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Abstract
In this paper, we derive a general theorem on subimaand then make its
application to obtain summation of the series imiraj Exton's quadruple
hypergeometric functioniK This work may be useful in the theory of
approximation and for computation work of dampedil@ory problems.
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1 Introduction

Exton [4] has derived a quadruple convergent hygmargetric representation
of a solution of a Schroedinger equation of aniseeighth degree one
dimensional anharmonic oscillator. The normalizédicblet integral in the
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dimensional spacR™ € C™*! has introduced due to Mathai and Houbold
[7] in the form

-“;H] = f nd (x)
1 R1 K 1 py -1 n—1 . - Vst =1 A )
=Efu'(n)'fu X7 T - — e —x )ty dx,
(1.1)

where, x =(x,, ..., x,,) € R™ suchthal = (x, +--- +x,) =1,
(g )Ty TC )
= (fyy ) iy e q) € CM*1 B() = —HriotinT Hnea

(uy+-+pn+pn )
,Re(i;) >0,vVi=1,2,..n,n+ 1.
Exton ([2], [3]) had defined following complete qugle hypergemetric function
out of twenty one quadruple hypergeometric function

K,.(a,a,a,a,b,,b,, by, b,;cy,04,65,05,X,Y,2,t)

il

— Z (ﬂ'}m+n+p+q(bl)m(bz)n(bz)p{bnl}qﬂﬁitq

C c m! n! p! q!
m.np.q=0 (. 1)m+n( 2}p+q p q
(1.2)
Basanquet and Kastelman [3] Theorem 1.5uppose that,fx) in measurable in
(a, b), where b-& oo, forn =1, 2, ... , then a necessary and sufficiemdition

that, for every functiog(x) integrable (L) over (a,b), the functios{X) g(x)

b !
be integrable L in (a,b) such that,—, “a f, (x)gx)dx| =K

(1.3)
and X2, |f (X)| = K, (1.4)

where K’ is an absolute constant for almost eveity (a, b).
We have presented following extension of the theotel

Theorem 1.2 Suppose thaff, (x4,---, X, ) is measurable in the region

x; € (0,ay),...,x, € (0,a,),; >0,¥Vi=12, ..., randforn=0,1,2, ..,
then a necessary and sufficient condition thatef@ry probability density function
g(xy-,---,x,-) defined in the regioii, € (0,a;),...., x, € (0,a,) there exists

@ @
fﬂ Fens fl:] rg(xl'-“‘xr'jﬁi(xll“‘ II-xrjdxl'” dxr| =K,

(= =]
n=0

(1.5)
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and 2:10=D|_fn (xll B xr)l = K;
(2.6)
where K is an absolute constant for almost every

x, € (0,a,),...x, € (0,a,).

Proof
In both sides of (1.6) multiplg (x-,--- x,-), we get
r=ﬂ|-fn(x1f”1 xr}jg(11~, x,;) = Kg(xl‘f"x*r')
(1.7)

Now integrate equation (1.7) with respect1q ,---, x,. from

0 to a,,---,0 to a, respectively, then we find that
a a

fu tee fu rg(xl'!"' xr')Lfn(xll T JL',,.)] dxl dxr

(74 [74
EKfulu.fu rg{xltﬁ.“xr‘}dxl‘"dxr (18)
But g(x,-,---, X,-) is a probability density function in the region
x; € (0,ay),-,x, € (0,a,) so that

Iﬂ“i “.jﬂarg(xl‘l'"xr‘.}dxl'“ dx‘r = 1 (19)

Hence, taking mode value of (1.8) and then using)(we find the inequality
(1.5).
Recently, Kumar, Pathan and Yadav [6] have preseiailowing theorem:

Theorem 1.3
For

a>0,>0y>0,6>0Re(o;) > Re(—p,),Re(y;) > 0,Vi =

11213:4' a-nd Re(a _E?:l(.ui + JI.)) = 01 ajb = (bllb2'b3'b4}lc = (clﬁcz}l# =
Q’[IFHZJHBJHIL}I hll hthE (de h:;. € C

, a function due to a weighted Dirichlet type imddormula exists

e bepo _ M) -0*02)(g) ~r+02) )-(ia+0a)(5)~(a+0s)
F (hya, haB, hay, hed) = po TG 7om T 203 T s00 T (e T (s o)

X f.: ff f,: J’:(l —xal—yBl —zy~1 — 5 1)e Tinalmite-1
x K“i+Ui_1},rP2+52_1ZP3+53_1tH4+U4—1

X Ky,(a,a,a,a,b,,b,,b;,b,;cy,¢q,05,05;h,x,h5y. hyz, ht)dxdydzdt

(1.10)
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providedthall < xa ' +yB~ ' +zy 1 +t6 1 =< 1.

