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This paper is devoted to the numerical analysis of abstract parabolic problem u'(f) = Au(t);
u(0) = u®, with hyperbolic generator A. We are developing a general approach to establish a
discrete dichotomy in a very general setting in case of discrete approximation in space and time. It
is a well-known fact that the phase space in the neighborhood of the hyperbolic equilibrium can be
split in a such way that the original initial value problem is reduced to initial value problems with
exponential decaying solutions in opposite time direction. We use the theory of compact approx-
imation principle and collectively condensing approximation to show that such a decomposition
of the flow persists under rather general approximation schemes. The main assumption of our
results is naturally satisfied, in particular, for operators with compact resolvents and condensing
semigroups and can be verified for finite element as well as finite difference methods.

1. Introduction

Many problems like approximation of attractors, traveling waves, shadowing e.c. involve the
notion of dichotomy. In numerical analysis of such problems, it is very important to know if
they keep some kind of exponential estimates uniformly in discretization parameter.

Let B(E) denote the Banach algebra of all bounded linear operators on a complex
Banach space E. The set of all linear-closed densely defined operators in E will be denoted by
C(E). For B € C(E), let 0(B) be its spectrum and p(B), its resolvent set. In the following let
A :D(A) CE — E be aclosed linear operator, such that

it < 72

f ReA > 0. 1.1
s S T or any Rel >0 (1.1)
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Under condition (1.1), the spectrum of A is on the left: sup{Rel : A € o(A)} < 0, so
the fractional power operators (—A)”, a € R*, (see [1, 2]) associated to A and E*, can be
constructed and the corresponding fractional power spaces too, that is, E* := D((-A)")
endowed with the graph norm ||x||g = ||(—A)"x||. Define the ball g« (0; p) with the center
at 0 of radius p > 0 in E* space.

To show how the dichotomy problems appear in numerical analysis, we are consider-
ing for example the semilinear equation in Banach space E*

W (t) = Au(t) + f(u(t)), 20, )
u(0) = u° € E°,

where f(:) : E* CE — E, 0 < a <1, is assumed to be continuous, bounded, and continu-
ously Fréchet differentiable function. More precisely, we assume that the following condition
holds.

(F1) For any € > 0, there is 6 > 0 such that || f'(w) — f'(2)||BE=F) < € as ||w — z||g= < 6 for
all w, z € Ug«(u*; p), where u* is a hyperbolic equilibrium point of (1.2).

By means of the change of variables v(:) = u(-) — u* in the problem (1.2), where u* is
the hyperbolic equilibrium, we obtain the problem

V'(t) = (A+ f'(w))o(t) + f(o(t) +u) — fFu*) - f'(u)o(t),

1.3
0(0) = u® —u* =o°. (13)

Such problem can be written in the form
V'(t) = Apo(t) + Fr (0(t), ©0(0)=2° t>0, (1.4)

where A, = A+f'(u*), Fi- (v(t)) = f(v(t)+u*)—f(u*)— f' (u*)v(t). We note that from condition
(F1) it follows that the function F,- (v(t)) = f(v(t) + u*) — f(u*) — f'(u*)ov(t) for small ||0°||ga
is of order o(||v(t)||g«). Since f'(u*) € B(E*,E), 0 < a <1, the operator A,» = A + f'(u*) is the
generator of an analytic Cp-semigroup [3]. It can happen that the spectrum of operator A,
can be split into two parts c* and o™

We assume that the part o* of the spectrum of operator A + f'(u*), which is located
strictly to the right of the imaginary axis, consists of a finite number of eigenvalues with
finite multiplicity. This assumption is satisfied, for instance, if the resolvent of operator A
is compact. The conditions under which the operator A,- has the dichotomy property were
studied say in [4-6]. In case of hyperbolic equilibrium point u*, there is no spectrum of A,-
oniR. Let U(c*) C {A € C:Re\ > 0} be an open connected neighborhood of o™ which has a
closed rectifiable curve 0U (c*) as a boundary. We decompose E* using the Riesz projection

P(0") = Plo", Aw) = 5 IRGETIOR: (15)
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defined by o*. Due to this definition and analyticity of the Cp-semigroup e+, t € R,, we
have positive constants My, f > 0, such that

” ol A 5

|, < MiePlzllpe, 20,
(1.6)
”etA“*v”Ea < Mief! o)., t<0,

for all v € P(c*)E* and z € (I — P(c"))E*. Since F,:(v(t)) = o(]|v(t)||g«) for small v(-), the
estimates (1.6) are crucial to describe the behavior of solution of the problem (1.2) at the
vicinity of the hyperbolic equilibrium point u*.

If ©¥ is close to 0, that is, say v° € Ug«(0; p) with small p > 0, then the mild solution
v(t;v%) of (1.4) can stay in the ball Ug«(0; p), for some time. We denote now the maximal
time of staying v(t;0°) in Ug«(0;p) by T = T(0°) = sup{t > 0 : ||o(t;0°)||p« < p or v(0°) €
Ue«(0; p) }. Now coming back to solution of (1.4) for any two v°, 0T € U« (0; p) we consider
the boundary value problem

v (t) = Ayo(t) + F-(v(t)), 0<t<T,

(1.7)
(I-P(c%))v(0) = (I - P(c%))?°, P(c")v(T) = P(c")v".
A mild solution of problem (1.7) as was shown in [7] satisfies the integral equation
t
o(t) = e D4 P(c*)o" + e (I - P(0%))o” + f e (I - P(6%))Fye (v(s))ds
0
(1.8)

T
N f =94 P(6*)F,e (0(s))ds, 0<t<T.
t

In case one would like to discretize the problem (1.4) in space and time variables it is
very important to know what will happen to estimates like (1.6) for approximation solutions.
If the estimates like (1.6) hold uniformly in parameter of discretization, then one can expect
to get a similar behavior of approximated solutions of (1.8).

