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Abstract
In the present paper, we study the entire functrepsesented by vector
valued Dirichlet series of several complaxables. The characterizations
of their order and type have been obtairax.the sake of simplicity,

we have considered the functions of twaatbées only.
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1 Introduction

Consider

f(s.9)= Y a, &%) (s=o,+ it, F12) 1)

m, =1

wherea, 's belong to the Banach spag,||.|[);0< A < .<A, > o asms
o<y <..<l, - o as n- o

and lim suplw =D<+4m . (2)

m+n- oo
m n

Such a series is calle vector valued Dirichlet series in two complexiahles.
The concepts of order and type of an entire funcfadso for analytic function)
represented by vector valued Dirichlet series ¢ oamplex variable were first
introduced in 1983 by O.P.Juneja and B.L.Srivasidwy also obtained the
coefficient characterizations of order and typethiis paper we have extended the
results to the entire functions represented byorecalued Dirichlet series of
several complex variables. For simplicity, we cdesihere functions of two
variables only, though these results can easilgxtended to functions of several
complex variables.

Let f(s,s,) defined by (1) represent an entire function. Winee

M (o, 0,) =sup{||f O +it, o, +it,)|[;—co<t; <co j = 1,2
to be the maximum modulus df(s,s,).Then Mg, 7,)- © ag, g, - © We
define the ordep (0< p<»)of f(s,s)as follows.

Class A: An entire functionf (s, s,) defined by vector valued Dirichlet series of
finite order belongs to class A, if there exist positive conttKn, y;, K, and y,
such that
(i) For any fixed value ob, >0, there exists a number” = o”(K,, y;,0,)such
that

M (0,,0,) < exp{K,expoy,)} for o,20%,
(i) For any fixed value of g,>0 , there exists a number
o® =0P(K,,y,,0,)such that

M (o,,0,) <exp{K,expo.y,)} foro,=c®.
Therefore, there exists a numhber o(K,,K,, y,,y,)such that

M(0;,0,) < exp{K,expEy, )+ K, expt y, )} foro,o 20
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Definition 1.1 An entire functionf (s, s,) defined by the vector valued Dirichlet
series (1.1) has finite ordegg and p, with respect tos and s, respectively if
(i) For any arbitrarily smalk >0, and anyo, >0 there exists a number® =
oY (e,0,) such that

M (g,,0,) < explexpp, (0, +€)}] for o,20".
In addition, there exists at least one valuespf say g,°(£) and correspondingly
arbitrary large values af, :{o,} such that

M (o '020(5)) >expexpp; (0,-¢€)}.
Hence, (i) is equivalent to

lim sup{ lim supI

0y »® g -

oglogM (g, 0, )} _
1

1

(i) For any arbitrarily smalle>0, and anyg, >0 ,there exists a number
o =51 (£,0,)
such that

M (0,,0,) < explexpl, (0,+¢€)}] for o,20.

In addition, there exists at least one valuerpfsay o,°(¢) and correspondingly
arbitrarily large values o&, :{o,} such that

M (Jlo(g),azj) > exp eXpsz (02_5 )}
So, (ii) is equivalent to

lim sup{ lim supIOg logM (9,0, )} =P,
11— Oy > 2

Definition 1.2 An entire functionf (s, s,) defined by vector valued Dirichlet
series has a finite ord¢p,, p,) if

() f(s,s)0 2

(i) f(s,s)has finite order®,  amd with respecttand s, respectively as
above.

(iif) For £>0, there exists a number = g(¢) such that

M (0}, 0,) < exp exp, P, +& I exwr, fte ) fow, g 20

Thus we define the order of vector valued Dirichletisgias
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loglogM (g, ,0,) _
0,0, > |Og(e‘71 + éfz)

Yo,

Similarly, if 0< p <o, then the typd (0< T <) of f(s,s,)is defined as:

logM (g,,0,) _

2. Basic Results.

We now prove
Theorem 2.1 The necessary and sufficient condition for theese(il) satisfying
the condition (2) to be entire is that

I
m!}imwsupoi%a.‘;/;”): -0 (3)

For proving our result, we need the following résul
Lemma 2.2. The following conditions are equivalent:

i lim sup29M* D _ 5 g

() limsup™™ =, <+as, limsup°2" =D, <oo

(i There existsa,0< a < ,such that the serieE exp[-a (A, + 1) converges.

m,n=0

For the proof of this Lemma we refer to [2].

Proof of Theorem 2.1 We suppose that (1) defines an entire function.Tihen
converges absolutely for alls,s) .Now take the points with coordinates

(p, pywith p>0.Then it follows that Z lla, ., llexpd,,+u, p<o

m, =0
Therefore [, llexdi,+u, <M (g p
I
and I+im sup%k—p.

