [4]). Inspired by their idea, Wei [5] and Yuan [6-8] presented several approximate
methods. Further work can be found in [9].

Second, we present some techniques for di. One of the most effective methods is
Newton method. It normally requires a fewest number of function evaluations, and it is very
good at handling ill-conditioning. However, its efficiency largely depends on the possibility



Advances in Operations Research 3

of solving a linear system efficiently which arises when computing the search dj in each
iteration:

Vg (xx)dk = —g(x). (1.9)

Moreover, the exact solution of the system (1.9) could be too burdensome, or it is not
necessary when xy is far from a solution [10]. Inexact Newton methods [2, 3, 10] represent the
basic approach underlying most of the Newton-type large-scale algorithms. At each iteration,
the current estimate of the solution is updated by approximately solving the linear system
(1.9) using an iterative algorithm. The inner iteration is typically “truncated” before the
solution to the linear system is obtained. Griewank [11] firstly proposed the Broyden’s rank
one method for nonlinear equations and obtained the global convergence. At present, a lot
of algorithms have been proposed for solving these two problems (1.1) and (1.2)(see [12-22]
etc.).

Trust region method is a kind of important and efficient methods in the area of
nonlinear optimization. This method can be traced back to the works of Levenberg [17] and
Marquardt [18] on nonlinear least-squares problems and the work of Goldfeld et al. [23]
for unconstrained optimization. Powell [24] was the first to establish the convergence result
of trust region method for unconstrained optimization. Fletcher [25, 26] firstly proposed
trust region algorithms for linearly constrained optimization problems and nonsmooth
optimization problems, respectively. This method has been studied by many authors [15, 27—
31] and has been applied to equality constrained problems [32-34]. Byrd et al. [35], Fan
[36], Powell and Yuan [37], Vardi [38], Yuan [39, 40], Yuan et al. [41], and Zhang and Zhu
[42] proposed various trust region algorithms for constrained optimization problems and
established the convergence. Fan [36], Yuan [39], and Zhang [43] presented the trust region
algorithms for nonlinear equations and got some results.

The normal trust-region subproblem for nonlinear equations is to find the trial step dx
such that

min g; (d) = d"Vg(xi) g (xe) + %dTVg (i)' Vg(x)d (1.10)

s.t. ||d|| < A,

where Ay > 0 is a scalar called the trust region radium. Define the predicted descent of the
objective function g(x) at kth iteration by

Pred; = q;(0) - g5 (dx), (1.11)
the actual descent of g(x) by
Aredy, = O(x) — O(xx + di), (1.12)
and the ratio of actual descent to predicted descent:

Ared}
Pred;

rt= (1.13)
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For the normal trust region algorithm, if r; > p (p € (0,1), this case is called a successful
iteration), the next iteration is xx.1 = xx + di, and go to the next step; otherwise reduce the
trust region radium Ay and solve this subproblem (1.10) repeatedly. Sometimes, we must
do this work many times and compute the Jacobian matrix Vg(xx) and V g(xk)TV g(xx) at
every time, which obviously increases the work time and workload, especially for large-scale
problems. Even more detrimental, the trust region subproblem is not very easy (see [36, 39]
etc.) to be solved for most of the practical problems.

In order to alleviate the above bad situation that traditional algorithms have to
compute Jacobian matrix Vg(xx) and V g(xk)TV g(xx) at each and every iteration while
repeatedly resolving the trust region subproblem, in this paper, we would like to rewrite
the following trust-region subproblem as

min gy (d) = g(xx) d + 1dTBkaz
2 (1.14)

s.t. ||d|| £ Ag,

where matrix By is the approximation to the Jacobian matrix of g(x) at xi. Due to the
boundness of the region {d | ||d|| < Ak}, (1.14) has a solution regardless of B; s definiteness
(see [43]). This implies that it is valid to adopt a BEGS update formula to generate By for trust
region methods and the BFGS update is presented as follows:

T T
YkY,  Birsksy Bk

Biw =B+ =% - ——~—, (1.15)
Skyk SkBkSk

where yx = gk+1 — 8k, Sk = Xk+1 — Xk. Define the predicted descent of the objective function
g(x) at kth iteration by

Predi = qx(0) — qx (dk), (1.16)

the actual descent of g(x) by

Aredy = ||g(x) || - [l + di) || (1.17)
and the ratio of actual descent to predicted descent:
2 2
= Ns@oll” ~ llgCa + || (1.18)

qx(0) — qx (dk)

Ifr > p (p € (0,1), called a successful iteration ), the next iteration is xy.1 = xx+dk. Otherwise,
we use a search technique to obtain the steplength A, and let the next iteration be xj41 = xi +
Akdk. Motivated by the idea of the paper [4], we propose the following linesearch technique
to obtain Ax:

lgCex + Medi) |* = Nl gell < —on ]| Aege])” = oallAkdicll® + o3 Akl g, (1.19)
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where 01, 0y, and o3 are some positive constants. In Section 3, we will show (1.19) is well-
defined. Here and throughout this paper, || - || denotes the Euclidian norm of vectors or its
induced matrix norm. g(xy) is replaced by gx.