So, in this paper we are going to consider general approximation approach for keeping
the dichotomy estimates (1.6) for approximations of trajectory u(-).

2. Preliminaries
LetT(r)={A: 1€ C,|A| =1}, T=T(®1).

Definition 2.1. A Cp-semigroup e'4,t > 0, defined on a Banach space E is called hyperbolic if
o(e")NT =@ for all t > 0. The generator A is called hyperbolic if c(A) NiR = .

Let us denote by Y(R; E) any of the spaces LP(R; E), 1 < p < oo, Co(R; E) or Stepanov’s
space SP(R;E), 1 < p < oo. We consider in the Banach space Y(R; E) (we call this space as
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Palmer’s space, see [8], where Fredholm property was mentioned for the first time) the linear
differential operator

L= —% +A:D(£L) CY(R;E) — Y(R;E), (2.1)

where A generates Cp-semigroup, domain of £ is assumed to consist of the functions
u(-) € Y(R;E) such that for some function g(-) € Y(R;E) one has u(t) = e"*4u(s) -
f; et™MAg(n)dn, s < t,t € R, and Lu(-) = g(-). Let us note [9] that the operator £ is

the generator of Cy-semigroup e* on a Banach space Y(R;E), which is defined for all
v(:) € Y(R; E) by formula

<et£v> (s) =ev(s—t) for any s € R, t>0. (2.2)

Definition 2.2. A Cp-semigroup e'4, t > 0, has an exponential dichotomy on R with exponen-
tial dichotomy data (M > 1, § > 0) if there exists projector P : E — E such that

(i) e P = Pe!4 forall t > 0,

(ii) the restriction e'|g(p), t > 0, is invertible on P(E) and

”e_tAPx” <Me™P||Px||, t>0, x€E,
||e“‘(1 - P)x|| < MeP|(I-P)x||, t>0, x€E. 23

Theorem 2.3 (see [10]). The operator £ in the Banach space Y (R; E) is invertible if and only if the
condition

o(e)nT=0 (24)
holds. If condition (2.4) is satisfied, then
()= fw G(t-9)f(s)ds, teR, f()eY®E), 25)

where the Green’s function

_eTlAP_, 71 2 0/

G(n) = { (2.6)

e"P,, n<0,

M.e 1, >0,

IG(m) |l < { 2.7)

M_e¥1, 7<0,
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where

M, =2Mee(2) <1 - )2, M_ =2Mz(£L)(1- %)2

2 (L) 2ee(
Y+:ln<1+23et£)>' Y,=—1n<1—%(£)>/

and & (£) =1+ C(Y)(M + M?||.£271)).

(2.8)

We note that the constant C(Y) is defined as C(Y) = 1 if Y(R;E) = L*(R,E) or
Y(R;E) = Co(R,E) and C(Y) =2"VPif Y(R;E) = LP(R,E) or Y(R;E) = SP(R,E),p € [1, o).

Denote by Y(Z; E) the Banach space of E-valued sequences with corresponding
discrete norm which is consistent with the norm of Y(RR; E). For any u(:) € Y(Z; E), that is,
{u(k)}xez, and B = e'4 € B(E), we define an operator B : D(B) C IP(Z;E) — IP(Z;E) by
formula

(Bu)(k) =Bu(k-1), ke€Z, u(-) e IF(Z;E). (2.9)
Now we define an operator @ =1 - B : D(®) = D(B) CIP(Z,E) — IP(Z;E) as
(Bu) (k) =u(k) —Bu(k-1), u(-)e D(B), k € Z. (2.10)

Proposition 2.4 (see [10]). Let an operator £ = -d/dt + A : D(£) C Y(R,;E) — Y(R,E) be
invertible. Then, an operator D : D(®) C Y(Z; E) — Y(Z; E) is invertible too and

||sz>-1|| < 1+C(Y)<M+M2”£‘1H>. (2.11)
Conversely, if D is invertible, then £ : D(£) CY(R; E) — Y(R; E) is invertible and
”./z-l || <C(Y) <M + MZH%‘l ||) (2.12)
Theorem 2.5 (see [11]). The difference operator
(Du)(k) =u(k) —Bu(k-1), keN, u(-) elP(R;E), 1<p< oo, (2.13)
is invertible if and only if
o(B)NT = 0. (2.14)
If condition (2.14) is satisfied, then the inverse operator has the form

(9-11;) (k) = Szl (k — m)v(m), (2.15)
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where v(-) € IP(Z; E),1 < p < oo, and the function I'(:) : Z — B(E) is defined by

BK(I-P), k>0,
I'(k) = (2.16)
-B,*P, k<-1,

where By is the restriction of B on R(P).

Definition 2.6. The operator B € B(E) has an exponential discrete dichotomy with data
(M,r,P) if P € B(E) is a projector in E and M, r are constants with 0 < r < 1 such that
the following properties hold

(i) BFP = PB* forall k € N,
(i) ||BX(I = P)|| < Mrk forall k € N,
(iii) B := Blr(p) : R(P) — R(P)is ahomeomorphism that satisfies |B*P|| < Mrk, k e N.

The following result relates the constants in an exponential discrete dichotomy to a
bound on the resolvent (A — B)™! for A € T.

Theorem 2.7. For B € B(E), the following conditions are equivalent:

(i) Aep(B)forall A€ Tand |(A\I-B)'|<p<oo VAET;
(ii) B has an exponential dichotomy with data (M, r, P).

More precisely, one shows that (i) implies (i) with M = 2?/(p - 1) and r = 1 - 1/2p. Conversely,
(ii) implies (i) with p = M((1 +r)/(1 —1)).

