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This paper deals with a Neumann boundary value problem for a Keller-Segel model with a cubic source term in a d-dimensional
box (d = 1,2, 3), which describes the movement of cells in response to the presence of a chemical signal substance. It is proved that,
given any general perturbation of magnitude J, its nonlinear evolution is dominated by the corresponding linear dynamics along a
finite number of fixed fastest growing modes, over a time period of the order In(1/8). Each initial perturbation certainly can behave
drastically differently from another, which gives rise to the richness of patterns. Our results provide a mathematical description for

early pattern formation in the model.

1. Introduction

Keller and Segel in their pioneering work [1] proposed the
following model

U, =V (D, VU - yUVV),
1
V, = D,V’V +aU - BV,

where Ul(x, t) is cell density, V(x, ) is chemoattractant con-
centration, D,, is the amoeboid motility, y is the chemotac-
tic sensitivity, D,, is the diffusion rate of cyclic adenosine
monophosphate (CAMP), « is the rate of cAMP secretion per
unit density of amoebae, and f3 is the rate of degradation
of cAMP in environment. Keller and Segel wanted to model
the chemotactic movement of the cellular slime mold Dic-
tyostelium discoideum during its aggregation phase, where
population growth does not occur. Therefore, they considered
a population in the absence of “death” and “birth” For some
main results on the Keller-Segel model, please see [2-4] and
references therein.

Recently, Guo and Hwang in [5] investigated the non-
linear dynamics near an unstable constant equilibrium of
the Keller-Segel model satisfying the Neumann boundary

conditions for U(x,t) and V(x,t) on a d-dimensional box
T¢ = (0,m)" (d = 1,2,3); that is,

a—Uza—Vzo, at x; = 0,7, for 1 <i<d. (2)
ox;  0x;

Let [U, V] be the uniform constant solution of the Keller-
Segel model, and u(x,t) = U(x,t) - U, v(x,t) = V(x,t) - V.
Then [u, v] satisfies the equivalent Keller-Segel system below:

u, = D,V’u— xUV?v - xV (uVv),
3)

2
v, = D,V°v + au — fu.

Guo and Hwang proved that linear fastest growing modes
determine unstable patterns for the above system. Their result
can be interpreted as a rigorous mathematical characteriza-
tion for early pattern formation in the Keller-Segel model.

In recent years, more and more attention has been given
to the Keller-Segel model with the reaction terms, that is, the
following chemotaxis-diffusion-growth model:

U, = V(D,VU - yUVV) + f (U),

(4)
V, = D,V’V +aU - V.



For f(U) = rU(1 — U/K), Painter and Hillen [6] demon-
strated the capacity of the above model to self-organize
into multiple cellular aggregations which, according to its
position in parameter space, either form a stationary pattern
or undergo a sustained spatiotemporal sequence of merging
(two aggregations coalesce) and emerging (a new aggregation
appears). This spatiotemporal patterning can be further
subdivided into either a time-periodic or time-irregular
fashion. Numerical explorations into the latter indicate a
positive Lyapunov exponent (sensitive dependence to initial
conditions) together with a rich bifurcation structure. In
particular, they found stationary patterns that bifurcate onto
a path of periodic patterns which, prior to the onset of
spatiotemporal irregularity, undergo a “periodic-doubling”
sequence. Based on these results and comparisons with
other systems, they argued that the spatiotemporal irreg-
ularity observed here describes a form of spatiotemporal
chaos.

For f(U) = rU(1 - U), Banerjee et al. [7] showed that the
dynamics of the chemotaxis-diffusion-growth model may
lead to steady states, to divergencies in a finite time, and to
the formation of spatiotemporal irregular patterns. The latter,
in particular, appears to be chaotic in part of the range of
bounded solutions, as demonstrated by the analysis of wavelet
power spectra. Steady states are achieved with sufficiently
large values of the chemotactic coeflicient y and/or with
growth rate r below a critical value r.. For r > r_, the solutions
of the differential equations of the model diverge in a finite
time. They also reported on the pattern formation regime,
for different value of y,  and of the diffusion coefficient D,,.
For the same f(U), Kuto et al. [8] considered some qua-
litative behaviors of stationary solutions from global and
local (bifurcation) viewpoints. They studied the asymptotic
behavior of stationary solutions as the chemotactic intensity
grows to infinity and construct local bifurcation branches of
stripe and hexagonal stationary solutions in the special case
when the habitat domain is a rectangle. For this case, the
directions of the branches near the bifurcation points are also
obtained. Finally, they exhibited several numerical results for
the stationary and oscillating patterns.

