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The main purpose of this paper is to introduce a new class of Ciri¢-type contraction and to
present some fixed point theorems for this mapping as well as for Caristi-type contraction. Several
examples are given to show that our results are proper extension of many known results.

1. Introduction

Probabilistic metric space has been introduced and studied in 1942 by Menger in USA [1],
and since then the theory of probabilistic metric spaces has developed in many directions [2].
The idea of Menger was to use distribution functions instead of nonnegative real numbers as
values of the metric. The notion of a probabilistic metric space corresponds to the situation
when we do not know exactly the distance between two points, we know only probabilistic
of metric spaces to be well adapted for the investigation of physiological thresholds and
physical quantities particularly in connections with both string and E infinity which were
introduced and studied by a well-known scientific hero, El Naschie [3-5].

Ciri¢’s fixed point theorem [6] and Caristi’s fixed point theorem [7] have many
applications in nonlinear analysis. These theorems are extended by several authors, see [8-
16] and the references therein.

In this paper, we introduce a new class of Ciri¢-type contraction and present some fixed
point theorems for this mapping as well as for Caristi-type contraction. Several examples are
given to show that our results are proper extension of many known results.

2. Preliminaries

Throughout this paper, we denote by N the set of all positive integers, by Z* the set of all
nonnegative integers, by R the set of all real numbers, and by R* the set of all nonnegative
real numbers. We shall recall some definitions and lemmas related to Menger space.
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Definition 2.1. A mapping F : R — R" is called a distribution if it is nondecreasing left
continuous with inf{F(t) : t € R} = 0 and sup{F(t) : t € R} = 1. We will denote by L the set of
all distribution functions. The specific distribution function H : R — R* is defined by

{O, £<0
H() = 2.1)
1, t>0.

Definition 2.2 (see [17]). Probabilistic metric space (PM-space) is an ordered pair (X, F),
where X is an abstract set of elements, and F : X x X — L is defined by (p,q) — F,4,
where {F,; : p,q € X} C L, where the functions F, , satisfied the following:

(a) Fp4(x) =1forall x > 0if and only if p = g;

(b) Fp,q(o) =0;

(¢) Fpq = Eqp;

(d) Fp4(x) =1and Fy,(y) =1, then F,,,(x +y) = 1.

Definition 2.3. A mapping t: [0,1] x [0,1] — [0,1] is called a t-norm if
(e) t(0,0) =0and t(a,1) =aforalla € [0,1];

(f) t(a,b) =t(b,a) forall a,b € [0,1];

(g) t(a,b) <t(c,d)foralla,b,c,de[0,1] witha<cand b<d;

(h) t(t(a,b),c) = t(a,t(c,d)) forall a,b,c € [0,1].

Definition 2.4. Menger space is a triplet (X, F,t), where (X, F) is PM space and t is a t norm
such that forallp,q,r € X and all x,y > 0,

Fyr(x+y) 2 t(Fyq(x), For(y))- (2.2)

Definition 2.5 (see [17]). Let (X, F, t) be a Menger space.

(1) A sequence {p,} in X is said to converge to a point p in X (written as p, — p) if for
every € > 0 and A > 0, there exists a positive integer M (g, A) such that F, ,(¢) >1-1
forallm > M(g, \).

(2) A sequence {p,} in X is said to be Cauchy if for each € > 0 and A > 0, there is a
positive integer M (g, \) such that F,, , (¢) > 1 - Aforalln,m € N withn,m >
Mi(g, A).

(3) A Menger space (X, F, t) is said to be complete if every Cauchy sequence in X is
converged to a point in X.

Definition 2.6 (see [18]). t-norm t is said to be of H type if a family of functions {t"(a)},-; is
equicontinuous at a = 1, that is, for any ¢ € (0, 1), there exists 6 € (0,1), such thata >1-06
and n > 1 imply t*(a) > 1 — €. The t-norm ¢ = min is a trivial example of t-norm of H type,
but there are t-norms of H type with t-norm # min (see, e.g., Hadzi¢ [19]).
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Definition 2.7. Let (X, F,t) be a Menger space, and let T : X — X be a selfmapping. For each
peX,x>0andn € N, let

M(p,x,n) = min{FTkp,sz(x)  kl<nand k,l € Z*},
M (p,x,n) = min{FTkp/sz(x) : k,I<nand k,l € N},
M, (p,x,n) = min{Fp,sz(x) :1<n and l€ N}, (2.3)
O(p,n) = {Tkp ck<n and ke Z*},

O(p, o) = {Tkp ke Z+},

where it is understood that T = p.
A Menger space (X, F, t) is said to be T orbitally complete if and only if every Cauchy
sequence which is contained in O(p, oo) for some p € X converges in X.