Proof. First assume (i) and without loss of generality let § > 1. For z € C,z#0, we have

z— ===z (2.17)

z
||

Hence, if |1 — |z]| < 1, the classical perturbation estimate shows that z € p(B) and

_B)Y < —‘B . .
|zr-B7 < T 218)
We define P as the Riesz projector defined by the formula
[-p=_ (zI - B) 'dz (2.19)
201 |z|=1 ’ ’

Since B commutes with the resolvent, condition (i) of Definition 2.6 holds. Further, using
(2.18) and Cauchy’s theorem, we can shift the contour

1 _ . 1
I-P=— I-B fl1- —.
2 )y (z ) dz, if|l1-r|< 5 (2.20)
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Now we claim

BkK(I-P) = %f ZM(zI-B)dz if|1-7|< % (2.21)
Jzl=r

For k = 0 this follows from (2.20). If (2.21) holds for some k, then we obtain

Bp = L f (B -zl +zI)z(zI - B)dz
20ri |z|=r
(2.22)
= L 2¥(z] - B) 'dz - L zkdz,
201 |z|=r 20ri |z|=r

and thus the assertion holds for k + 1. Equations (2.21) and (2.18) immediately lead to the
first dichotomy estimate for 1 -1/ <r <1

ﬂ ﬂrk+1

1—[5(1—r):1—[3(1—r) for k > 0. (2.23)

“BkP” < %Zﬂ'ﬁ‘k

For the second dichotomy estimate, we use the resolvent equation

1

(zI-B)'=-I+z'B(zI-B)™.. (2.24)
z
For |1 -r|<1/p, (2.20) and (2.24) lead to
I—Pzi. (11—(zI—B)’1)dz
20T lzl=1 \ Z
. 1 (2.25)
= ~B(zI - B) ldz.
27r1 |z|=r V4 (Z ) dz
This shows that the following equality holds for k = 1
[-p-—B"-L f z ¥zl -B)'dz, fork>1. (2.26)
201 |z|=r
If (2.26) is known for some k, then use (2.24) and find
1
_p__pk_~ —(k+1) —(k+1) _ -1
1-P=-B"— LH(Z + 2D B(2] - B) )dz
(2.27)

= —B’ML_ J z 6D (2] - B)'dz.
271 |z|=r
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We apply (2.26) to x € E, using that I — P commutes with B as well as the estimate (2.18)

(I -P)x]| = i, f 2z ®(zI - B)'dzB*(I - P)x

27 g (228)

| o

T2 1-p(r-1) ’

Summarizing, we have shown forallk >1,1<r<1+1/,u€E
ﬂT_k+1 h

I-P < ——||B*(I - P)ul|. 2.29
0= Pyul < == 5 [[B* 1 - Pu (2.29)

For k = 1, this estimate shows that B = By : N(P) — N(P) is one-to-one with a bound for
the inverse. To show that B is onto, we take f € N(P) and set

1 -1 -1
=—— I-B dz.
v 271 ) z (z ) fdz (2.30)

From this equation, we have (I — P)v = 0, and using (2.24), we find

1 - _
Bo=gm) (F-GI-B)fdz=(-P)f = . (2.31)

Therefore, B is a linear homeomorphism on A/(P) satisfying

||B—k(I_P)u|| <LM||(I—P)L¢|| forl<r<l+n. (2.32)
“1-p(r-1) N p

This proves exponential dichotomy.

To arrive at the specific constants, we choose r = 1 —1/2f in (2.23) and obtain the
bound (2 — 1)r*. In order to have the same rate in the opposite direction, we apply (2.32),
withr = (1-1/28)"" < 1+1/p. In (2.32) we then find the upper bound Mr~* with the constant
M =2p2/(p-1).Since M > 2 — 1, our assertion follows.

Now we assume exponential dichotomy and prove condition (i). For [A|] = 1 the
equation (Al — B)u = f is equivalent to the system

(AI - BP)Pu = Pf,

(u - E) (I-P)u=(I-P)f, (2.33)

which we can rewrite as

<I - )t_lBP>Pu _ )L_1Pf,
(1-1B7)(1 - Pyu=-B(1 - P)y. (234)
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Both equations have a unique solution given by a geometric series

Pu= S\ DEFpy,
k=0

- (2.35)
(I-Pyu=-YB*®N5I-P)f.
k=0
The exponential dichotomy then implies the estimates
M
[| Pul| < E”f ,
(2.36)
r
— < M—— .
I = Pyul < M—|I£]]
By the triangle inequality, we obtain condition (i) with p = M((1+7)/(1-71)). O

3. Discretization of Operators and Semigroups

In the papers [12-15], a general framework was developed that allows to analyze conver-
gence properties of numerical discretizations in a unifying way. This approach is able to cover
such seemingly different methods as (conforming and nonconforming) finite elements, finite
differences, or collocation methods. It is the purpose of this paper to show that it is also
possible to handle dichotomy properties with discretization in space and time on general
approximation scheme. Moreover, we also consider the case when resolvent of operator A is
not necessarily compact.

3.1. General Approximation Scheme

Let E, and E be Banach spaces and {p,} a sequence of linear bounded operators p,, : E —
E., pn € B(E,E,), ne N={1,2,...}, with the property:

lpnx|l; — llxllz asn — oo for any x € E. (3.1)

Definition 3.1. The sequence of elements {x,},x, € E,,n € N, is said to be pJ-convergent to

x € E if and only if ||x, — pux||g, — 0asn — oo, and we write this x, L

Definition 3.2. The sequence of bounded linear operators B, € B(E,), n € N, is said to be pp-
convergent to the bounded linear operator B € B(E) if for every x € E and for every sequence

{x,},x, € E;, n €N, such that x, Ly one has B, x,, 2, Bx. We write then B, PP, B

In the case of unbounded operators as it occurs for general infinitesimal generators of
PDE’s, the notion of compatibility turns out to be useful.