In the next section, the proposed algorithm for solving (1.1) is given. The global and
superlinear convergence of the presented algorithm are stated in Section 3 and Section 4,
respectively. The numerical results of the method are reported in Section 5.

2. Algorithms

Algorithm 2.1.
Initial: choose p, 7 € (0,1),0 <7 <7 <1< 13,01, 02, 03 >0, Apmin > 0, xg € R".
Letk :=0;
Step 1: Let Ax = Amin;
Step 2: If ||gk|| = 0, stop. Otherwise go to Step 3;
Step 3: Solve the subproblem (1.14) with A = Ay to get d;
Step 4: If

o g0l ~ Nl + d)* 21)

Tk 7 (0) - g (dx) P

Go to Step 5; Otherwise Let xj41 = X + di, Aks1 € [||di|l, T3]ldk||]], and go to Step 6;
Step 5: Let k be the smallest nonnegative integer i such that (1.19) holds for A = r'.
Let Ak = 7' and xg41 = Xk + Aidk, Aks1 € [Tul|dkll, 22014k ||1;

Step 6: Update By to get Biiq by (1.15). Let k := k + 1. Go to Step 2.

Here we also give a normal trust-region method for (1.1) and call it Algorithm 2.2.

Algorithm 2.2 (the normal Trust-Region Algorithm [44]).

Initial: Given a starting point xo € R", Ay > 0 is the initial trust region radium, an
upper bound of trust region radius A’, 0 < Ag < A".SetO<pu<1, O0<m <mp <1<
13,k = 0.

Step 1: If ||gk|| = 0, stop. Otherwise, go to Step 2.
Step 2: Solve the trust-region subproblem (1.10) to obtain dy.
Step 3: Let

_ B(xk) = B(xx + dk)
95 (0) — q;.(dx)

(2.2)

if e < 1, set Mg = mAg; If rie > 7o and ||di|| = Ak, let Agr = min{nzAg, A'};
Otherwise, let Ag,q = Ag.

Step4: If ri > p, let xi41 = xi + di and go to Step 5; otherwise, let xx.1 = xi, go to
Step 2.

Step 5: Set k := k + 1. Go to Step 1.
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Remark 2.3. By yi = gk+1 — gk, we have the following approximate relations:

Yk = 8kl — 8k = V k+15k- (2.3)

Since By, satisfies the secant equation Bii15xk = yx and Vgi. is symmetric, we have
approximately

Bk+1sk = vngSk = Vg£+1sk' (2.4)

This means that By, approximates V g1 along direction s.

3. The Global Convergence

In this section, we will establish the global convergence of Algorithm 2.1. Let Q be the level
set defined by

Q={x| g < |lgCxo)l} (3.1)

which is bounded.

Assumption 1. (A) g is continuously differentiable on an open convex set £; containing Q.
(B) The Jaconbian of g is symmetric and bounded on Q; and there exists a positive
constant M such that

[Vg)|| <M VxeQ. (3.2)
(C) Vg is positive definite on €4; that is, there is a constant m > 0 such that
m|d|)* <d'Vg(x)d VYxeQ, denR" (3.3)
(D) d(x) is differentiable and its gradient satisfies
V@) - V@) < Lllx-yll, Vxye, (34)

where L is the Lipschitz constant. By Assumptions 1(A) and 1(B), it is not difficult to get the
following inequality:

[yl < Milsll (3.5)
According to Assumptions 1(A) and 1(C), we have

sTyk = sEVg(@)sk > m|sil?, (3.6)
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where ¢ = xi + Bg(xks1 — xk), Qo € (0,1), which means that the update matrix By is always

positive definite. By (3.5) and (3.6), we have

stve M2

>m, (3.7)
lIsll? Sk M

Lemma 3.1 ([see Theorem 2.1 in [45]]). Suppose that Assumption 1 holds. Let By be updated by
BEGS formula (1.15) and let By be symmetric and positive definite. For any k > 0, sk and yy satisfy
(3.7). Then there exist positive constants By, B, and Pz such that, for any positive integer k

Pulldl® < diBedi < Palldkll®,  Palldll < [[Brdill < pslldkl (3.8)

hold for at least [k/2] value of k € {1,2,...,k}.

Considering the subproblem (1.14), we give the following assumption similar to
(1.14). Similar to [2], the following assumption is needed.

Assumption 2. By is a good approximation to V gy, that is,

| (Vgk = Bi)d]| < eol| g«

, (3.9)

and dy satisfies

|gk + Biedi|| < &1l g« (3.10)

where g € (0,1) is a small quantity, and &1 >0, & + &1 € (0,1).