In [9], Okuda and Osaki studied the chemotaxis-dif-
fusion-growth model with f = pU(1-U) + qU(1-U)(U-v)
in a rectangular domain by applying the center manifold
theory, where constant v € (0, 1) and either p > 0, g = 0,
or p = 0, g > 0. It is observed that the trivial solutions
are destabilized due to the chemotaxis term. They obtained
the normal form on the center manifold, and it is proved
that the locally asymptotically stable hexagonal patterns
exist.

Another extended formation of logistic source term is the
cubic source term f = U(b, +b,U —b,U?), where b, > 0 is the
intrinsic growth rate, the sign of b, is undetermined, b; > 0is
a positive constant, and b,U — b,U? is the density restriction
term (see [10, 11] for more information and references).
Recently, Cao and Fu in [11] studied global existence and
convergence of solutions to a cross-diffusion cubic predator-
prey system with stage structure for the prey. In this paper,
we investigate dynamics of the chemotaxis-diffusion-growth
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model with the source term f = (b, + bU — b,U?)U; that
is,

U, = V(D,VU - yUVV)
+ (b, + U - bU) U, (5)
V, = D,V’V +aU - BV,

where D,,, y, D,, «, and f3 are positive constants and U(x;, t),
V(x,t) satisfies the Neumann boundary conditions. We will
prove that given any general perturbation of magnitude §,
its nonlinear evolution is dominated by the corresponding
linear dynamics along a fixed finite number of fastest growing
modes, over a time period of In(1/8). Each initial perturba-
tion certainly can behave drastically differently from another,
which gives rise to the richness of patterns. Our results
provide a mathematical description for early pattern forma-
tion in the model (5).

The organization of this paper is as follows: In Section 2,
we prove that the positive constant equilibrium solution of
(5) without chemotaxis is globally asymptotically stable if
b, > 0. In Section 3, we investigate the growing modes of
(5). In Section 4, we present and prove the Bootstrap lemma.
In Section 5, given any general perturbation of magnitude
8, we prove that its nonlinear evolution is dominated by the
corresponding linear dynamics along a fixed finite number of
fastest growing modes, over a time period of In(1/6).

2. Stability of Positive Equilibrium Point of
(5) without Chemotaxis

The corresponding semilinear system of (5) without chemo-
taxis is as follows:

U, =D,VU + (b +bU -bU*)U, xeT t>0,

V,=D,VV +aU -V, xeT% t>0,

ou oV

—=—=0, x,=0,7m, 1<i<d, ©
ox;  0x;

U(x’O) = UO (X) > 0) d 3
V(60)=V,(x)s0, *€T @=123).

Obviously, [U,V] = (b, + 1922+4b1b3)/2b3,oc(b2 +

\b3 + 4b,b;)/23b,] is a positive equilibrium point of (6) if
and only if either of the following two cases happens: (i) b, >
0, b, e R, (ii) b, =0, b, > 0. In the following we will discuss
the stability of [U,V]in (6).

Let W = [UV], W = [U,V],and 0 = P < Wy <
p; < --- be the eigenvalues of the operator —A on T%(d =
1,2,3) with the homogeneous Neumann boundary condi-
tion, and let E(y;) be the eigenspace corresponding to y; in
L*(T%). Let X = [LX (T {¢; : j = 1,...,dim E()} be an
orthonormal basis of E(y;), and X;; = {c- ¢;; [ c € R?}. Then

dim (B
X =e2 X, X; =& : (#)]Xij' )
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Let ® = diag(D,, D,) and & = DA + G, (W), where

GW (W) _ (—319362 +062b2§ + bl _0ﬁ> . (8)

Then the linearization of (6) at [U, V] is W, = (W - w).

For each i > 1, X; is invariant under the operator &, and
A is an eigenvalue of 8 on X; if and only if it is an eigenvalue
of the matrix

- D+ Gy (W)

~wD,-3bU +2b,U+b, 0 ©)
o _/’liDv - ﬁ

Notice that (b, + b} + 3b,b;)/3b; is the positive root of
—3b,x* + 2b,x + b, = 0 and

b, + /b2 + 3b, b, (10)

U>
30,

Thus, —44D + Gy, (W) has two negative eigenvalues —;D,, —

3b352 +2b,U +b, and —y; D, — B. It follows from [12, Theorem
5.1.1] that [U, V] is locally asymptotically stable.