Then, for max{|h,ea|,|h,B|} < 1 and max{|h;y|,|h6]} < 1, there
holds the degeneration formula

Fa2t9 (hya, h, B, hyy, hyS)

= F3[py + 04,412 + 05,by,by5¢45hy a0,y B]

X F3[ps + 03,44 + 04,b3,by; ¢35 h3y, 1, 6]

(1.11)

Here, in our investigation, first we obtain somequalities of the function
Fabers(h a h,B, hay, hy6). Then make their applications to obtain
summability formulae of quadruple hypergeometriaction K.

2 Inequalities
In this section we evaluate some inequalities whiehuseful for finding out the
summability formulae of quadruple hypergeometriachionK ;5.

Theorem 2.1
For 0 <h,a<1,0<h,f<land0<h,y<10<h,6<1,

c,>pu+0o,>c,—b;>0,c,>pu,+0, >c,—b, >0,

C, > i3 +03 > ¢, — by > 0,andc, > uy + 0, >c, — by > 0, then
there holds an inequality

|F22<2(hya, hy B, hay, o))

[(uy+ 0y +by — )T ( + 05 + b, — )T (s + 03 + by — ) (T(ep) ()
[y + 0T, + 00T (s + 03)T (U + 0,)T(b)T(b,)T(b3)T(by)
X T(Uy + 04 + by — €,)(1— hy@)7s~#1=01781 (1 — h,B)cs—Ha=02b2
X (1 — hyy)2#a=%a=ba(] — p,§) 2 Ha=%~bs

{51+1} (cz-l-l]
X o F (cy—1) —hyhyaB | o F; (cp-1) —h3hsyd
2 ! r
(2.2)

Proof
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Under the restrictions
c>ay;>c—b;>0,c>a,>c—b, >0,0<x<1,0<y<1,Joshi
and Arya [5] have derived the inequality
2
[(a, + b, — )l (a, + b, —c)(T(c))

r(aﬂr(bﬂr(ﬂz)r(bz)
c— 1.(C+ l}fz;

Fila,,a,,by,by;c5x,v] <

X (1—x) 9 b1(1—y)e9%~b2 F (c— 1}/ —xy
2

(2.2)
In the right hand side of the equation (1.11) fothbr; [.] functions under the
restrictionsO < hy,a <1,0 < h,f<land0< h,y <1,0<h,6 <1,

apply the formula (2.2), we find the inequality1(p.

Theorem 2.2
For

0 <Re(c,)<1,0<Re(c,)<1,0<h,a<1,0<h,f<1land0< hyy <
1,0<h,6<1, uy,+0,>c,—b, =0,u, +0,>c,— b, =0,u; +05 > c,—
b; >0,and u, + 0, >c, — b, >0,

there holds an inequality

|Fa'b’c'm(h1ﬂ'; h,B, hyy, h45)|

< [(py+0,+by —e )l +0, + b, — ¢ )l (uy + 03 + by — Cz)(r(ﬂl))z(r(’:’z))z
Iy + 0 )T (uy + 02)T (3 + 03)T (uy + 0, )T (by)T(b,)T (b3 (by)

X T(py + 0, + by —c:)T(c, — DIM(c, — 1)(1 — hya)cr#1—o17h

e (1 — hzﬁ)‘:i_ﬂz_ﬂ'z_bz (1 — hg}r)cz_.l‘z_‘fa_bz (1 — h4 5)%‘!—‘4_54_174

cy+1 —2hy hqaf cg+1 —2hghyyd
X oFy |50, — ;2] R, |2 0, — 1,
240 5 ! 1 P c—1 240 5 ! 2 P cp—1
(2.3)
Proof

For the well known Pochhammer symbol we havertbguality
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A),=2A)"neNU{0}L,A=>0

(2.4)

The Laplacian integral formula of Gaussian hypengeinic functiorpF;[.] is
given by (See, Exton [3])

a,b;_ * -r_a—-1
2F3 e l]=.ﬂ]E T 1F;