Lemma 3.2. Let Assumption 2 hold. Then dj is descent direction for O(x) at x, that is,
VO (xx) dy < 0. (3.11)
Proof. Let ry be the residual associated with dj so that gk + Bidy = 7:

VO (xx) di = g(xi)" Vg (o) di
= (k) [(Vg(xk) = Be)di + (1 — g(xx))] (3.12)

= g(xx)" (Vg (k) — Be)dx + g(xx) i — g ()" g (xx)-
So we have

Vo () di + || g(xi) || = gGee) (Vg(xk) — Bi)dli + g (k) 7. (3.13)
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Therefore, taking the norm in the right-hand side of the above equality, we have that from
Assumption 2

Vo () dy < lg e 11 (Vg (xk) = Bi)di|| + || g Cex) || 1]l - ||g(xk)||2 o1t

2
<-(1-e0—e1)|glx)|”
Hence, for gy + 1 € (0,1), the lemma is satisfied. O

According to the above lemma, it is easy to deduce that the norm function d(x) is
descent, which means that ||gi+1]| < [|gkll is true.

Lemma 3.3. Let {xy} be generated by Algorithm 2.1 and suppose that Assumption 2 holds. Then
{xk} C Q. Moreover, {||gk||} converges.

Proof. By Lemma 3.2, we have ||gx.1]| < ||gk]l- Then we conclude from Lemma 3.3 in [46] that
{llgkll} converges. Moreover, we have for all k

llgesall < llgell < llgkall < - < lgCxo)- (3.15)

This implies that {x;} C Q. O

Lemma 3.4. Let Assumption 1 hold. Then the following inequalities

Sedi <pilldil’,  llgkll® > Blldil® (3.16)

1
—Ellgkllz < grdx (3.17)

hold.

Proof. Since the update matrix By is positive definite. Then, problem (1.14) has a unique
solution dj, which together with some multiplier ay > 0 satisfies the following equations:

Bydi + axdic = — gk,

(3.18)
a(lldill = Ax) = 0.
From (3.18), we can obtain
AT Bedy + gl dic = —ay||dk > <0, (3.19)
= S DBy (3.20)

il

By (3.19) and (3.8), we get (3.16), which also imply that the inequality (3.17) holds. O
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The next lemma will show that (1.19) is reasonable, and then Algorithm 2.1 is well
defined.

Lemma 3.5. Let Assumptions 1(D) and 2 hold. Then there exists a step-size Ay such that (1.19) in a
finite number of backtracking steps.

Proof. From Lemma 3.8 in [1] we have that in a finite number of backtracking steps, Ax must
satisfy

g G + ardi) ||” = |g () |I” < 6Akg (o) Vg (xi)d, 6 € (0,1). (3.21)

By (3.12) and (3.14), let fp = (1 — €9 — €1), and we have

0 0 0
$(x0) Vg eu)di < ol gell* = Pl - 2 el - B gl
(3.22)

<Pl - Bogrnae + Bopgla,

where the last inequality follows (3.16) and (3.17). By Ax < 1, let 01 € (0,(80/3)0),00 €

O, (Po /3)[3%6), 03 € (0, (Po/3)p16), then we obtain (1.19). The proof is complete. O

Lemma 3.6. Let {x} be generated by the Algorithm 2.1. Suppose that Assumptions 1 and 2 hold.
Then one has

Z(—g{dk> <o, >.diBidy < 0. (3.23)
k=0 k=0

In particular, one has
lim (-gide) =0, lim d] Bydy = 0. (3.24)

Proof. By (3.8) and (3.19), we have
T 1.7 1 7 1 .r 3.25
qi(dx) = gidi + 5 Brdk < 5 g di < ~5d) Brdy. (3.25)
From Step 4 of Algorithm 2.1, if rx > p is true, we get
2 2 1 7 17
g G| = g Coll” < a(dr) < 5 8¢dk < —5di Bidk, (3.26)

otherwise, if r¢ < p is true, by Step 5 of Algorithm 2.1, (3.8), and (3.26), we can obtain

||8(3Ck+1)||2 - || g (xx) ||2 < -0 ||/\k8k||2 — oo A d|* + o3\ k] gk 527)

< O'3)Lkd£gk < —O'3)»kd,1;Bkdk.
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By Lemma 3.5, we know that (1.19) can be satisfied in a finite number of backtracking steps,
which means that there exists a constant A* € (0, 1) satisfying A* < A for all k. By (3.26) and
(3.27), we have

lgGra) |I” = lgGe) |I” < prglex < —prdl Bidy < —p1fi ||l <0, (3.28)

where p; = min{1/2,031*}. According to (3.28), we get

[ee) [ee) 1 [ee)
> di By < Z(-ngdo < —Z<||g(xk)||2 - IIg(xk+1)||2>
k=0 k=0 P10
- L i S (sl - s ) 29)
PLN=2 T

— 1 . 2 >
= - dim (st - lstewnl).

and by Lemma 3.3, we know that {[|gk||} is convergent. Therefore, we deduce that (3.23)
holds. According to (3.23), it is easy to deduce (3.24). The proof is complete. O

Lemma 3.7. Suppose that Assumptions 1 and 2 hold. There are positive constants by < by, and bs
such that for any k, if ||dk|| # Amin, then the following inequalities hold:

bi|| k|| < lldill < ba|gk|l,  ax < bs. (3.30)

Proof. We will prove this lemma in the following two cases.