From Definition 2.1 ~ Definition 2.5, we can prove easily the following lemmas.

Lemma 2.8 (see [20]). Let (X, d) be a metric space, and let T : X — X be a selfmapping on X.
Define F: X xX — Lby

[F(p,9)] (x) = Fpq(x) = H(x - d(p,q)) (2.4)

forallp,q € X and x € R, where {F,, : p,q € X} C L. Suppose that t-norm t : [0,1] x [0,1] —
[0, 1] is defined by t(a,b) = min{a, b} forall a,b € [0,1]. Then,

(1) (X, F, t) is a Menger space;

(2) If (X, d) is T orbitally complete, then (X, F,t) is T orbitally complete.

Menger space generated by a metric is called the induced Menger space.

Lemma 2.9. In a Menger space (X, F,t), if t(x,x) > x for all x € [0,1], then t(a,b) = min{a, b}
forall a,b € [0,1].

3. Ciri¢-Type Fixed Point Theorems
In 2010, Cirié proved the following theorem.

Theorem A (see Ciri¢ [9], 2010). Let (X, F,t) be a complete Menger space under a t-norm t of H
type. Let T : X — X be a generalized (p-probabilistic contraction, that is,

Frp,rq (p(x)) 2 Fpq(x) (*1)

forall p,g € X and x > 0, where ¢ : [0,00) — [0, c0) satisfies the following conditions: ¢(0) = 0,
p(x) < x, and lim, _, .~ inf(r) < x for each x > 0. Then, T has a unique fixed point u € X and
{T"(p)} converges to u for each p € X.
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Definition 3.1. Let (X, F,t) be a Menger space with t(x,x) > x forall x € [0,1],and letT : X —
X be a mapping of X. We will say that T is Ciri¢-type-generalized contraction if

FTP,Tq ((P(x)) 2 min{Fp,q(x)r Fp,Tp(x)/ Fq,Tq(x)/ Fp,Tq (x)qu,Tp(x)} (*2)

forall p,g € X and x > 0, where ¢ : [0,00) — [0, ) is a mapping and for all p,q € X and
x € R, F, 4(x) is the same as in Definition 2.2.
It is clear that (x1) implies (*2).

The following example shows that a Ciri¢-type-generalized contraction need not be a
generalized ¢-probabilistic contraction.

Example 3.2. Let X = [0,00), T : X — X be defined by Tx = x +1, and let ¢ : [0,00) — [0, o0)
be defined by

X

oy 0<x<1l,
p(x) = x (3.1)
x—-1, 1<ux.

Foreachp,q € X,letF,,: R — R*bedefined by F, 4(x) = H(x-d(p, q)) for all x € R, where
H is the same as in Definition 2.1, and d is a usual metric on R x R. Then, since max{|p — g -
1,lg-p-1]} =|p—gl+1forall p,q € X, we have Fr,14(¢(x)) > min{F,14(x), Fgrp(x)} for
all p,q € X and x > 0. Thus,

FTP,Tq ((P(x)) 2 min{Fp,q(x)/ Fp,Tp(x)r Fq,Tq(x)/ Fp,Tq (x)/ Fq,Tp(x)} (3~2)

forallp,q € X and x > 0, which satisfies (%2). If x =2,p = 0and g = 3/2, then Fror3/2(¢(2)) =
0 and F0,3/2(2) =1. Thus, FTO,T3/2((P(2)) < F0,3/2(2), Wthh dOQS not satisfy (*1)

In the next example, we shall show that there exists T that does not satisfy (x2) with
p(t)=kt, 0<k<1.