Let [U, V] be a unique nonnegative global solution of (6).
It is not hard to verify by the maximum principle that

0<U < max {U, Uy (x)|,}»

_ Vit > 0. 11
OSVSmax{V,lVo (X)|oo}’ w

Moreover, ifU,, V, = (#)0, thenU(x,t) > 0, V(x,t) > 0, for
allt > 0.
According to the main result in [13], we have

"U (.’ t)"CZ,a(Td) < C’
<G,

Vel vt > 1. (12)

ca(T)

(i) Ifb, > 0,b, € R, then U — b, > 0. We define the
Lyapunov function

E(t):j

T4

[p(U—ﬁ—Uln%) +(V-T)]dn a3

where p = 2042/(,8(1936 -b)).

Calculating the derivative of E(t) along positive solution
of (6) by integration by parts and the Cauchy inequality, we
have

dE (u,v)
dt

D U
<- j ) {p—gwwz + 2DU|VV|2} dx
T

_ _er {p (b3U +bU - bz) (U - 6)2
~2a(U-0)(V-V)+2p(V - V) } dx

<-| {p(6T-8)(U-T)

~2a(U-T)(V-V)+2p(V-V) } dx

) (V - \_/)zdx.
T

< —“7; |, (-0yax-g|

(14)

(i) If b, = 0,b, > 0, then b, = b,U. We define the
Lyapunov function

E(t):J

q —\2 — 2]

—(U-U) (V-V) |dx, 15
Ew-oy vy e
where q = 2a°/Bb,U.

Calculating in the same way as (14), we have

2
D,U
_ er 2qu—”3|VU|2 +D,|VV|’dx

dE (u,v)
dt

- Ld gby(U+T) (U-T)

—2a(U-T)(V-7)+2B(V-V)dx

IN

- |, 0(U-0) - 2a(v-0)(v-V)

+2B(V -V) dx

“2

- | (u-Oyax-p | (v-7)ax
(16)

Combining (12)-(16) and Lemma 3.2 in [11], we conclude
that

tlin(}o”U(" D= U] 25y = 0
. (17)
tlfréo"V(" D=Vl =0

The global asymptotic stability of [U, V] follows from (17)
and the local stability of [U,V].



Theorem 1. The positive equilibrium point [U,V] of (6) is
locally asymptotically stable. If either b, > 0, b, € R orb, =0,
b, > 0 holds, then [U, V] is globally asymptotically stable.

3. Growing Modes in the System (5)
Letu(x,t) = U(x,t) - U, v(x,t) = V(x,t) — V. Then
u, = D,Vu - yUV*v - (3b3262 -2b,U - bl) u
- xV (uVv) + (bz - 3b3ﬁ) ' - b, (18)

v, = D,V?0 + au — fu.
The corresponding linearized system takes the form
u, = D,V'u— yUV*v - <3b3262 - 2b,U - bl> u,
(19)
v, = D,V*0 + au — fu.

Let w(x,t) = [u(x,t),v(x,t)],q = (¢y,...,q3) € Q = N,
and eq(x) = Hflzl cos(g;x;). Then {eq(x)}qEQ forms a basis of

the space of functions in T that satisfy Neumann boundary
conditions. We look for a normal mode to the linearized
system (19) of the following form

w (X, 1) = ryexp (Aqt) eq (x), (20)

where r is a vector depending on q. Plugging (20) into (19)

we have the following dispersion formula for A4
X+ {q (D, +D,) + B+36T 26,0 - by} 4,

+q’{D,D,q" +BD, + (36U - 2,U -, ) D, (1)

~ayU} + (36,0 - 26U - by ) p = 0.

Thus we deduce the following well-known aggregation (i.e.,
linear instability) criterion by requiring there exists a q such
that

¢ {D.D.q" + BD, + (30U - 26,U - b, ) D, - oy}
(22)
+ (360" - 26,0 -1 ) <0

to ensure that (21) has at least one positive root A,. This
implies that for q,

{4 (D, +D,)+p+36,0 - 26,0 - bl}z
-4{q {D,D,q" + D, + (36,0 - 26,0 - b ) D,
~axU} + (36,0 - 26,0 - by ) p}
={7 (D,-D,) - (B-36,U" +26,U + bl)}2

+ 4ocxﬁq2 > 0.
(23)
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If q = 0, then (21) has two negative roots —f3 and —3b3U2 +
2b,U + b,. Therefore, the positive equilibrium point of (18) is
locally asymptotically stable.