Case 1 (||dk|l < Ak). By (3.18), we have ay = 0 and Bidy = —gk. Together with (3.8) and (3.19),
we get

pulldil® < di Brdy = ~dj gk < lldkll|| |,

(3.31)
|-gxll = |8kl = IIBxdkll < Bslldll-
Then (330) holds with b; = 1/[53 <b, = 1/ﬁ1 and by = 0.
Case 2 (||dk|| = Ak). From (3.19) and (3.8), we have
Billdell? < dl Bedy < —gldi < || gx ||kl (3.32)

Then, we get ||di|| < 1/p1 ||g«|l- By (3.10) and (3.8), it is easy to deduce that

(1-¢1)||gx]l < I1Bidkll < Bslldil. (3.33)



Advances in Operations Research 11

So we obtain ||di|| > (1 - €1)/Ps ||gx|l. Using (3.20), we have

_=ged—dBedc gl B
| d|? Tkl T 1-e

K (3.34)

Therefore, (3.30) holds. The proof is complete. O

In the next theorem, we establish the global convergence of Algorithm 2.1.

Theorem 3.8. Let {xi} be generated by Algorithm 2.1 and the conditions in Assumptions 1 and 2
hold. Then one has

kliir;o||gk|| =0. (3.35)
Proof. By Lemma 3.6, we have
Jim - gidi = Jlim d{ Bidy = 0. (3.36)
Combining (3.8) and (3.36), we get
klig;olldkll =0. (3.37)
Together with (3.30), we obtain (3.35). The proof is complete. O

4. The Superlinear Convergence Analysis
In this section, we will present the superlinear convergence of Algorithm 2.1.

Assumption 3. Vg is Holder continuous at x*; that is, for every x in a neighborhood of x*,
there are positive constants M; and y such that

[Vg(x) - V(x| < Mallx - x*|I", (4.1)

where x* stands for the unique solution of (1.1) in ;.

Lemma 4.1. Let {xy} be generated by Algorithm 2.1 and the conditions in Assumptions 1 and 2 hold.
Then, for any fixed y > 0, one has

(o]
>l = x| < oo (4.2)
k=0
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Moreover, one has
Dxk(y) <o, (4.3)
k=0

where i (y) = max{lxx = x|, [lxker = 7|7}
Proof. Using Assumption 1, we can have the following inequality:

mllx— ]| < lg)|| = lg(0) - g()| < Mllx -2, x € Q. (4.4)
By (3.8) and (3.30), we have

~Bolldi|l* < —di Bdi < —p1lldill’,

, , (4.5)
bl gkll” < —ldkll” < bt | g ]|
Together with (3.28), we get
gkt ll” = llgell” < prgid < —prdy Bid
< —p1fulldl? (4.6)

2

7

< —p1pib7 | gk

and let pg = min{p1 b%, p} € (0,1). Suppose that there exists a positive integer ko, as k > ko,
(3.8) holds. Then we obtain

k—k0+1

g ll® < llgell” = poll gell” = (1= po) lgell® < - < (1= p0) ™" llgo|I” = cock,  (47)

where ¢ = (1 - po)l_k°||g0||2, c1 = (1 -po) € (0,1). This together with (4.4) shows that
llocks1 — x*|* < m‘2coc’1‘ holds for all k large enough. Therefore, for any y, we have (4.2). Notice
that yi(y) < [lex — x*[|" + [|xk1 — x*||”; from (4.2), we can get (4.3). O
Lemma 4.2. Let Assumptions 1, 2, and 3 hold. Then, for all k sufficiently large, there exists a positive
constant M, such that

lyx = Vg (x")si|| < Maykllskll, (4.8)

where i = max{|lxx — x*||V, || xes1 — x*||7}.
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Proof. From Theorem 3.8 and (4.4), it is not difficult to get x; — x*. Then (4.1) holds for all k
large enough. Using the mean value theorem, for all k sufficiently large, we have

lyx = Vg(x*)si|| = || V& (o + to(xks1 — Xk)) sk — Vg (x™)skc||
< || Vgl + to(xir — xx)) = V(™) || llsell

(4.9)
< M|k + to(xken = xx) = X" ||l
< Moxllskll,
where M, = M;(2tg + 1), to € (0,1). Therefore, the inequality of (4.8) holds. O

Lemma 4.3. Let Assumptions 1, 2, and 3 hold and let xj be generated by Algorithm 2.1. Denote
Q=V g(x*)*l/ 2 Hy = B,;l. Then, for all large k, there are positive constants e;, i = 1,2,3,4, and
71 € (0,1) such that