Example 3.3. Let X = [0,00), T : X — X be defined by Tx = 2x and let ¢ : [0,00) — [0, 00)
be defined by ¢(x) = kx, 0 < k < 1. For each p,q € X, let F,; : R — R be defined by
Fpq(x) = H(x - d(p,q)) for all x € R, where H is the same as in Definition 2.1, and d is
a usual metricon R x R. If p = 0,g =1 and x = 2/k > 0, then for simple calculations,
Fror1(¢(2/k)) = 0and

. 2 2 2 2 2
mlH{Fo,l <E)/F0,T0 <%>, Fim (E)rFO,Tl <%>, Fi,10 <E> } =1 (3.3)

Therefore, forp =0, g =1, and x = 2/k > 0, the mapping T does not satisfy (x2). Thus, we
showed that there exists T that does not satisfy (¥2) withe(t) = kt, 0 < k < 1.
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Definition 3.4. Let (X, F,t) be a Menger space with t(x,x) > x forall x € [0,1] and let T : X —
X be a self mapping of X. We will say that T is a mapping of type U if there exists p € X such
that

Forp (I - ) (x)) < inf{FTk,,,sz(x) ‘kle z*} Vx>0, (+3)

where ¢ : [0,00) — [0, o0) is a mapping, and I : [0,0) — [0, c0) is identity mapping.

The following example shows that T has no fixed point, even though T satisfies (*2)
and (*3).

Example 3.5. Let X = [0,00), T : X — X be defined by Tx = x + 4, and let ¢ : [0,00) — [0, o0)
be defined by

E, 0<x <4,
p(x) = 4 2 (34)
x—-2, 4<x.

Foreachp,q € X, let F, ; : R — R" be defined by F, ;(x) = H(x~-d(p,q)) for all x € R, where
H is the same as in Definition 2.1, and d is a usual metric on R x R. Then, since max{|p — g -
4,lg-p-4]} =|p—ql+4forall p,q € X, we have Fr, 1,(¢(x)) > min{F,14(x), Fgrp(x)} for
allp,q € X and x > 0. Thus,

FTP'T‘? ((P(x)) 2 min{FP,q(x)/Fp,Tp(x)r Fq,Tq(x)/ Fp,Tq (x)/ Fq,Tp (x)} (35)

forall p,q € X and x > 0, which implies (*2). It is easy to see that there exists p = 1 € X such
that

Forp (T - ) (x)) < inf{FTkp/sz(x) ke z+} Vx>0, (3.6)

which implies (*3). But T has no fixed point.

Remark 3.6. It follows from Example 3.5 that T must satisfy (*2), (¥3), and other conditions in
order to have fixed point of T.

The following is Ciri(’:—type fixed point theorem which is generalization of Ciri¢’s fixed
point theorems [6, 9].

Theorem 3.7. Let (X, F,t) be a Menger space with continuous t norm and t(x,x) > x for all x €
[0,1], let T be a self-mapping on X satisfying (*2) and (x3). Let (X, F,t) be T orbitally complete.
Suppose that ¢ : R* — R* is a mapping such that

(1) p(x) < x forall x > 0 and limy_, (I — ¢)(x) = oo, where I : R* — R* is identity
mapping,
(ii) @ and I — ¢ are strictly increasing and onto mappings,

(iii) lim, — o™ () = oo for each x > 0, where ™" is n-time repeated composition of ¢~* with
itself.
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Then,
(a) M(p, x,n) = min{ M (p, x,n), Ma(p,x,n)} forallp € X, x> 0,andn € N,
(b) M(p,x,n) = Ma(p,x,n) forallpe X, x >0andn € N,
(c) {T"p} is Cauchy sequence for each p € U, where

U = {p € X|Fyr, (I -9)(x)) < inf[FTk,,,Tz,,(x) k1€ z+] Vx > o}, (3.7)

(d) T has a unique fixed point in X.

Proof. Let p € X, x > 0 and n € N be arbitrary. By Definition 2.2 and Definition 2.7, clearly,
we have M(p, x,n) = min{M; (p, x,n), M2 (p, x,n) } which implies (a). From (i), (ii), and (x2),
we have

M (p,p(x),n) = min{FTkp,sz (p(x)) | k,1<nand k,1 € N}
- mm{FTTk-l,,,TTl-qup(x)) |k, I<nand k€ N}
> min{min[FTk‘lp,Tl‘lp(x)rFTk‘lp,Tkp(x)r Fricp, 11, (), (3.8)
Froapip (%), Froop (%)) : k1< mand k1 € N}
>M(p,x,n).