Definition 3.3. The sequence of closed linear operators {A,}, A, € C(E,), n € N, is called
compatible with a closed linear operator A € C(E) if and only if for each x € D(A) there is
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a sequence {x,},x, € D(A,) C E,, n € N,such that x, £, x and A, x, £, Ax. We write that
(A, A) are compatible.

For analytic Cp-semigroups, the following ABC Theorem holds.
Theorem 3.4 (see [16]). Let operators A and A, generate analytic Co-semigroups. The following
conditions (A) and (By) are equivalent to condition (Cy).
(A) Compatibility. There exists A € p(A) NNy, p(A,) such that the resolvents converge
(A= A 225 (a1 - AL
(B1) Stability. There are some constants My > 1 and wy € R such that

||(un - An)‘1|| < MT—;H Red>wi, neN. (3.2)

(Cy) Convergence. For any finite p > 0 and some 0 < 0 < o /2, one has

Ay 0 A0 0P, 0
max ”e’l ", — pnetu ” — 0 as n — oo whenever u;,, — u . (3.3)

neX(0,u)

Here one used the sector of angle 20 and radius p given by %(0,u) = {z € 2(0) : |z| < u}, and
2(0)={zeC: |arg z| < 0}.

It is natural to assume in semidiscretization that conditions like (A) and (B) are
satisfied.

Definition 3.5. The region of stability A; = As({An}), A € C(By,), is defined as the set of all
A € Csuch that A € p(A,) for almost all  and such that the sequence {||(AL, — A,) ||} ey iS
bounded. The region of convergence A, = A ({A,}), A, € C(E,), is defined as the set of all
A € Csuch that A € Ag({A,}) and such that the sequence of operators {(AI, — A7 }uen 18
P P-convergent to some operator S(A) € B(E).

Definition 3.6. A sequence of operators {B,},B, € B(E,), n € N, is said to be stably
convergent to an operator B € B(E) if and only if B, PP, Band 1B, B, = O(1), n — oo.
We will write this as: B, 22> B stably.

Definition 3.7. A sequence of operators {B,}, B, € B(E,), is called regularly convergent to the
operator B € B(E) if and only if B, PP, B and the following implication holds

lxullg, = O(1), {Bnxy} is P-compact = {x,} is P-compact. (3.4)

We write this as: B, 2 B regularly.

Theorem 3.8 (see [15]). Let C,,,Q, € B(E,), C,Q € B(E) and R(Q) = E. Assume also that
Cy LN compactly and Q, Lo, Q stably. Then, Q, + C, LN Q + C converge reqularly.
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Theorem 3.9 (see [15]). For Q, € B(E,) and Q € B(E), the following conditions are equivalent:

(1) Qn PP, Q regularly, Q, are Fredholm operators of index 0 and N(Q) = {0};
(i) Qn 225 Q stably and R(Q) = E;
(iii) Q, LN Q stably and regqularly;

(iv) if one of conditions (i)—(iii) holds, then there exist Q,,' € B(E,), Q' € B(E), and Q! e,
Q7! reqularly and stably.

Theorem 3.10. Let operators \1,,—B,, € B(E,) be Fredholm operators with ind (AI,—B,) = 0 for any
A e T, neN. Assume also that B € B(E) has the property T N o(B) = @ and AL, — B, PP A-B

regularly for any A € T. Then A, - B, PP \-B stably for any A € T and sup, || (AL, — B, <
0.

Proof. Assume that there are some sequences {1,}, A, € T, and {x,}, x, € E,, such that ||x,| =
1 and (A,I, — B,)x, 2, 0asn — oo. Since T is compact, one can find N' ¢ N such that
A, — Mg € Tasn € N'. In the meantime, A\oI,, — B, LN Aol — B regularly for such Ao € T, and
(Aol = By)xy = (AL, — A1) x, + (A, 0, — By xy, L. 0forneN. Therefore, there is N” ¢ N such

that x,, L, x0#0 as n € N”. But in such case (Aol — B,)x, LN (Ml = B)xg =0asn e N,
which contradicts our assumption T N o (B) = . O

Definition 3.11. The operator B, € B(E,) has a uniform exponential discrete dichotomy with
data (M, r, P,) if P, € B(E,) is a projector in E,, and M, r are constants with 0 < r < 1 such
that the following properties hold

(i) BcP, = P,Bk and ||P,|| < constant for all k,n € N;
(ii) |BX(I,, — P,)|| < Mr* forall k,n € N;

(iii) By = Bulr(p,) : R(Py) — R(P,) is a homeomorphism that satisfies

—k

B, P,||<Mrk, kneN. (3.5)

Theorem 3.12. The following conditions are equivalent:

(i) AL, — By 225 AT - B stably and A € p(B) for any \ € T;
(ii) operator D = I —B is invertible and D, N stably, where (Bu)(k) = Bu(k-1),k € N;

(iii) B, PP, B and \I - B be invertible forany A € T and the operators B, have an exponential
discrete dichotomy with data (M, r, P,) uniformly in n € N.