[| Bs1 = Vg(x7) ”Q,F < (1+eiyw) [|Be - Vg (x™) ”Q,F * e Xk, (4.10)
||Hk+1 - Vg(x*)—l ||Q,1,F < (\ /11— qwﬁ + e3xk> ”Hk - Vg(x*)—l ||Q71,F + e4 Xk, (4.11)
where ||Allgr = |QTAQI, || - || is the Frobenius norm of a matrix and wy. is defined as follows:

et (He- Ve ) we|

= - : (4.12)
- v, LllQuel
In particular, {||Bi||} p and {||Hk||} p are bounded.
Proof. From (1.15), we have
" " BkSkSTBk ykyT
1B = V() |l o p = || Bx = VE(x") + —i— + =
’ sBrsk sk (g r (4.13)

< (1+e17k)||Bx — Vg(x*) ||Q,F + ek,

where the last inequality follows the inequality (49) of [47]. Hence, (4.10) holds. By (4.8), in
a way similar to that of [46], we can prove that (4.11) holds and ||Bx|| and ||H|| are bounded.
The proof is complete. O

Lemma 4.4. Let {xi} be generated by Algorithm 2.1 and the conditions in Assumptions 1, 2 and 3
hold. Then

i B = VEO)si|
k—oo Ikl

0, (4.14)

where Sk = Xj+1 — Xk
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Proof. In a similar way to [46], it is not difficult to obtain

o 127 (V5G|

(4.15)
k—oo | Qul

On the other hand, we have

|07 (Hi - Ve ) wi| = | Hi (Vg - Bi) Vg xr) i
> [|Q Hi (Vg (x') - B si|
- @ H(Vg ) - Bi) (st - Vg xr) i) |
> || Q7 Hi (Vg (") - Bi)si|
~ @ g G + 1B | T8 6™ (i - Ve x)s)|
> [|Q7 Hi(Vg(x") - Bo)si
— Moxi| Q| IH T8 G  + 1Bl | Vg ey s

= || Hi (Vg - Bi)si| - otlisl),
(4.16)

where the last inequality follows from (4.8). We know that {||Bk||} and {||Hk||} are bounded,
and {Hy} is positive definite. By (3.5), we get

1Qy«ll < MIIQIllIskll- (4.17)

Combining (4.15) and (4.17), we conclude that (4.14) holds. The proof is complete. O

Theorem 4.5. Let the conditions in Assumptions 1, 2 and 3 hold. If e1 — 0 in (3.10). Then the
sequence {xy} generated by Algorithm 2.1 converges to x* superlinearly for Ay = 1.

Proof. For all xj € Q;, we get

lgeall |8+ Bedi + (Vg — Bo)di+ O(llP) |

|kl [kl

2
Mg Bl llsul | 11V~ Bodil) | O(Ies) @.19)
lgell kel Ik ek

< g gl (Ve = Bi)di]
[kl ll il

+O(1dklD),
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where the last inequality follows (3.10). By (3.5), we have
gl < [lgsr = gill + llgatll < Mlldicll + | grsr [|-
Dividing both sides by ||dk||, we get

(B |l gre
LM+ .
ldll ~ ll k|

Substituting this into (4.18), we can obtain

| gk | lgeaall\ - [1(V&k — Br)dk||
<&l M+ + + O(||dkl),
I < A el (el

which means that

llginll _ (Me1 + [[(Vgr = Be)dil|/lldell + Olldl))
lldll ~ (1-&1) ‘

Since ey — 0, and ||di|| — 0as k — oo, by (4.14) and (3.10), we have

gl
lim =0.
koo [|dk]|
Using (3.16), we get
tim U8l
k=gl

Considering (4.4), we have

X +di — x*
- x
k= [lak —x*||

Therefore, we get the result of the superlinear convergence.

5. Numerical Results

15

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

In this section, we test the proposed BFGS trust-region method on symmetric nonlinear
equations and compare it with Algorithm 2.2. The following problems with various sizes

will be solved.
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Problem 1. The discretized two-point boundary value problem like the problem in [48] is

1
x) £ Ax + F(x) =0, 5.1
g(x) i1 (x) (5.1)
where A is the n x n tridiagonal matrix given by
-8 -1 -
-1 8 -1
-1 8 -1
A= o , (5.2)
1
s -1 8]

and F(x) = (F1(x), F2(x), ..., Fx(x))Twith F;(x) =sinx; -1, i=1,2,...,7n.