By virtue of (i), (ii), (3.8), and (a), we obtain

M (p,x,n) > min{M1 <p, (p"l(x),n>, M, (p, o (x), n> }

> min{M1 <p, (p‘l(x),n),Mz (p,x,n) } 39
By repeating application of (3.9), we have
M (p,x,n) > min{M;(p,¢”™(x),n), Mz(p,x,n)}. (3.10)
Since M (p, ™™ (x),n) converges to 1 when m tends to infinity, it follows that
M, (p,x,n) > Mz (p, x,n). (3.11)

On account of (a) and (3.11), we have M(p,x,n) = M(p,x,n) forp € X, x >0and n € N,
which implies (b). To prove (c), let n and m be two positive integers with n < m, p € U, and
let x be any positive real number. By (*2) and (b), we have

Fruprmp (9(x)) = Frrwap,rrmp (9(X))
2 min{FTnflp,Tmflp(x),FTn—lp,Tnp(x), FTm—lP,Tmp (x),

FT”’]p,T"’p (x), FTnP,Tmflp (x) }
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> min{FT,-TH,,,qu,,(x) v j<m-n+1,ij€ z+}

= min{FTnflp,TlTnflp(x) l<m-n+1,l€ N},

min{FTnflp,TlTnflp((p(x)) l<m-n+1,l€ N}
= min{FTTW,Z,,,TTIM,Z,,Qp(x)) I<m-n+1,le N}

> min { min [FTnfzp,Tm,, (x), Frazp oty (), Frisnzy pioniy (%),

FT"’Zp,Tl+”’1p (X), Fanp,Tunfzp(x)] 1l <m-n+ 1,1 € N}

> min{min [PTiTn,zp,Tm,zp (x):0<i,j<l+1,i,je z+]
:lgm—n+1,leN}
> min{FTiTn72p,Tan72p(x) :0<i,j<m-n+2,i,j€ Z*}

= min{FTn—Zp,TlTn—Zp(x) l<m-n+2l¢€ N}.
In terms of (i), (ii), and (3.13), we get

Frap.rmp (x) > min{FTHp,T,THP<<p-1(x)) I<m-n+1,le N}

> min{FTn—ZplTlTnfzp <(p’2(x)> I<m-n+2,1¢€ N}.

By repeating the same method as in (3.13) and (3.14), we have

oy () > min{F,,,TI,,((p*"(x)) l1<mle N}

> inf{ F, 1y, (9™ (x)) : 1 € N }.
On account of (iii), (*3), (b), (3.15), and Definition 2.2, we have

lim inf{ Fy 71, (p7"(x)) : 1€ N} 2 Tim inf{ Fre,m, (97 (x)) : k, 1 € Z*}

n— oo

> lim F, 1, ((1 - ) (p7"(x))) =1 for x> 0.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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It follows from (3.15) and (3.16) that

lim Frnp7my(x) =1 for pe U, x> 0. (3.17)
n—oo

This implies that {T"p} is a Cauchy sequence for p € U. This is the proof of (c). Since X is T
orbitally complete, and {T"p} is a Cauchy sequence for p € U, {T"p} has a limit u in X. To
prove (d), let us consider the following inequality;

FTuITnHP ((p(x)) > min{ FulTnP(x), Fu,Tu (.X'), FTnp,Tmp(x), Fu,T"”p (x), FTnp/Tu(x) } Vx> 0.
(3.18)

Since lim,,, . T"p = u, from (3.18), we get

Fryu (‘P(x)) > Fryu(x) VYx>0. (3.19)

In terms of (3.19), (i), (ii), (iii), and Definition 2.2, we deduce that Tu = u, that is, u is a fixed
point of T. To prove uniqueness of a fixed point of T, let w be another fixed point of T. Then
Tw = w. Putting p = u and g = w in (x2), we get
Frureo(9(%)) = Fuw(9(x))
> min{Fu,w(x)/ Fu,Tu (x)/ Fw,Tw (x)/ Fu,Tw (x)/ Fw,Tu (x) } (320)

=Fu,w(x) Vx>0,

which gives u = w. Thus, u is a unique fixed point of T, which implies (d). O

Corollary 3.8 (see [6]). let T be a quasicontraction on a metric space (X, d), that is, there exists
k € (0,1) such that

d(Tp,Tq) < k-max{d(p,q),d(p,Tp),d(q,Tq),d(p,Tq),d(q,Tp)}, VYp,qeX. (321)

Suppose that X is T orbitally complete. Then, T has a unique fixed point in X.