Proof. The equivalence (i)&(iii) follows from Theorem 2.7. Indeed, by formula (2.19), one

gets from (i) that P, PP, pand |P.|| < constant. By Theorem 3.10, one has sup, _,|[(A,, —
B,)'| < o0, and by Theorem 2.7 (ii) we have (iii). Conversely, from condition (iii), it follows

by Theorem 2.7 (i) that AL, — B, PPvi-B stably for all A € T.
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To prove (ii)=(i), we note that (ii) means that for any u(-) € IP(ZE) one has

o llpnu(k) = Buppu(k = 1) = pyu(k) + ppBu(k - 1)||p — Oasn — oo, thatis, B, Ny
Assume now that I, — B, is not umformly invertible in 1 (Z; E,,), that is, for some sequence
%]l = 1, one has (AoI, — B)xy, L, 0asn — oo for some Ao =1 € T. This means that for
stationary sequence u, (k) = x,, k € Z, n € T, one has (®,u,)(k) = u,(k) — Byun(k - 1) =
x, — Bnx, LN 0 forany k € Nand n — oo. But, 9, LN D stably, that is, || D, un || zE,) >
Yllttnlli (z;E,) which contradicts (Aol, — Bp)x, N 0 as nm — oo. Now we show that
R(MoI, — B,) = E,. For any y, € Ey, ||yn|l = 1, consider v, (k) = yn, k € Z, n € N. The solution
of D,u, = v, is a sequence u, (k), which is stationary too, that s, (A¢l,—B,)x, = y,, where x,, =
uy(k), k € Z, n € N. To show (i)=(ii), we note that ||, || zE,)) < constant, n € N. Now for
any u(-) € IP(Z; E) and for any € > 0, one can find K € N such that (=2 + 3,2 )[lu(k)|V < e.
In the meantime, ZkK:_KHpnu(k) - Bupau(k - 1) — pyu(k) + p,Bu(k - 1)||pn — Qasn — oo,

since B, PP, B. So we have 9,, LN D. The convergence 9, 1 PP, D1 follows from formula
(2.15). The theorem is proved. O

3.2. Dichotomy for Compact Resolvents in Semidiscretization

In the case of operators which have compact resolvent, it is natural to consider approximate
operators that “preserve” the property of compactness.

Definition 3.13. A sequence of operators {B,},B, : E, — E,, n € N, converges compactly to

an operator B: E — Eif B, P, B and the following compactness condition holds
lxullg, = O(1) = {Bnx,} is P-compact. (3.6)

Definition 3.14. The region of compact convergence of resolvents, A.. = Aq.(Ay, A), where

A, € C(E ) and A € C(E) is defined as the set of all A € A. N p(A) such that (AL, - A 2 pp
(AT - A)~! compactly.

Proposition 3.15. Assume that operators B, B, are compact, T C p(B) and A..(B,, B) #0. Then,
AL, — B, —— Al — B stably for any A € T and sup, _|[(AI, — B,)!| < .

Proof. The proof follows from Theorems 3.8, 3.9, and 3.10.

Here we continue considering an example of discretization of problem (1.2). To this
end we will also use the operators p? = (—A,) “p.(—A)" € B(E*, E%) which satisfy property
(3.1), but for the spaces E%, E;. The operators A, and A are supposed to be related by
condition (1.1), and conditions (A) and (B;1) of Theorem 3.4 are assumed to hold. So we

say that x, L, xif and only if ||x, — pix|les — 0 as n — oo. One can see that
llxn = paxlles = [(=An)"xn = pu(=A)*x|l and [lprxlles = llpn(=A)*xlle, — [[(=A)"x[le = [Ix[le=
forany x € D((-A)") and n — co.

Consider in Banach spaces Ej; the family of parabolic problems

u,n(t) = Ajuy(t) + fn(”n(t))/ t>0,

(3.7)
un(0) = uj) € E5,
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where 10, 2, u’, operators (A,, A) are compatible, f,(-) : EX — E, are globally bounded
and globally Lipschitz continuous both uniformly in n € N, and continuously Fréchet
differentiable.

Under the above assumptions, the mild solution u,(-) of (3.7) is defined for all t > 0
(see [1,17]), and we define it by u,(-) = T,()u) : R* — E,. The nonlinear semigroup T,(-)
satisfies the variation of constants formula

t
T,(Hul = el + f e=94n £, <Tn(s)u2>ds, t>0. (3.8)
0

Recall that a hyperbolic equilibrium point u* is a solution of equation Au + f(u) = 0,
or equivalently u* = —A~! f(u*). Since the operator A has a compact resolvent, the operator

A"1f(-) is compact. In case of A, #0, the operators Azl f,(-) =2 A~ f(-) compactly. From
[15], it follows that equations u, = —A;! f,(u,) have solutions {u}}, A,u}, + f.(u}) = 0, such
that u}, Lo

Now, consider the problems (3.7) near hyperbolic equilibrium points u},. In this case
one gets

U, (1) = Ay w0n(t) + Fuz n(0n(t),  0,(0) =29, >0, (3.9)

where Ay = An+ f1,(1}), Furn(0n(£)) = fr(0,(8) + 1) — fn(ul) = fr,(15) vy (t). From now on,

we consider hyperbolic point u* and hyperbolic points ], A
We decompose Ef; using the projection

1

P,(03) := Pu(oy, Auz n) = 271 i
U (o5

(LLn — Au) g (3.10)

defined by the set o, which is enclosed in a contour consisting of a part of iR and the contour
from condition (B;) for operators A, ,.