(2.5)

In the right hand side of the inequality (2.1) bmth Gaussian hypergeometric
functions;F; [.] apply the formula (2.5) and then expafid functions in the

series form and then change the order of summatidrintegration and make the
application of the inequality (2.4) in the denontorahe series and on solving the
integration finally on definingF, [.] generalized hypergeometric function
(Rainville [8])), we get the inequality (2.3).

b.
"xr| dr
C,

Theorem 2.3
For 0 < hja<1,0<h,f<land0<h,y<1,0<h,6 <1, and

U, +0,>c,— b, >0,u, +0, >c, — b, >0,
s+ 03 >c,—by > 0,andu, + 0, >c, — b, > 0,
c, = 0,c, = 0,then there holds an inequality
|Fa'b’c'wﬂ(hlﬂ: h, B, hyy, h45)|

F(py+0y+by —c)T(u, + 0, + b, — ¢ )T (p; + 03 +b; — Cz)(r(fﬂ)z(r(cz))
[y + 0T, + 00T (s + 03)T (U + 0,)T(b)T(b,)T(b3)T(by)
X T(iy + 0y + by — €,)(1 = hy @)+ #17937b1 (1 — h,B)es #2252
X (1 — hyy)c2#a=9a=ba(1 — h,6)2#s=% 2 (1 4+ h h,aBf) (1 + hyh,y6)°2

X (1 — hyh,aB)(1 — h3hayd)).
2.6)

2

Proof

The contiguous function relation for Gaussian lgpemetric functionF; (.) in
the notations (See, Rainville ([8], p. 53))

F =.F (a, b; c; x), F (at) 3, (a+1, b; ¢; x), F (a-) 3F1 [a-1, b; c; X], is given by
(1-X)F = F (b-) — € (c-a) x F(c+)

(2.7)

Multiply ((1 + h,h,af)(1+ hyh,yd)) in both sides of the inequality (2.1)

and then in its right hand side use the contigdioastion relation (2.7) and again
solving it we obtain the inequality (2.6).
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3  Summability of Quadruple Hypergeometric Funtion
K12

In this section, we use the inequalities obtaimethé section 2 and obtain that
guadruple hypergeometric function s summable.

Theorem 3.11f x € (0,&),y € (0,8),z € (0,y),and t € (0,6), such
thata > 0,8 > 0,y > 0,6 > 0,

O<xa*+yBt+zy ' +t5 ' <1, thenford > 0,
0<hja<1l0<h,f<land0<h,y<10<h,6<1,

U, +o,>¢c;—by >0,u,+0,>c, —A>0,

s+ 03 >c,—by > 0,andu, +0, >c,— 4 >0,

¢, > 0,c, > 0,|T| < 1, following summability relation of quadruple

hypergeometric function # holds:
w |0 I

S n—;‘Klz(a, a,a,a,b,,—n,by,—m;c,,c4,C5,Co; %, A, v. hyz, h t)TT
Ip, +o,+b; —c I, +0, +A — ¢ )IM(p; + 65 +b, —¢,)
F(py + 0 )T (e + 0T (ps + 03)T(py + 0,4)

[py +o,+A— Cz){r(clj}z U‘(Cz)}z {1 B h, hzﬂfBT} {1 B hahﬂ"ﬁT}

<(1-T7)*

['(b I (b){T(A)}? T-1 T-1
hlhEuBT}"i{ h3h4Y8T}_cz{ hzﬁ'r}“l'*‘z-“z-‘
X{1+ T—-1 L+ T—-1 1 T—-1
Ca—Ha—04—A
X {1 — '11‘14_51} {1 — hla}ﬂx—.ﬁi —03—by {1 — hz}f}ﬂz—#z—ﬁz—bz

% F [ Cy,Co,Hp + 0, +A—0Cy, 1y + 0, +A—Cy;
P14 —py—o;—by,1+c —p; —03—by;
(1-T)°(1 — hye)(1 — hyy)(h,h,BET)
{T(1 +h;h,af) —1HT(1+ h;h,y8) — 1HT(1—h,B) — 1H{T(1 —h,8)— 1}

(3.1)

provided that
1-1?*(1-h;a)@-hyy)h h B5T)

{Tia+hy hyap)-1HT (1 4hyhy8) 1 HT(1-h, B)-1H{T(1-h, 8)-1} <L
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Proof
To prove this theorem 3.1, we consider the biliggaerating relation of Kumar,