Proof. Define F : X x X — Lby F(p,q) = Fp4 forallp,q € X and F, 4(x) = H(x - d(p, q)) for
all p,q € X and x € R, where H and L are the same as in Definition 2.1. Let £ : [0,1] x [0,1] —
[0,1] be defined by t(a, b) = min{a, b} for all a,b € [0,1]. Let ¢ : [0,00) — [0, o0) be defined
by

p(x)=kx, O<k<l (3.22)

Then from Lemma 2.8, (X, F, t) is a T orbitally complete Menger space. It follows from (3.21),
Lemma 2.8, Lemma 2.9, and [6, lemma 2] that all conditions of Theorem 3.7 are satisfied.
Therefore, T has a unique fixed point in X. O
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Now we shall present an example to show that all conditions of Theorem 3.7 are
satisfied but condition (3.21) in Corollary 3.8 and condition (x1) in Theorem A are not
satisfied.

Example 3.9. Let X = [-1,1] be the closed interval with the usual metricand T : X — X and
¢ : R* — R* be mappings defined as follows:

0, -1<p <0,
p 4 7
< — Z <
Tp={T:p O<p<g or g<p<l, (3.23)
147
16" 5°P=3%
t2
t_gl OStSL
o) =1 (3.24)
Zt 1<t
8" <
Define F,, : R — R" by
Fyq(x) = H(x - |p-q|) (3.25)

for all p,g € X and x € R, where F,, and H are the same as in Definition 2.1 and
Definition 2.2. Let ¢ : [0,1]x[0,1] — [0, 1] be defined by t(a,b) = min{a, b} foralla,b € [0,1].
Then from Lemma 2.8, (X, F, t) is a T orbitally complete Menger space, and ¢ is continuous
function on R* which satisfy (i), (ii), and (iii). Clearly p = 0 € X satisfies (x3). To show that
condition (%2) is satisfied, we need to consider several possible cases.

Case 1. Letp,q € [-1,0). Then
d(Tp,Tq) = |Tp-Tq| =0< ¢(d(p,q))- (3.26)

Case 2. Letp € [-1,0) and g € [0,4/5) U (7/8,1]. Then

2

q q

d(Tp,Tq) = |Tp-Tq| =|Tg| = — <gq- <
( )= | | = [Tq| T+q S 527)

=¢(q) = ¢(lg-Tpl|) = 9(d(q,Tp))-

Case 3. Letp € [-1,0) and g € [4/5,7/8]. Then
d(Tp,Tq) = |Tp-Tq| = |Tq| = lq <q- T v(q)

16 8 (3.28)

=¢(|9-Tpl|) = ¢(d(q,Tp)).
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Case 4. Letp,q € [0,4/5) U (7/8,1]. Then, by simple calculation,

P
a(Tp,Tq) = |Tp-Tal = |1 - 1
lp-q|° (3.29)
<lp-ql-—5—=9(p-al)

=¢(d(p.q))-

Case 5. Letp € [0,4/5)U (7/8,1] and g € [4/5,7/8]. Then

P _(_LN-P 1
1+p (16q>|_1+p+16q

d(Tp,Tq) = |Tp-Tq| =

17 (3.30)
2 16 8 128
=¢(d(p.q)),

¢(d(q,Tq)) = ¢(l9-Tq]) = <P(|q <16q)'>=¢<%q)