There are some positive My, y > 0, because of analyticity of Cy-semigroup e« and
condition A, # @, which is applied to operator A,: ,, such that [7, 18]

ez, < Moz, £20
" (3.11)
o] < Mz onlis, 250,

for all v, € P,(o;;)E; and z, € (I, — P,(0;))Es. One has to note that the neighborhood
of any part of iR does not intersect o(A,; ). Moreover, the condition A, #§ implies that

P, (o) LN P(0*) compactly, and therefore, as was shown in [14], dim P,(0}}) = dim P(c™)
for n > ng. One can consider for the T = T(¢9) = sup{t > 0 : v,(t,90) € U:(0;p)} with
09 € U (0; p) the problem

Uln(t) = Au:,,nvn(t) + Fui,,n(vn(t))r 0<t<T,

3.12
(In_Pn(O';))Un(O) = (In_Pn(O-rT))vgu Pn(o.;:)vn(T) = Pn(GZ)UZ‘ ( :
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The mild solution of problem (3.12) is given by the formula (for 0 <t <T)

Oy (t) = e A By (o) ol + e (1, — Pu(o})) 0l

t T
[ e, PG Futn(ou(ss + [ P (07 Fun(on($))
0 t
(3.13)

Now we are in a position to state our main result on uniform in index n estimates for the
terms of discrete solutions (3.13). O

Theorem 3.16. Let operators A,, A be generators of analytic Co-semigroups and let condition (By)
be satisfied. Assume also that the semigroup e« is hyperbolic, 6(Au) N {L : Red > 0} =
Po(A,), dim P(o+) < oo, and for p > 0 such that {A : —p < Rel < p} C p(A,+), operators
AL, — Ay, are Fredholm operators of ind 0, and operators A, — Ay n, \I — Ay are reqularly consistent

forany Re X > —p. Then, P, (c};) LN P(c*) compactly and

e (L, - Pa() ||E < Mpe, 20,
. (3.14)
et Pacor)

. < Me", t<0,

where y > 0.

Proof. The condition (B;) implies that (AL, — Ay: »)™" -2 (A - A,) " as —p < Re A < p for

|A| big enough. For the other —p < Re A < p, the convergence (A, — Au;,n)_1 LN (M - Aw)_1
follows from analogy of Theorem 3.9 for closed operators. Now the compact convergence

P,(o}) LN P(0") can be obtained in the same way as in [3] and the estimates (3.14) follow
say as in [7, 18]. The theorem is proved. O

Remark 3.17. Of course, Theorem 3.16 holds for the case of any operator A which generates
analytic hyperbolic Cp-semigroup with condition c(A)N{A : ReA > 0} = Po(A), dim P(o+) <
oo and corresponding conditions on approximation of operators. The structure of operator
like A + f'(u*) is not necessary.

Theorem 3.18. Let the operators A,, A be generators of analytic Co-semigroups and let the condition
(Bn) be satisfied. Assume also that the Cy-semigroup e« is hyperbolic, 5(A,) N {1 : Red > 0} =
Po(A,+), dim P(o+) < oo. Assume also that Acc(Ay, A) #0 and resolvents of A,, A are compact
operators. Then, (3.14) holds.

Proof. We set B, = e*» and B = e'4 and apply Proposition 3.15. It is known [3] that A #

is equivalent to compact convergence B, PP, B. Then, the condition (i) of Theorem 3.12 is
satisfied and one gets discrete dichotomy for B,. From the other side, since we have exactly
the form B, = e'/», this means by Theorem 2.7 and Proposition 2.4 that operators 2, =
—-d/dt + Ay, are invertible, and thus by Theorem 2.3 the estimates (3.14) are followed. The

theorem is proved. O
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3.3. Dichotomy for Condensing Operators in Semidiscretization

Let A C C be some open connected set, and let B € B(E). For an isolated point A € o(B),
the corresponding maximal invariant space (or generalized eigenspace) will be denoted by
(A, B) = Q(V)E, where Q(A) = (1/2ari) flg_M:(S(gI - B)_ldg and 6 is small enough so that
there are no points of o(B) in the disc {¢ : |{ — \| < 6} different from A. The isolated point
A € 0(B) is a Riesz point of B if AI - B is a Fredholm operator of index zero and Q(\) is of finite
rank. Denote

(A, 6;By) = U (A, By).

An€o(Bn), (315)
An—A|<6
It is clear that W0(\, 6; B,)) = Q,,(A)E,,, where
Qn(h) = L (¢In = By)'d¢ 3.16
T awi s ' (3-16)

Definition 3.19. The function p(-) is said to be the measure of noncompactness if for any
bounded sequence {x,}, x, € E,, one has

pu({x,}) =inf{e >0:VN' CN, IN" C N, x’ € E such that ||x, - p,x'|| < e,n e N"}.
(3.17)

Definition 3.20. We say that the operators B, € B(E,) are jointly condensing with constant
q > 0 with respect to measure p(-) if for any bounded sequence {x,}, x, € E,, one has

p({Buxn}) < qu{xn}). (3.18)

It is known [19, page 82], that outside a closed disc of radius g centered at zero each
operator B, has only isolated points of spectrum, each of which can only be an eigenvalue of
finite multiplicity.

Proposition 3.21. Let B, LN B for B, € B(E,), B € B(E) and pu({Byxn}) < qu({x,}), for any
bounded sequence {x,}, x, € E,. Assume that 6(B) N'¥ = @, where bounded closed set ¥ C C \ {1 :
|A| < g} and o(B) \ {A : |A| < q} consists only of discrete spectrum. Then, there is a constant C > 0
such that (M, — By) | <C, A e ¥,neN.

Proof. Any point A € ¥ belongs to Po(B,) U p(B,,). This means that one gets for a sequence

lxxll = 1, x, € E,, two cases: (AI, — By)x, = 0 or |[(AL, — Bp)Xull > yanllxs] with some
Yain > 0,1 € ¥. We are going to show that in reality we have ||[(AL, — Bn) x|l > yw||x,ll, A € ¥.