Now we investigate nonlinear dynamics near the unstable
constant equilibrium solution of (18) in the case q #0.1fq # 0,
the right side of (23) is positive. Therefore, there exist two
distinct real roots /\fl for all q# 0 to the quadratic equation
(21). We denote the corresponding (linearly independent)
eigenvectors by r_(q) and r, (q), such that

X +D,q +
r,(q) = [q—w,l]. (24)
o
Clearly, for g large
¢ {D.D,q" + BD, + (3,U° - 2b,U - b, ) D, - oy U}
(25)

+ (360" - 26,0 -1 ) B> 0.

Hence, there are only finitely many q such that A; > 0.
We denote the largest eigenvalue by A, ,, > 0 and define
Qnax =1q € Q| /\:'l = A It is easy to see that there is
one g* (possibly two) having A*(¢%) = A, if we regard Ay as
a function of g*. We also denote v > 0 to be the gap between
the A,,,, and the rest. Given any initial perturbation w(x, 0),
we can expand it as

w(x,0) = queq (x)

- (26)
= Y {wer @+ wir, @) eg (0,
qeQ
so that
Wq = wr_(q) + wyr, (q). (27)

The unique solution w(x, t) = [u(x, 1), v(x,t)] to (19) is given
by

w(x,1)

= ¥ {wgr @exp (1)

qeQ

+w;r+ (q) exp (A;t)} eq (x) = e*'w (x,0).
(28)

For any g(-,t) € [L2(TH)]?, we denote g Ol = lgC 1)l
Our main result of this section is the following lemma.

Lemma 2. Suppose that the instability criterion (22) holds. Let
w(x, 1) = e¥wi(x, 0) be a solution to the linearized system (19)
with initial condition w(x, 0). Then there exists a constant C; >
1 depending on D,,, x, U, b, by, by, D,, &, and f, such that

[w(,t) <Crexp (A pax ) WO, VE=0. (29)



Advances in Mathematical Physics

Proof. We first consider the case for t > 1. By analyzing (21),
for g large, we have

|

qlergo o -D,, -D,, (30)

5]

respectively. From the quadratic formula of (21), we can see

that
Aq =g N Z\lcxxU' 31)
T q
It follows from (27) that

|r¢ (‘I)l X 'WQ|
|det [r_(q),r, (@]]

Later on we will always denote universal constants by E; (i =
1,2,...). Note that q € N? and q#0. From (24) and (30), for
all g > 0, there exists a positive constant E; and E,, such that
I/X‘il/occfl < E;, and

(32)

+
| <
il =

Ir. (@] < B2 (33)
By (24), (31), (32), and (33), we deduce that
'wj. < Eiq |wq|. (34)
Thus, it is clear from (33) and (34) that
lw:‘;ri (q) exp (/\:_;t>| < E,E;q° |wq| exp (Aflt) . (35)

For t > 1, it is not hard to verify that there exists a constant
E, > 0, such that

q exp (/\zt) <E,. (36)
It follows from (35) and (36) that
|u)§1‘i (q) exp (Azt)' <E, |wqj . (37)

Denote by (,-) and (-, -) the inner product of [LZ('I]'d)]2 and
the scaler product of R?, respectively. A simple computation
shows that

d
w0l = (5) X wal” (38)
qeQ

From (28), (37) and (38), we have

[w(x, )| < 2E5exp (Aaf) IW(x,0), fort>1. (39)

On the other hand, for t < 1, it is sufficient to derive the
standard energy estimate in L?. By (19), we have

1d 2 2

T Ld {lul® + A} dx
+ j {Du|Vu|2 + ADv|Vv|2 —XUVqu} dx

d

i (40)
+ (360 - 26U - b,) J wdx

'H'd

+A[3J v'dx = Ax J , uvdx.

T T

Let

(41)

Then the integrand of the second term on the left side of (40)
satisfies

D,|Vul* + AD,|Vu|* — yUVuVuv

u 2 (XU)Z (42)

By (40), Young’s inequality, and A > 1, we deduce that

14
2dt

Aa
Ld {lul® + Ajof*} dx < = Ld {lul® + Ajo*} dx.
(43)

Using Grownwall’s inequality and noticing A > 1 and ¢ < 1,
we can obtain

lw(x,t)]| < (Aexp (Aoc))l/2 exp (Apaxt) W (x,0)[| . (44)

If0 < A < 1,by (43), t < 1, and Grownwall inequality, we
have

exp «

1/2
WOl < (F22) 7 e (Lt IW (Ol (45)

Let C, = max{ZEs,(Aexp(Aoc))l/Z} > 1if0 < A < 1.
Then [w(x, )| < Cyexp(A,DIWE 0 if A > 1landC, =
max{2E, (exp a/A)?) > 1. O

4. Bootstrap Lemma

By a standard PDE theory [14], we can establish the existence
of local solutions for (18).