(3.31)
(4 17> _17 148 71
2 16/~ 20 “ 160 ~ 128"
Thus,
71 _17 143
Case 6. Let p,q € [4/5,7/8]. Then,
1 1
d(Tp,Tq) = [Tp=Tq| = |( ~1¢P ) = (~1g4 |P ql <¢(lp-4l) = ¢(d(p.q))-
(3.33)
Hence, we obtain
d(Tp,Tq) < 9(M(p,q)) Yp,q€[-1,1], (3.34)

where

M(p,q) = max{d(p,q),d(p,Tp),d(q,Tq),d(p,Tq),d(q,Tp)}- (3.35)
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From (3.25) and (3.34), we have
FTp,Tq ((P(x)) 2 mln{ FP,C] (x)l FP,TP(X)/ Fq,Tq(x)/ Fp,Tq (x)/ Fq,Tp (x) } (336)

forall p,q € X and x > 0, which implies (¥2). Therefore, all hypotheses of Example 3.9 satisfy
that of Theorem 3.7. Hence, T has a unique fixed point 0 in X. On the other hand, let k € (0,1)
be any fixed number. Then, for p = 0 € X and g € X with 0 < g < min{4/5, (1/k) — 1}, we
have

k-max{d(p,q),d(p,Tp),d(q,Tq),d(p,Tq),d(q,Tp)}
1 q (3.37)
=k-d(p,q) < g d(pa) = 7, = d(0.Tq) =d(Tp, Tq).

Thus,

d(Tp,Tq) >k -max{d(p,q),d(p,Tp),d(4,Tq),d(p,Tq),d(q,Tp)}, (3.38)

which shows that T does not satisfy (3.21).

Finally, in above Example 3.9, we shall show that T does not satisfy (*1). In fact, we
need to show that there are p,q € X and x > 0 such that Fr,14(¢(x)) < Fp4(x). Let p = 4/5,
q = (4/5) - (1/100), and

1 79
x—4—\/16—8x<ﬁ+ﬁ). (339)

Then, 1/100 < x <1, ¢(x)—|Tp-Tq| =0,and x—|p—q| > 0. Hence, H(¢(x)—|Tp-Tq|) = 0 and
H(x —|p—ql) = 1. Thus, Frp14(¢(x)) < Fp4(x). Therefore, Theorem 3.7 is a proper extension
of Theorem A and Corollary 3.8.

4. Caristi-Type Fixed Point Theorems

The following Lemma plays an important role to prove Caristi-type fixed point theorem
which is generalization of Caristi’s fixed point theorem [7].

Lemma 4.1. Let (X, F,t) be a Menger space with continuous t norm and t(x,x) > x for all x €
[0,1], and let H : R — R* be the same as in Definition 2.1. Suppose that g : X x X — R* and
f X — (—o0, 0] are mappings satisfying the following conditions:

(1) g(u,w) < g(u,v) + g(v,w) forall u,v,w € X,

(2) f is a proper function which is bounded from below,

(3) for any sequence {uy, ), in X satisfying

lim {sup[g(un, ttm) : m >n]} =0, (4.1)

n— oo
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there exists ug € X such that
lim u, = uy,

n—oo

g(unr uO) <lim infg(unr um)/ (42)
f(uo) <lim inff (uy),
(4) for any u € X with infyex f (v) < f(u), there exists w € X — {u} such that
g(u,w) < f(u) - f(w), (4.3)
Fyw(kx) > H(x - % [f () - f(w)] >, Vx > 0 and some k € (0,1), (4.4)
where L is the set of all distribution functions,

{Fpg:pgeX}CL, F:XxX — L (4.5)

is defined by F(p,q) = Fp,qforallp,q € X. Then, there exists wg € X such that inf,ex f(v) = f(wo).

Proof. Suppose that

inff(v) < f(u) VueX. (46)
For each u € X, let
S(u) = {w e X | gu,w) < f(u) - f(w)). (4.7)

Then, by (4), (4.6), and (4.7) S(u) is nonempty for each u € X. From (1) and (4.7), we obtain
S(w) C S(u), for each w € S(u). (4.8)

For each u € X, let
c(u) = inf{ f(w) | w € S(u)}. (4.9)

Choose u € X with f(u) < oo. Then from (4.8) and (4.9), there exists a sequence {u,},.; in X
such thatforalln e N

w=w o €SGe),  S@)CSW),  fluw)<clw)t . (410



Abstract and Applied Analysis 13

In virtue of (4.7), (4.9), and (4.10), we have

g(tn, Uns1) < f(Un) = f(Uns1), (4.11)

f(tna) - % <c(un) < f(uns) (4.12)

for all n € N. In view of (4.11), { f(un)};-; is a nonincreasing sequence of real numbers, and
so it converges to some f3 € R. Therefore, due to (4.12),