Assume in contradiction that there are sequences {1,}, A, € W, {x,},||xx|| = 1, such
that

(Aul, = By)x, 250 as n e N. (3.19)
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Then, A, — Ap € ¥, n € N' C N. One has for 7 = inf{|¢| : ¢ € ¥}

Mnlﬂ({xn}) < #({fon})

pltxa)) < 2 e < gﬂ({xn}), (3.20)

which means because of q/7 < 1, that pu({x,}) = 0, that is, {x,} is P-compact. Now x, L,

x9, n € N” C N and B,x,, N Bxy, A.x, LN Aoxg, n € N”, thatis, \gxy = Bxy with ||xg] = 1,
which contradicts our assumption o(B) N ¥ = . The proposition is proved. O

Proposition 3.22. Let B, PP, Band U({Bnxn}) < qu({xn}) for any bounded sequence {x,}, x, €
E,. Assume that any Ay € o(B), |\o| > g, is an isolated eigenvalue with the finite dimensional
projector Q(\o). Then, there are sequence {1, }, A, € o(By), and sequence of projectors Q,(Lg) €

B(E,) such that A, — \g and Q,(\o) Lo, Q(\o) converge compactly.

Proof. Note first that for I', = {A: [A = Ao| =7} C C\ {X:|A| < q}, where r can be taken small
enough, we have by Proposition 3.21

(AL —By) ' 225 (W -B)™" as\el,, neN. (3.21)

Therefore, Q,(Ao) e, Q(Ap). To show compact convergence of these projectors one can note
that

H{(XoIn = Bu)xn}) 2 [olp({xn}) = p({Bnxn}) 2 [Aolp({2xn}) = qu({xa}) 2 yu({xn}),

(3.22)
where y = |Ao| — g > 0. This means that
‘u<{ (Aol — Bn)kxn}> > yk‘u({xn}) for any k € N. (3.23)
By functional calculus
(Aol = Bu)*Qu(ho)xr = ﬁ Lr (Ao = V) (MLy = By) 'ond . (3:24)
From this representation using (3.23), one has
PR(1Qu00)%)) < || ok~ B Quh) | < amr* Il (3:25)

Itis clear that from r /y < 1it follows that (r/ y)k — 0ask — oo. This means that Q, (\g) LN
Q(Ag) compactly. The proposition is proved. O

Theorem 3.23. Let the conditions (A) and (By) be satisfied, and let the analytic Co-semigroup ', t €
R, be hyperbolic such that the set c(A) N {A : ReA > 0} consists of a finite number of points
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Po(A) and dim P(o+) < oo. Assume also that u({B,x,}) < qu({x,}), for any bounded sequence
{xn},xn € E,, with q <1, where B, = e'An. Then, conclusions of Theorem 3.16, that is, (3.14), are

hold and P, (c,+) Po, P(o+) converge compactly.

Proof. Because of the spectral mapping theorem, the spectrum of operator B = e!4 which is
located outside of unit disc T consists of finite number of points of the set Po(e'4) = {¢ :
¢ =e', L € Po(A)n {¢: Re¢ > 0}}. Moreover, since g < 1, for any ¥ which contains T and
¥ C p(B),B = e'4, one has ||(AL, - B,)7'|| < constant as A € ¥ by Proposition 3.22. Now from
Theorem 3.12 it follows that B, have discrete dichotomy. By Theorem 2.5, the operator 9, is
invertible, and by Proposition 2.4 and by Theorem 2.3 we get that the semigroups e/, t € R,
have an exponential dichotomy uniformly in index n € N and (2.7), that is, (3.14) holds. By
Theorem 3.9 Q,,(1o) LN Q(Ap) compactly, which implies that conditions of Theorem 3.16
are satisfied. The theorem is proved. O

3.4. Discretisation in Time Variable and A . #()

Consider now the discretization of the problem (3.9) in time by the following scheme:

Vn(t + Tn) - Vn(t)
Tn

=AunVat + 1) + Fur n(Va(1)), t=kry, (3.26)

with initial data V,,(0) = 9. The solution of such problem is given by formula

Vo (t + Tn) = (In - TnAu’;,,n)ilvn(t) + Ty (In - TnAu;‘,,n)ilFu:,,n (Vn (t))

K .
= (I~ TAuyn) " Va(0) + T > (I = TwAug ) T Vi (Va(j7)), £ =k,
=0
(3.27)

where V,(0) = o0.
The problem (3.12) also can be discretized following (3.26) approach, so we have

Vit +74) — Vi (t)
Tn

(I = P))Vu(0) = (I, - Py)vl,  PyViu(T) = Pyol. (3.29)

=AunVat + 1) + Fur n(Va(t)), t=kry, (3.28)

The solution of problem (3.28) could be obtained by using the formulas

(In - Pn)Vn (t + Tn) = (In - TnAu:l,Tl)71 (In - Pn)Vn(t)+Tn (In - TnAu;‘,,n)il(In - Pn)Fu*n,n(Vn (an))/
(In - TnAu’;,,n)PnVn(t + Tn) =P, V,(t) + TnPnFu;‘l,n(Vn(an))/ t = kT,.
(3.30)
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So one has a representation of solution of problem (3.28) as

Vi (508,08 = (In = P)Va(t) + PuVar(t)

= (I = TaAusn) (I = P)?°
k-1

+70 3, (In = TaAuim)”* 7 (I = P) Fugyn (Vu (7))
j=0
K-k = K-1-j
+(In = TaAuyn) " Puoy =70 Y (In=TuAuyn)” PuFupn(Va(j7a)),  t=kTy.
j=k

(3.31)

From (3.31), it is clear that corresponding estimates on powers of operators (I, —
TnAu;,n)_k”(In -P), U, - TnAu;,n)K_kPn play the main role in approximation of solutions
of (1.4) in the vicinity of u*.

Theorem 3.24. Let operators A,, A be generators of analytic Co-semigroups and let condition (By)
be satisfied. Assume also that the analytic Co-semigroup e« ,t € R, is hyperbolic and for p > 0
such that {L : —p < Re ) < p} C p(A), operators AI,, — Ay n are Fredholm operators of ind 0, and

operators A1, — Ayz n, M — A+ are reqularly consistent for any Re A > —p. Then, P, (c+) L p (o+)
compactly and

[T = 7)™

. < Mye™, t>0,
" (3.32)
“ (In - TnAu;‘,,n)kn (In — Py)

: < Mye", t<0,

for some y > 0.