Lemma 3 (local existence). Fors > 1(d = 1) and s > 2(d =

2,3), there exists Ty > 0, such that (18) with u(-,0), v(-,0) € H®

has a unique solution w(-,t) on (0, T,) which satisfies
WOl < Cllw(O)[lgs,  0<t<T, (46)

where C is a positive constant depending on D,,, x, U, by, by, by,
D,, «, and f.

It is not hard to verify the following result.

Lemma 4. Let w(x,t) be a solution of (18). Then the even
extension of w(x,t) on 2T = (-, n)d (d = 1,2,3) is also
the solution of (18) which satisfies homogeneous Neumann
boundary conditions and periodical boundary conditions on

2T = (-, 1) (d = 1,2,3).



Lemma 5. Let [u(x,t),v(x,t)] be a solution of (18). Then

—\2
>, {lD“uf + %wo‘uf} dx
la/=2 ulZy

—\2
+ Z Jd <|%|VD“u|2 + —(;(gz lVD“v|2} dx

laf=2 T

N | =
SR

/3 Z ofa 3b3U2 —2b,U - b,
2

||2

X Z J |D0¢u|2dx <C, <§ + 'bz - 3b36' + %b3>

lal=2

[V w] + Cyllull,

x (Wl + IwlZz) -
47

where C, = Elsxlzﬁlz(xu/2DﬁDgﬁ6(3b3ﬁ2 -2bU - b)’.

Proof. It is known by Lemma 4 that

i = D,V’i - YUV’ - (36,U° - 2b,U - by ) i - XV (aV7)
+(by - 3b,0) & - byit’,
0, = D,V’T + aii - 7,

on 0o

at x; = -m,0,7, for 1 <i<d,
ox

(48)

where [#i(x, t), U(x, t)] is the even extension of [u(x, t), v(X, t)]
on (-7, 0)". Taking the second-order derivative of (48) for
x;,x; and making inner product with axixja and Aaxixjﬁ,
respectively, on both sides then adding the two equations
together, we have

2 2
22 Apeen [ fax
2dt Jope i%j
2 —
+j {Du .| +AD, A
Z-H'd ) [
2
-Vax‘xﬂ}dx+A[3J 3. 1 dx
I omd b 7Y
—3 — _ 2
+ (360 —zsz—bl)LTd 0, | dx

=XJ Vo, . ii-0,, (ii-VD)dx
o7 i%j i
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+ Aa LW Oy - O, DX + 2 (by = 30U
x j ax_x_a(ax_a-a G+i-0 ﬁ)dx
ord T !

—3b3j 0,7 (2m 0,50, A+ 0,
ard T ' !

=L+L+1;+1,

Clearly

D,|vo u| + AD, |V

xi,xj i, xjV | Xﬁvaxixjﬁ -Vo, .U

XX

) ( _)2 (50)

The nonlinear term I, is bounded by

XX

d
I, SX{IIWIILOO 0.0, [0,] + 2 1700 [0
i=1

X "Vaxixjﬁ” + [|7]] oo Hvax,-x,-ﬁ‘l Hvax,xja

(51)
We know that
||9||L°°(z1rd) s E6"9"H2(21rd)’
19l s ore) < Eoll gl ey (52)
||g”L6(21Td) ES E8"g"H2(21T"’)’
ford < 3,and
j Vﬁdx:J Vodx = 0,
214 2T
(53)
Jm 0, idx = LW 3., 7dx = 0.
Applying the Poincaré inequality, we have
“9" < E9”g"L4(2'ﬂ'd) < E10"9”H1 <Ep ||Vg|| , d<3. (54)

It follows from (53) and (54) that ||axig|| <E, ||vax,_g||. Thus

, 1/2
axixjg") . (55)

d
Vgl < E11< Z
i,7=1

Furthermore,

(56)