Problem 2. Unconstrained optimization problem is
min f(x), xé€R", (5.3)

with Engval function [49] f : R" — R defined by

1L 2
f(x) = Z [(x%_l + x12> — 4xl~_1 +3]. (54)
i=2
The related symmetric nonlinear equation is
L1
g(x) = ZVf(x) =0, (55)
where g(x) = (1(x), g2(x), ..., gu(x))" with
g1(x) = x; (x% + x%) -1,
gi(x) = xi(x? #2422, ) =1, i=23,... -1, (5.6)

gn(x) = xp <xfl_1 + xi)

In the experiments, the parameters in Algorithm 2.1 were chosen as 71 = 0.5, 7, = 0.9, 13 =
3, r=01Amn = ||9ll, Bo = Lp =025 01 =0y = 107%, and o5 = 0.9. We obtain di from
subproblem (1.14) by the well-known Dogleg method. The parameters in Algorithm 2.2 were
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Table 1: Test Results For Problem 1.

(a) (Small-scales). Test results for Algorithm 2.1.

x0 1,..1) (60,....,60) (600,.. .,600) (-1,...,-1) (=60, ...,-60) (-600, ..., —600)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
no10 13724/ 14/25/ 17/30/ 13/24/ 14/25/ 17/30/

- 2.406624e-07  2.272840e-07  3.104130e-07 2.449361e-07 2.398188e-07 4.593832e-07

_s5 48/101/ 49/102/ 50/103/ 48/101/ 49/102/ 50/103/
"= 2.189696e-07  4.009098e-07  2.147571e-07 2.181267e-07 4.008911e-07 2.120250e-07
o9y 82/171/ 89/188/ 91/190/ 82/171/ 89/188/ 91/190/

- 6.794811e-07  6.345939e-07  7.804790e-07 8.358725e-07 6.367964e-07 7.801889¢-07
x0 (1,0,1,0,...) (60,0,60,0,...)  (600,0,6000,...)  (-1,0,-1,0,...) (-60,0,-60,0,...) (-600,0,-600,0, ...)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

10 21/42/ 22/43/ 22/45/ 21/44/ 22/43/ 22/45/

"= 7.364467e-07  3.922363e-07  4.894966e-07 3.463471e-08 3.860638e-07 4.895404e-07
n=s0 72/153/ 86/181/ 88/185/ 70/151/ 86/181/ 49/83/

- 9.350290e-07  4.420131e-07  7.620218e-07 6.776281e-07 4.420083e-07 8.003368e-07

_g9 73/156/ 88/185/ 88/191/ 74/161/ 88/185/ 88/191/
n= 9.013346e-07  7.631881e-07  6.856481e-07 9.918464e-07 7.368909e-07 6.856897e-07

(b) (Large-scales). Test results for Algorithm 2.1.

X0 (1,...1) (60,....,60) (600,....,600) (-1,...,-1) (=60, ..., -60) (-600, ..., —600)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

~200 83/178/ 106/225/ 117/250/ 85/180/ 106/225/ 117/250/
n= 9.096568e-7 9.483206e-7 8.796828e-7 7.376219e-7 9.263058e-7 8.779599%e-7
7 =500 85/180/ 103/218/ 115/244/ 83/178/ 103/218/ 115/244/

- 8.830573e-7 9.825658e-7 9.765194e-7 7.659650e-7 9.796118e-7 9.755827e-7
n=1000 76/165/ 96/207/ 105/224/ 76/165/ 96/207/ 105/224/

B 8.611337e-7 8.301215e-7 9.957816e-7 8.587066e-7 8.291876e-7 9.925005e-7
X0 (1,0,1,0,...) (60,0,60,0,...)  (600,0,600,0,...)  (-1,0,-1,0,...)  (~60,0,-60,0,...) (-600,0,-600,0, ...)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

~ 200 68/149/ 91/194/ 101/216/ 69/150/ 91/194/ 101/216/
n= 8.780047e-7 7.484521e-7 9.790557e-7 9.770900e-7 7.275693e-7 9.559911e-7
=500 72/155/ 96/205/ 106/225/ 72/155/ 97/206/ 106/225/

- 9.797645e-07 9.993161e-7 8.916405e-7 9.886969e-7 7.492841e-7 8.921008e-7
1221000 69/152/ 93/200/ 106/227/ 69/152/ 93,/200/ 106/227/

- 9.919863e-7 6.930976e-7 8.119328e-7 9.948500e-7 6.946308e-7 8.123102e-7

(c) (Small-scales). Test results for Algorithm 2.2.