Proof. From Theorem 3.16 it follows that the analytic Co-semigroups e/ have dichotomy
uniformly in n € N. Now one can see as in [20] that |[(I,, — T, A.x ,n)fk” - M| < Mr,e/t,
where t = k,7, = 1. Using perturbation dichotomy theorem from [1, p. 254], one gets that
(3.32) holds. The Theorem is proved. O

Theorem 3.25. Let A..(An, A) #0 and resolvents of A,, A be compact operators. Assume also that
the analytic Co-semigroup e« ,t € R, is hyperbolic and condition (B) is satisfied. Then,

|t = 7 Ain)

< MZr[t]l t= knTn > 0/
. En (3.33)
|| (In - TnAu;,,n) " (In - Pn)

E < M2r7[t]r -t = _knTn <0,

where r < 1.

Proof. Compact convergence of resolvents (A1, — A7 LN (A - A)! implies [18] that

(AL, - Auf;“n)_1 LN (Al = Ay)™! compactly. (3.34)
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We set B, = (I, — TnAu;”n)ik",Tnkn =1, and B = e¢'4. Then, B, LN B, since the oper-

ators A, ,, A, are consistent. Note that by condition (B;) one has [21, 22] ||T,kn Az n(In —
TnAu;‘,,n)_kn“B(E,,) < constant, which implies B, = A;} WTnknAugn(In = TnAu;,n)_k" PP, B

compactly, since A;%/n LN A} compactly. Now by applying Proposition 3.15 one gets
discrete dichotomy for B, by Theorem 3.12. The theorem is proved. O

3.5. Discretisation in Time Variable and Condensing Property

Theorem 3.26. Let condition (A) and condition (By) be satisfied. Assume that p({Bnx,}) <
q u({x,}), for any bounded sequence {x,},x, € E,, with g < 1 and B, = e, Assume also
that the analytic Co-semigroup e+t € R,, is hyperbolic.Then,

T = 7)™

| = A ) (1 = P)

< MZT[t]/ t= knTn > O/
En (3.35)

E < MZr_[t]/ -t= _knTn < 0/

wherer < 1.

Proof. By Theorem 3.23 it follows that (3.11) holds. By perturbation theorem from [1], one
gets (3.35) which follows in the same way as in the proof of Theorem 3.24. The theorem is
proved. O

4. Example

The condition p(B,x,) < qu(x,) with g < 1 in Theorems 3.23 and 3.26 can be checked for

instance in case of compact convergence of operators A, f (u},) PP, p f'(u*). We present
here an example where the analogy of such condition is naturally satisfied.

Example 4.1. Consider in L*(R) an operator

(Av)(x) = 0" (x) + av'(x) + bv(x), x € (~o0,0). (4.1)

Since we took E = L?(R), we can take (p,v)(x) = (1/h) ff'}/lfzv(x + y)dy, and the main
condition ||an||Lf1(Z) — ||vllr2(r) is satisfied [15].

As in Section 5.4 of [1], one can see that Gess(~A) C {A : Re A — (ImA)?/a? > —b}.
For the case of a = 0, we have 0(A) € (-o0,b). So for b < 0 the operator A is a negative
self-adjoint operator. Then, we have the same for some difference scheme, say for central
difference scheme,

Ao () = 22 = 2”;§x> o) L (), (4.2)
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that is, Wess(A,) < wy < 0 uniformly in h > 0. Moreover, it is easy to see that

||etA

< Me“?, >0, with w, <0, (4.3)

that is,

ﬂ({etA"an <yu({xn}) withy <1 for some t =1ty > 0. (4.4)

Now to get to the range of Theorem 3.23, let us denote B = eh4 B, = el For analytic Co-
semigroups, the spectrums of operators A and B are strictly related, which is also concerned
to point spectrum Po(B) = 4. This means that operators A, have for almost all n the
spectrums o(A,) N {A: Re X > 0} which approximate the spectrum o(A) N {A: Re A > 0}.

Let us now consider in L?(R) the case of perturbed operator with smooth function b(x)

Av(x) = v"(x) + b(x)v(x) (4.5)

and its approximation, say like

<~ )(x) _ Uy (x + h) —20,(x) + v,(x — h)

Apvy 2 + b(x)vn(x), (46)

with condition b(x) — b as x — =oo for simplicity. The operator ((A - A)v)(x) = (b(x) -
b)v(x) is an additive perturbation. We assume that Co-semigroup etdt € R,, is hyperbolic.
The perturbation A — A is a relatively compact perturbation like in [23]. The same must
happen to A, because of A, = A, + (A, - A,) and

- to - -
eloAn = gloAn 4 f Aﬁe(to_s)A"A;"‘ <An - An>eSA"ds. (4.7)
0

The crucial point is that such perturbation gives us from (4.4) the estimate
y({etg"xn}> <yu({x,}) withy <1 for some t=1t;>0, (4.8)

t()e

since the integral part in (4.7) could be estimated by any small € > 0 as (| ) < cel ™.

to €

Then any point of spectrum of A which is located to the right of b belongs to Po(A) and
itis of finite dimensional generalized eigenspace. The same is true for A, with B, = e, since
we have (4.8). Usmg property (4.8), we get from Theorems 3.8 and 3.9 the regular consistence
of operators AI,, — A,, A — A for any A € iR and any Re A > b.

If as before P is a dichotomy projector, then one has dim P < oo and PA = AP. We can
also state that P, — P compactly by Proposition 3.22. This means that say from dichotomy
of A we get dichotomy for A, uniformly in n by Theorem 3.16.

The similar situation for concrete differential operator was considered in [24].
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