< Yol < z

1
2
&
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. . . 1/2
This implies tl/iat (ijzl IIaxix/.gHZ)
N
(X o= ID%g1)

is equivalent to

2. From (53)-(56), we have

ax,»xjg” <Ej ||Vax,,xjg|| >

1/2
v < £ 3 oo -

|a|=2

1/2
- Eild( y nwgnz) -

|a|=2

It follows from (56) and (57) that

1/2
ol < E< » ||w>“g||2) ,

| =2 (58)
E, = (E‘llld2 + Eflcl2 + 1)1/2.
By (51), (52), (57), and (58), we have
N Iy < XE3|Wlee |V w|| (59)

|a|=2

Now we consider I,. From Gagliardo-Nirenberg inequality
and Young inequality, we obtain

>
ul + ——|. 60
| e (60)

%)

Leta = 9D} D?B*(3b,U° — 2b,U — by)/4E2,x"U " Then

36,0 - 2b,U - b, oo
3 1< DU 2020 5 e

ee|=2 Ja|=2
ZIID"“II v D 2 Ivpal (61)
|ex|=2 |0¢| 2
E 12612 12
+ wk — = <l

DD§Be(36,U° - 26,0 ~ by )
It follows from (52), (57), and (58) that

N 1, < 2|b, - 36,0 Ey Il [ V5]

Jee|=2

(62)
Y I, < 3bE |l | Ve .

|la|=2

Combining (49), (50), (59), (61), and (62), we have

2> o+ W7 i D%t dx
2dt &, D,D,
—\2
U
{&WD“u]Z + (X—)|VD°‘U|2]> dx
4 2D,

) —
Z j |D“v|2dx . 3, U -2b,U - b,
d 2

Itxl 2

+zj

lal=2

X +2 b, - 36U + 3b,
2

) j ID“ufdx < C,

|a|=2

2 3112 2
x (IWllee + Iwlize ) [Vw] + Collull®,

(63)

where C;, = max{E,;, E\s E;}, C, = Elsxlzﬁlzalz/ZDiDg
B (3bU° - 2b,U - by)*. O

Lemma 6. Let w(x,t) be a solution of (18) such that for 0 <
t<T<T,

2
Iw ¢ Ollee + lw ¢ Ol

1 D,
< — min —
0 {2(X+2|b2—3b3U|+3b3)
(x0) }

D, (x +2|b, - 3b,U] + 3b)

(64)
[w (-, )]l < 2C; exp (At) W (5 0)]l. (65)
Then
Iw (Ol < Cs {Iw ¢ 0)lIF,
+exp (2 pet) IW O}, 0<t<T,
(66)

“+

where C; = max{(Efld2 + 1)((Xﬁ)2/D D,), 4C2{1
(B2 d* + D(C, /AN if (WU)?/D,D, = 1,C5; =
max{(ELd> + 1)(D,D,/(x0)),4C{1 + (B d® + 1)
(C,D,Dy /A e KOV} if (0)’ /DD, < 1.

Proof. Ttis clear from (57) that

IVw (O < ELd” Y D w (). 67)

|a|=2
It follows from (67) that
Iw G Blze < Iw GO + (B d” +1) Y D w (o)

|a|=2
(68)



Now we estimate the second-order derivatives of w(:,t). By
(65) and Lemma 5, we immediately see that

—\2
U
DN IR = WO) e o
2 dt a2 D,D, (69)

< Gyllul® < Cylw (5 )II%.

Integrating on both sides of (69) from 0 to t and from (65),

we have
ZJ ID*u (o) + (_)2|D x 0 b dx
=2 I T¢
(_)2
<Y | d{lD COf + 5Dt <-,o>|2}dx 70

la=2 7T

4C*C
+ =2 w (-, 0)]” exp (2 yaxt) -

max

We will proceed in the following two cases: ( )(6)2 /D,D, > 1,
(xU)*/D,D, < 1.

(1) If ( Xﬁ)z /D, D, > 1, it follows from (70) that

—\2
> ID"w 6ol < (D D) > ID*w G 0)ff
|la|=2 U |a|=2 (71)

2

2w (- 0)]* exp (24 ) -

max

By (68) and (71), we have

Iw D12 < Cs {Iw G OER + 1w ( 0)I exp (24 )}
(72)

where C; = max{(E>,d* +1)((YU)*/D,
1)(C2/Amax)i}'
(2) If (yU)*/D,D, < 1, it follows from (71) that

ZIoweol s 22 )%MD

D,D, 4C:C
# 2 2w (O exp (2 )
(XU) max

D,), 4CH{1+(E},d* +

w0

(73)

By (68) and (73), we have

Iw D12 < Cs {Iw G OER + 1w (0) I exp (24 )}
(74)

where C, = max{(Ef_le +1)(D,D,/(xU)*),4C3{1 + (E2,d* +
1)(C,D, Dy /A (XU O
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5. Main Result

Let O be a small fixed constant, and A,,, be the dominant
eigenvalue which is the maximal growth rate. We also denote
the gap between the largest growth rate A, and the rest by
v > 0. Then for § > 0 arbitrary small, we define the escape
time T° by

0 =05exp (/\maxTa) (75)
or equivalently
1 0
T° = In .
1 n 5 (76)

max
Our main result is as follows.