X0 (1,...1) (60, . .,60) (600,. ...,600) (-1,...,-1) (=60, ...,-60) (=600, ..., —600)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

_q0 54/107/ 67/133/ 74/147/ 54/107/ 67/133/ 74/147/
n=10 8039519e7  7.624248¢-7  8.167466e-7 8.061366¢-7 7.624560e-7 8.167469¢-7

_sp 58/115/ 72/143/ 79/157/ 58/115/ 72/143/ 79/157/
=90 9602663e7  7.684310e-007  8.876868¢-7 9.603892¢-7 7.684327e-007 8.876870e-7
wogg 60/119/ 73/145/ 80/159/ 60/119/ 73/145/ 80/159/

= 7.614838e-7 83504457 9.679851e-7 7.615091e-7 8.350450e-7 9.679851e-7
x0 (1,0,1,0,...) (60,060,0,...)  (600,0,600,0,...)  (-1,0,-1,0,...)  (~60,0,-60,0,...) (~600,0,-600,0, ...)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
410 52/103/ 64/127/ 72/143/ 52/103/ 64/127/ 72/143/

= 7605486e-7  9.929883e-7  7.732628e-7 7.646868¢-7 9.930747¢-7 7.732660e-7
Loso 56/111/ 69/137/ 77/153/ 56/111/ 69/137/ 77/153/

=2V 8896898e-7  9.690007e-7  8.223484e-7 8.899175¢-7 9.690048e-7 8.223488¢-7
4og9 57/113/ 71/141/ 78/155/ 57/113/ 71/141/ 78/155/

9.598124e-7 7.734909e-7 8.965851e-7 9.598763e-7 7.734918e-7 8.965852e-7
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(d) (Large-scales). Test results for Algorithm 2.2.

) a,..1) (60,...,60) (600,.....,600) 1,...,-1) (~60,...,-60) (=600, .., ~600)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
—200 61/121/ 74/147/ 82/163/ 61/121/ 74/147/ 82/163/
n= 8.110467¢-7  8917908e7  7.610549-7 8.110534e-7 8.917909-7 7.610549¢-7
o _sop 62/123/ 76/151/ 83/165/ 62/123/ 76/151/ 83/165/
= 9.526492¢-7  7.71204de-7  8.958279-7 9.526504e-7 7.712044¢-7 8.958279¢-7
n=1000 93/125/ 77/153/ 84/167/ 63/125/ 77/153/ 84/167/
= 9.938699%-7  8.049274e-7  9.351920e-7 9.938703¢-7 8.049274¢-7 9.351920e-7
) 1,0,1,0,...) (60,0,60,0,...)  (600,0,6000,..)  (~1,0,-1,0,...)  (=60,0,-60,0,...)  (~600,0,-600,0,...)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
7 =200 59/117/ 72/143/ 79/157/ 59/117/ 72/143/ 79/157/
- 7.503172e-7 8.249912e-7 9.576414e-7 7.503296e-7 8.249914e-7 9.576414e-7
500 60/119/ 73/145/ 81/161/ 60/119/ 73/145/ 81/161/
- 8.811245e-7 9.701366e-7 8.285552e-7 8.811269e-7 9.701367e-7 8.285552e-7
n=1000 01/121/ 75/149/ 82/163/ 61/121/ 75/149/ 82/163/
- 9.191890e-7 7.444393e-7 8.649128e-7 9.191896e-7 7.444393e-7 8.649128e-7

chosen as A" = Ag = ||goll, 11 = 025, 12 = 0.75, u = 0.01, and 73 = 2. Since the matrices
\Y g(xk)TV g(xx) will be singular, we solve (1.10) by Extreme Minimization with 2—Dimension
Subspace Method to obtain di. The program was coded in MATLAB 6.5.1. We stopped the
iteration when the condition ||g(x)|| < 107° was satisfied. If the iteration number is larger
than one thousand, we also stop this program and this method is considered to be failed. For
Algorithm 2.1, Tables 1(a) and 1(b) and Tables 2(a) and 2(b) show the performance of the
method need to solve Problem 1 and Problem 2, respectively. For Algorithm 2.2, Tables 1(c)
and 1(d) and Tables 2(c) and 2(d) show the performance of the normal trust region method
need to solve Problem 1 and Problem 2, respectively. The columns of the tables have the
following meaning:

Dim: the dimension of the problem,
NI: the total number of iterations,
NG: the number of the function evaluations,

EG: the norm of the function evaluations.

From Tables 1(a)-2(d), it is not difficult to see that the proposed method performs
better than the normal method does. Furthermore, the performance of Algorithm 2.1 hardly
changes with the dimension increasing. Overall, the given method is competitive to the
normal trust region method.

6. Discussion

We give a trust-region-based BFGS method and establish its convergent results in this paper.
The numerical results show that this method is promising. In fact, this problem (1.1) can
come from unconstrained optimization problem and an equality constrained optimization
problem (for details see [4]). There are some other practical problems, such as the saddle
point problem, the discretized two-point boundary value problem, and the discretized elliptic
boundary value problem, take the form of (1.1) with symmetric Jacobian (see, e.g., Chapter 1
in [50]). This presented method can also extend to solve the normal nonlinear equations.
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Table 2: Test Results For Problem 2.
(a) (Small-scales). Test results for Algorithm 2.1.

x0 (0.5,...,0.5) a,...1) (3,...3) (-0.75,...,-0.75) (-2,...,-2) (-3,...,-3)
Dim  NI/NG/EG  NI/NG/EG NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG
no10 25/44/ 21/32/ 92/103/ 21/32/ 46/59/ 86/105/