Since p >0 is arbitrary, the necessity part of the theorepraved.
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Conversely, let the given conditi@ lpe satisfied. It suffices to prove
that (1) converges absolutely for &, s,) .Let us conside(s, s)0 C, >0

such thatRes <o ,Res, <o Then by (3) and for somé >0,

%L -og-0 for m+ n= N,(J)

Am+:un

and so Bon lleXpf(+4, 9 § exp@ A+ u, . (4)

But the double seriesz exp[-o (., + 1,)] being convergent in view of Lemma

m, =0

2.2, it follows from (4) that the series (1) conyes absolutely for alfs,s),
given by Res <o, Res, <o .Now, when the series (1) converges(sts,)it
also converges ats,s) where Res < Reg, Res, < Res,, hence the result

follows.
Next we prove

Theorem 2.3 If
f(s,s)= Z Gy, €T

m, =1

is an entire function of ordgp,, p,),(0< p,,0,<), then

im sup{log logM (g, .0, )} 4
T 0.0, % 0,0,

Proof. The proof of this theorem follows on the lineglod proof of Theorem1l in

[2].
3 Main Results

Theorem 3.1 If f(s,s,) is an entire function of ordep(0< p <), then

Am g gHn
p= lim Supw
mn-e " log ||y, [T

Proof. Let
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Am g Hn
MU= lim supw
mn-= " log ||a, Il
First we show thgb= u. Let us assume that>0,for otherwise the result is

trivially true.Then for a givens >0, we have two sequence[ﬁMp} and
{,qu}with M, - o asp - oandN, - o asq- c suchth;
log [|ay, II> - w—-£)" @, logh .+ 1, logt ) form=M , anch= N,

Since the inequality:
M(o,,0,)2 |la,, llexpg A, +o,u, holds for all g,0,andm,n it

follows that for allo;,ando, andn= M anch= N,
logM (0,,0,)> A {0, —(u—-€)Mlog A} + uf o, -4 Jlog u} .

Taking
0., =(H-¢€)"log(ed, ) ando, = w-¢)" logeu,, )
in the above we find that

expo, U -¢&))+ expl, i-¢))
e(u-¢)

logM (0;,0,) >

for o, =0,, ando,=0,, Proceeding to limits as,,0, - «,wegetp= u
Further, to prove the converse part, we suppose fhkao, for otherwise the
result is obviously true, so that

”‘%n H‘ /]m-/lm/(/w) 'un—ﬂn/(ws) ’ m> m andn> : (5)
Now,

0 113} 0

M(al,az)s[§§+ AN juamn lexpgA, + o,

mlnl g+l ®1l mFptlml mprlagl
D RORIRIN 6)
1 2 3 4
Now we estimate the four parts of (6). Clearly
Y. =0(expE A, +0,u, ).

1
In view of (5), we get
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<D exp{(gA, +Ou,) +log(A, ) gy e Yy
4

m>my >R
< > D exploA, +ou,~ (u+e) (A, logA, + u logu )}
m>m,
< max[eprlAm +02/'[n_ (U+ 2 )l @m IOg)] m+:un logjn )]
Ty exp(_/im_llogﬂrnwnlogﬂnj_
o £ (H+e)(u+2e)
The series on the right hand side of the aboveuialéy is convergent and the
maximum of the expression

exp(a-l/‘m +0—2:un - (lU+ 25)_1 @m log/1 m+/'1n IOgUn:
is attained atl =e™ exp(o, W+ %)) andu, = €* expf, 4+ &2 ), we find that

3 < Aexplet(u+2e) (W) + &)

4
whereA is an absolute constant. Further, to estinﬁtgu being finite, we have
2

for all values ofmand n
log(Agr i)

¢,
log |la,, IT'

Therefore,

o
ZS z zexp(alAm + 0-2/'1n - C_lAm IOgA m C_ll'l n Iog/'[ n)
2

m>m rel

= O(EXp(leuno ))Z expg.A, - C_l/]m logh )

m>m

< O(exp@ 4, ) max(expf A, — E+& YA, logh, )Y te¢™ {+& YA, lod )

m>m,

= O(exp(, 4, ) max[expg A, — £+ YA, logh, )]

But the max.expg, A, — ¢+¢& )'A, logl . )is attained at
A, =etexp@, €+¢)).
Hence,
; < O(expO,4, )expE™ C+&)" expb, €+¢)))

Similarly
Y. < O(expEA,, ) expf™ +&)" expl, €+ )}
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Substituting these estimatesE,(lsi < 4),in (6), we have

loglogM (0,0, )< log{exp@, (u+ Z )+ expb, fu+ 2 )}O (1)
which gives p< y on proceeding to limits ag,o, - «. Hence the theorem
follows.

Theorem 3.2. Let f (s, s,) be an entire function of ordgr(0< p <) and type
T(0OST<»).Then

im Sup@i it B, 1 340 = @oT

Proof. We shall only sketch the proof, since it follows the lines of proof of
Theoreml.

Fora givens > Owe get sequences M arel N, such that

logM (o-l,azwm(o—ﬁp‘l log™—*

jwn(o-z +p Iog%j )

m

where a is assumed to be positive and is given by
a = lim sup@u |l f| Yo
m, n- o

Choosing in (7) the sequences of the valueg,@ndo, given by

el
o, = p—llog(a_m;] , 0,=p " Iog(:ifhgj

it follows that epT > a.This assertion is trivially true for the case wher 0.
The converse part follows by using the followingrestions on'sin (6):

Y <O(expEA, + T4, )
1

> <O(exp@ A, ) exr{ CTE g j
2

ep

¢te
< 2~ g%
23 O(exp(@, 4, )exr{ J

d< Alexp(CHzg (€7 + &7 )J.

€p
whereA is an absolute constant. Hence
M(0,,0,) < exp@™ + &7 )+ O(1),
or logM (0,,0,)< € +€&72)+ o)
which givesepT < a on proceeding to limits @g,0, — «.This proves the result.
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