Theorem 7. Assume that the set of ¢ = Zil q; satisfying
instability criterion (22) is not empty for given parameters D,,,
X U, b, by, by, D, a, B. Let

wy (X) =

Z {w;r_ (@) + w:;rJr (q)} €q (x) € H2, (77)

qeQ)

such that |wyll = 1. Then there exist constants §, > 0, C > 0
and 0 > 0 depending on Dy, x, U, by, b, by, D,, &, and f3,
such that for all 0 < & < 6, if the initial perturbation of
the steady state [U,V] is w2(-,0) = 8wy, then its nonlinear
evolution wa(-, t) satisfies

W ( t) de Amaxt Z w;r+ (q)eq(x)
qE€Qpnax
78
< C{e Sl + Ol 06t

+82 2Amaxt } SeAmaXt

for0 <t <T° andv > 0 is the gap between A,
of /\q in (21).

ax and the rest

Proof. Let w8(x, t) be the solutions to (18) with initial data
w°(-,0) = 6w,. We define

T* = sup {t | |'w6 (1) — (Semwo" < %8 exp (/\maxt)} .
(79)
We also define
T"" =sup

[ 0l 4w €0

(x0)° } '
D, (x+2|b,~3b,0]+3b;)
(80)

X<t D
< —min b ,
C; {2(X+2 |b,—3b5T|+3b5)
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Choose 0 such that

C;C40 (1 +2C,%0)

. Amax
= min {4(;( + |- 36,0] + b,)’

D (81)

u

4(x+2p,-3b,0]+ 3b,)

(x0) } |

2D, (x +2|b, - 36,0 + 3by)

We now establish a sharper L? estimate of w’(-,t) for 0 <
t < min{T® T*, T**}. First of all, by the definition of T* and
Lemma 2, for 0 < t < T7, it is not hard to see that

“w‘s (- t)“ < %CIS exp (Apaxt) - (82)

Applying Lemma 6 and the bootstrap argument, one can
prove

[ 0] = Ca 18l + Sexp (Runast)} (83)

From this and (a + b)? < 277" (a? + b?) (a > 0,b>0,p > 1),
it follows that

[ 0], < 4632 {8 wollip + 8 exp (Aut)} . (89)

Applying Duhamel’s principle, we can obtain
w® (t) = &zmw0
t
_ J 2T [XV (us (t) Vo° (T))
0

(85)
- (b2 - 3b36) (u5 (‘r))2

+b3(u6 (T))3, 0] dr.

By Lemma 2, (52), (54), and Lemma 6, for 0 < ¢ <
min{T?, T*, T**}, we deduce that

|'w8 (1) - 8emw0" <C,Co{x+ |b2 - 3b3(_]| +by}

y Jt eAmax(H) {"w6 (1)
0

,+ W (@)

2 3
. HZ} dr,

where Cj = max{EZ, (Efl/Eg) + Eq, Eg}. By our choice of t <
min{T®, T*,T**}, it is further bounded by

“w‘s () - 8egtw0“

< C,CoCs (X + [by - 3b,T] + by)

x { 8ol + 4C5" ol (87)
A

max

A

max

Setmat 4 2CH2 2P hmurt } st
N At

We now prove by contradiction that for § sufficiently small,
T® = min{T®, T*, T**}. If T** is the smallest, we can let t =
T** < T in (83) and (84). If O satisfies (81) with C, > 1and
0 is sufficiently small such that C362||w0||§12 + \/C_38||w0||Hz <
(1/2C3) min{D,/(2(x + 2|b, - 3b,U| + 3by)), (xU)*/D,(x +
2|b, — 3b,U| + 3b,)}, we immediately see that

”ws (T*)

2
H?

+ “ws (1)

H2
< C38% W2 + /Cs8woll i + CY26 (1 +CL%0)

1 D,
< — min — >
Cq {2(X+2|b2—3b3U|+3b3)

(x0)’ } |

D, (x +2|b, - 3b,U| + 3b;)

(88)

This is a contradiction to the definition of T**. On the other
hand, if T* is the smallest, we can let t = T~ in (87). If 0
satisfies (81) and & is sufficiently small such that C;C;(x +

1by = 36T + by)(SlIwg |2 + 4CY S IWgl 2 /A ma) < 1/4, we
also can see that

“wa (-, T*) — 8 Wo”

<C,CoCs (x + |b, - 30,0 + by)

x SWo 7 +4C38 [wo |5
)‘max

6(1+2C%0 . .