ﬁ = nli_)rr(}oc(un) = nlglgof(un) (4.13)

Combining (1) and (4.11), we get

g(Un, tm) < f(un) — f(Um) VYn,me N with n <m. (4.14)

On account of (4.13) and (4.14), we have

lim {sup[g(un, up) : m>mn]} =0. (4.15)

n—oo

Thus, by virtue of (3), (4.13), (4.14), and (4.15), there exists uy € X such that

Jim uy = uo, (4.16)
f(uo) < lim f(un) = P, (4.17)
g(Un, up) < lirﬁnﬁigfg(un, U ). (4.18)

Using (4.14), (4.17), and (4.18), we obtain

f(ug) <P =limsupf(un)

m— o

<limsup{ f(un) — §(tn, Um)}

m— o

= f(uy) +limsup{-g(un, tm)} (4.19)
= f(uy,) - liranﬁigfg(un, Up)
< f(un) — g(un, uo).

Combining (4.7), (4.9), and (4.19), it follows that uy € S(u,,) and, hence,

c(uy) < f(up), VYn€N. (4.20)
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Taking the limit in inequality (4.20) when n tends to infinity, we have

lim c(u,) < f(uo).
In terms of (4.13), (4.17), and (4.21), we deduce that

P = f(uo).

On the other hand, from (4), (4.6), (4.7), and (4.16), we have the following property:

there exists w; € X — {ug} satisfying w; € S(up).

In terms of (4.7), (4.8), (4.9), (4.20), and (4.23), we deduce that

w1 € S(u,), VYneN,

c(un) < f(w).
In view of (4.7), (4.13), (4.22), (4.23), and (4.25), we have
p=f(w).

Due to (4), (4.22), (4.23), and (4.26), we have the following:

Fug, w1 (kx) > H<x— %[f(uo) _f(wl)])

= H(x) > Fup,wi(x) Vx>0.
By virtue of (4.27), we obtain
Fugy, w1 (x) > Fugy, wy <k‘1x>, Vx> 0.

By repeating the application of inequality (4.28), we get

Fug, w1 (x) > Fug,wy(k™"x), Vx>0, meN.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

In terms of (4.29), we deduce that Fug, w; (k™™ x) converges to 1 as m — oo and, hence,

Fup,wi(x) =1, Vx>0.

(4.30)
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From (4.30) and Definition 2.2, we have uy; = w;. This is a contradiction from (4.23).
Therefore, there exists wy € X such that

inf f(0) = f(w). (4.31)
O

Theorem 4.2. Let (X, d) be a metric space and let H, g, L, and f satisfy conditions (1), (2), and (3)
in Lemma 4.1. Suppose that for any u € X with infyex f(v) < f(u), there exists w € X — {u} such
that

gu,w) < f(u) - f(w), (4.32)
H(kx — d(u,w)) > H<x - %[f(u) —f(w)]) (4.33)

forall x > 0 and some k € (0,1). Thus, there exists wy € X such that
inf f(0) = f(wo). (4.34)

Proof. The proof follows from Lemma 4.1 by considering the induced Menger space (X, F, t),
where t(a,b) = min{a, b} and

Foqa(x)=H(x-d(p,q)), VYp,qeX, xeR (4.35)

O

Corollary 4.3 (see [12]). Let (X, d) be a complete metric space, and let f : X — (—oo, 0] be
a proper lower semicontinuous function, bounded from below. Assume that for any u € X with

infyex f(v) < f(u), there exists w € X with w#u and f(w) + d(u, w) < f(u). Then there exists
w, € X such that infyex f(v) = f(wo).

Proof. Let (X, d) be a complete metric space,andlet g: XxX — R*Y, H:R — R*,F,,: R —
[0.1](p,g € X),and ¢ : [0,1] x [0,1] — [0, 1] be mappings such that

8(p.9)=d(p,a) Vp.qeX,
H(x)=0 if x<0, H(x)=1 if x>0,
Foq(x)=H(x-d(p,q)) VYp,qeX, x>0,
t(a,b) = min{a,b} Va,be[0,1].