- 9.720971e-07  4.889567e-07  2.475812¢-08  8.691255e-07 5.860956e-07 6.348374e-08
noso 37/56/ 39/56/ 113/139/ 40/63/ 69/96/ 103/125/

- 9.950345e-07  8.776379¢-07  9.587026e-07  6.984106e-07 9.523480e-07 9.404211e-07
_gy 42/59/ 41/60/ 113/135/ 40/55/ 117/489/ 97/129/
n= 9.725361e-07  7.374460e-07  7.909796e-07  8.380367¢-07 9.805302¢-07 7.975248¢-07
x0 (0.5,0,0.50,...) (1,0,1,0,...) (3,0,3,0,...) (-0.75,0,-0.75,0,...) (-2,0,-2,0,... (-3,0,-3,0,...)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG

no1o 24/35/ 21/30/ 44/65/ 27/48/ 39/76/ 29/42/
- 4.711749e-07  3.147507e-07  3.529113e-07  4.004367e-07 8.503415e-07 7.623619e-07
w50 36/57/ 36/57/ 54/77/ 41/64/ 42/69/ 58/77/

- 8.776354e-07  8.287552e-07  8.491652¢-07  9.492805e-07 9.029472¢-07 9.752703e-07
_gg 36/61/ 37/56/ 60/93/ 42/73/ 50/79/ 62/88/
n= 8.265146e-07  9.507706e-07  5.373087e-07  8.247653e-07 9.217390e-07 8.307004e-07
(b) (Large-scales). Test results for Algorithm 2.1

x0 (0.5,...0.5) 1,..1) (3,...3) (-0.75,...,-0.75)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
_ 200 40/57/ 41/58/ 112/130/ 40/65/
n= 7.464372¢-007 4.921097e-007 6.229759e-007 7.785598e-007
500 36/57/ 41/60/ 113/135/ 38/69/
n= 7.887407e-007 3.538433e-007 8.871522e-007 9.785814e-007
— 1000 42/65/ 40/59/ 120/146/ 40/69/
n= 7.382939¢-007 7.463210e-007 6.044161e-007 4.563405e-007
x0 (0.5,0,0.5,0,...) (1,0,1,0,...) (3,0,3,0,...) (-0.75,0,-0.75,0, ...)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG
< 200 41/64/ 36/61/ 63/94/ 39/64/
- 6.671246e-007 9.977774e-007 8.153527¢-007 9.737674e-007
= 500 42/67/ 37/58/ 49/74/ 37/60/
- 9.154342¢-007 8.340650e-007 8.277585e-007 6.328648e-007
= 1000 43/62/ 40/61/ 55/76/ 41/68/
- 7.874632e-007 8.997602¢-007 8.830280e-007 8.430165e-007
(c) (Small-scales). Test results for Algorithm 2.2.
x0 (0.5,...,0.5) 1,..1) (3,...3) (-0.75,...,-0.75) (-2,...,-2) (-3,...,-3)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG
n=10 NI >1000 NI > 1000 NI > 1000 NT > 1000 NI > 1000 NI >1000
n=50 NI>1000 NI > 1000 NI > 1000 NI > 1000 NI > 1000 NI >1000
n=99 NI >1000 NI > 1000 NI > 1000 NI > 1000 NI > 1000 NI > 1000
x0 0.5,0,050,...) (1,0,1,0,..) (3,0,3,0,...) (-0.75,0,-0.75,0,...) (-2,0,-2,0,... (-3,0,-3,0,...)
Dim  NI/NG/EG  NI/NG/EG  NI/NG/EG  NI/NG/EG NI/NG/EG NI/NG/EG
B 196/391/ 204/407/ 213/425/ NT > 1000
n=10 9578159¢-007 9.939962¢-007 9.975163¢-007 V1> 1000 NT>1000 g
_ 199/397/ 208/415/ 217/433/ NI > 1000
n=50 9791882e-007 9.592104-007 9.634499¢-007 VI >1000 NT>1000
n=99 NI > 1000 NI > 1000 NI > 1000 NI > 1000 NI > 1000 NI >1000
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(d) (Large-scales). Test results for Algorithm 2.2.

X0 (05,...05) (1,...1) G,...3) (=0.75,...,-0.75)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

7 =200 NT > 1000 NT > 1000 NT > 1000 NT > 1000

7 = 500 NT > 1000 NT > 1000 NT > 1000 NT > 1000

7 = 1000 NT > 1000 NT > 1000 NT > 1000 NT > 1000

X0 (05,0,050,...) (1,010, (3,030,...) (-0.75,0,-0.75,0,....)
Dim NI/NG/EG NI/NG/EG NI/NG/EG NI/NG/EG

n =200 ST e007 5 B0£200e-007 S tae-007 NI 1000
=500 B.457756-007 5.4095.16-007 5 9085796-007 NT>1000
RS0 07 9.824140e-007 5 470460e-007 N> 100
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