+—( T > )}sehmT <%86A’““T.

max

(89)

This again contradicts the definition of T*. Hence, if § is
sufficiently small, we have

T° = min {T°, 7%, 7"*}. (90)
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From (28), we have

“w‘S (1) — 8emw0”

> [w? (1) — Seltmat Z w:;r+ (q) €q (x)

QEQpax

—18 Y wyr (@) exp(Agt)eq (x)

qeQ)

‘max

— |6 Z {w;r_(q)exp(/\;t)

qeQ\Q,

‘max

+wgr, (q) exp (A;t)} €q (x)“

= (WP (1) — 8etmot Z w:;r+ (@Qeqg(X)| =1L = L
Q€ Qpax
(91)
that is,
w® () - Seltmt Z w:ILr (qQ) eq (x)
QEQ,, (92)

< ”w‘S (1) - 8emw0“ +1, + L.

Using (33) and (34), we have

2 2 2A W[ T d 212 6 2

I; <&% <5> Z E3E3q |wq| . (93)

9€0max

We know that there is one (or two) g* satisfying A*(g*) =
Amay- If there is only one g* satisfying A*(g*) = A, we
denote it by ¢, . If there are g} and g5 satisfying A*(q*) =
Amax> We let g2, = max{g?, g3}. From (93), we have

I, < E,Eyq’, SeMms™t = C*genat (94)
where C* = E,E;q’,. .. Now we consider I,. By (38), we have

I, < 8ems, (95)

From (87), (92), (94), and (95), it follows that

w® (1) - Selmat Z w:IrJr (q) eq (x)
qeQ)

‘max

(96)

< C{e™ + 8|woll7 + 8 wo 3
+8eltmat 82e2’\m“t} 8eA"‘“t,

where C = max{C* + 1, (4C,C;CY* /A mu) (x + 1b, — 35U +
b;)}. Notice that for 0 < t < T°, de*m' < @ is sufficiently
small. As long as wgo #0 for at least one q, € Q,,,,, which is
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generic for perturbations, the corresponding fastest growing
modes

detmt N wir, (@) eg (0)] = 8¢t [wl |[r, (q0)] (97)
9€Qnas
have the dominant leading order of de’=, O

Our Theorem 7 implies that the dynamics of a general
perturbation is characterized by such linear dynamics over

a long time period of ¢I° < t < T°, for any ¢ > 0. In
particular, choose a fixed q; = (491> 902> - - - > God) € Qrmax and
let wy(x) = r+(q0)/|r+(q0)|eq0(x); then

1/2

d
o 0ol = {(5) (1l +laf)} 9

Note that § < 0, 0, and v are fixed constants and qj, is a fixed
vector. From (96) and (98), if ¢ < T®, we have

7 T+ () H
e, (x)
[, (o)
<C* {8 1 07 + 6%},

w’ (1) - Sl

(99)

where C** = CC,,C, = max{0 ™"/ (7/2)*2(1 + |q,|* +

|(lo|4)3/2 + 1}. Moreover,

W 1) 20— C {84 + 6%+ 6}

Let 0 < 6 < (V1+(@/C™) - 1)/2, and §, =
((0/2C"") - 0% — 63" Then

(100)

[W° (0|26 - C** {87 m 167 46°} > g >0, 0<8<d,.
(101)

This implies nonlinear instability as § — 0. In particular,
instability occurs before the possible blow-up time.

Let us point out that although our proof is based on Guo-
Strauss’ bootstrap argument, the adaptation to the procedure
to our problem is not trivial at all, since the appearance
of a growth restriction of a cubic type, we need more
delicate estimates. Notice in our theorem that each initial
perturbation can be drastically different from another, which
gives rise to the richness of the pattern; on the other hand,
the finite number maximal growing modes determines the
common characteristics of the pattern, over the time scale of
In(1/6). Therefore, our result indeed provides a mathematical
description for the pattern formation in the Keller-Segel
model with a cubic source term.
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