(4.36)

Then, all conditions of Corollary 4.3 satisfy all conditions of Lemma 4.1. Therefore, result of
Corollary 4.3 follows from Lemma 4.1. O

The following example shows that Theorem 4.2 is more general than Corollary 4.3.

Example 4.4. Let H,F, and L be the same as in Theorem 4.2. Let X = [0,3] be the closed
interval with the usual metric, k = 1/2, and let g : X xX — R*, F: XxX — L, and



16 Abstract and Applied Analysis

f:X — (-0, 0] be mappings defined as follows:

guw)=w YuwekX, (4.37)

[Flu,w)](x)=Fup(x)=H(x-|lu-w|) Yu,weX, x>0, (4.38)
0, 0<u<l1

fu)=4-3u+7, 1<u<? (4.39)

2u-2, 2<u<3.

Then, for any u € X with inf,ex f (v) < f(u), there exists w =1 € X — {u} such that
gu,w) < f(u) - f(w), (4.40)

H(kx—lu—w|)2H<x—%[f(u)—f(w)]) Vx > 0. (4.41)

Let {u,} be a sequence of X such that lim,_, -1, = 0. Then, clearly conditions (1), (2), (3),
and (4) in Lemma 4.1 are satisfied. Thus there exists 0 € X such that

inf f(v) = £(0). (4.42)

Therefore, all conditions of Theorem 4.2 are satisfied. Since f is not lower semicontinuous at
u =2, and g is not metric, Corollary 4.3 cannot be applicable.

Theorem 4.5. Suppose that condition (4) in Lemma 4.1 is replaced with the following conditions.
For self-mapping T on X,

gu,Tu) < f(u) - f(Tu) Yuelk,

(4.43)
Fy 1y (kx) > H(x - %[f(u) - f(Tu)]) Yu e X, x>0 and some k € (0,1).
Then, T has a fixed point in X.
Proof. Suppose u# Tu for all u € X. Then by Lemma 4.1, there exists wy € X such that
f(wo) = inf f (v). (4.44)
Since g(wo, Twy) + f(Twy) < f(wp), we have
f(Two) = f(wo) = inf f(v), (4.45)
veX
1
Fuyran (k) > H (x = £ [f(aon) = £(Te)] )
(4.46)

= H(x) 2 Fuy1w,(x), ¥x >0 and some k € (0,1).
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By the same method as in proof of Lemma 4.1, it follows that wy = Twy. But this contradicts
our assumption that u # Tu for all u € X. The proof of Theorem 4.5 is complete. O

Theorem 4.6. Let (X, d) be a metric space, T : X — X, and let H, g, and f be satisfied conditions
(1), (2), and (3) in Lemma 4.1. Suppose that

g(u,Tu) < f(u) — f(Tu) YueX, (4.47)
H(kx —d(u,Tu)) > H(x - %[f(u) - f(Tu)]> Vx >0 and some k € (0,1). (4.48)

Then, T has a fixed point in X.
Proof. By method similar to Theorem 4.2, the result of Theorem 4.6 follows. O

Corollary 4.7 (see [7]). Let (X, d) be a complete metric space, and let f : X — (—oo, o0] is a proper
lower semicontinuous function bounded from below. Let T be a mapping from X into itself such that

du,Tu) < f(u) - f(Tu) YueX. (4.49)

Then, T has a fixed point in X.
Proof. By the same method as in Corollary 4.3, the result of Corollary 4.7 follows. O

The following example shows that all conditions of Theorem 4.6 are satisfied but not
that of Corollary 4.7.

Example 4.8. Let X, F,H, g, and k be the same as in Example 4.4. Suppose that f : X —
(—oo,00] and T : X — X are mappings defined as follows:

3 .
—x, if0<x<2, 1
flx)=12 Tx=zx ¥xeX (4.50)

2x, if2<x<3,

Then clearly, all conditions of Theorem 4.6 are satisfied but not that of Corollary 4.7, since f
is not lower semicontinuous at x = 2.

Natural question arises from Example 3.5.

Question 1. Whether Theorem 3.7 would remain true if (i), (ii), and (iii) in Theorem 3.7 are
substituted by some suitable conditions?
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