Pathan and Yadav [6] given by, wHéi} < 1,

Gl) Fn..(b —nbg.—nl).c.pu, a(h a,h,B,hsy, hy 8)T™
“_ N (D (g2 + 05)n (s + 04)n (hoh fST"
=(1-7) o n!(cyn(cr)n {(1 T)Z}

X Fy [pl + 0,,u> + 0, +n,by,A+1; ¢4 +1; hya, ZBT]
X F, [pa + 05,14y + 0, + 1,0, A+ 10, +1; hg}f,h +7
(3.2)
Then we follow the theorem 2.1 and theorem 2.@iR) and find that

A
Z (n} Fﬂ{b —n.bg, n}c_ur:r(h a, th h;]’h 5}T“
n=0

I +0,+b, —c,)l +0,+A—c)I(py +05; +b, —cC

<(1-T)> (1, 1 ; — ¢TI (p, + 0, DT (s 3 2 —C3)

F(py + 0T (py + 05)0 (s +03)T(p, +0,)
F(py + 04 + 22— H{I(c)) {T(c,)}° {1 B h1hzﬂBT} {1 _ h3hy6

I'(b ) (b)){r (¥ T-1 T-1
hlhzaBT}_“{ h;h,,*,fﬁT}_“’{ hzar}ﬁ‘f‘z‘“r“
11 +—+2— 1 Jp g2t g 2P
{ T-1 T-1 T-1

h.ST)62 He Ca4
x {1 — Té— 1} {]_ — hla}ci_ﬁi_ai —by {‘_]_ — hg'}r}ﬂz—.ﬂz—ﬂ‘z—bz

< F [ Cy,Col +0, +A—cy,uy +0, +HA—C
T4 - -0y —by, 146 — g — 03— by;
(1-T)*(1 = h;a)(1 — hyy)(h;h,BS8T)
{T(1 +hyhyaf) — THT(1 + h3h,y8) — 1H{T(1 — h, ) — 1H{T(1 —h,8) — 1}

(3.3)

provided that

(1-T)*{(1-hy a)(1-hy y)(hy h,BET)
{T(1+hyhyaB)-1HT(1+b3hy8)—1HT(1—h, B)—1 HT(1-h, 8)-1}
Now in left hand side of (3.3) define the function

Fabera(h a, h, B, hyy, hy6), by the theorem 1.3 and then make an appeal to

< 1.
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the theorem 1.2, we get the summability relatiat)(8f quadruple
hypergeometric function # .

4 Examples

Let in the regionx € (0,a),y € (0,8),z € (0,y),and t € (0,6), such

thata > 0,8 > 0,y > 0,6 > 0,

0<xa*+yBt+zy *+td ! < 1,the position of the particle is given

by the sequence of function

fu(x,v,2z,t) = K,,(a,a,a,a,b,,—n, by, —m;c,,cq,05,65;h,X,h,y. Rz, t)

vn e N, = {0,1,2, ...}, Then there exists a convergent functigfx, v, z, t)
defined forA > 0, and |T| < 1, such that
o @) ,
g(xJ V.2, t} = En:ﬂ ":n )“;1 (1.}’, Z, f)T“, then
lg(x,y,2,0)|

<(1-T)*

F(uy +0,+b; —c)M(p + 0, +A — ¢ )T (s + 03 +b, — ;)
[(py + 00, + 0200 (s + 03)T(py + 04)
[ + 04+ A— c){I(c,)}? {r(czj}z{ B h, hz“BT}{ B hzhﬂ"ST}
I'(b )T (b,){I'(A)}? T-1 T-1
h, hzﬂBT}_c‘{ h, hﬂfﬁT}_cz{ hEBT}H_“Z_"Z_‘I‘
X{l-i— T-1 L+ T-1 ! T-1

h.8T Ca—pg—O5—4
'Y {1 — T4_ 1} {1 - hla}ci'.ﬁi -0, -b,y {1 — hz}r}":z‘.‘lz'az'bz

x ,F, [ Cy,Co,s + 0, +A—Cy, 1y + 04 +A—Cy;
rAMl+tc,—p,—0,—by,1+c, —p3 —053—b,y;
(1-T)°(1 —h,e)(1 — hyy)(h,hyB8T)
{T(1 + hyhzaB) — THT(1 + h3hsy8) — 1H{T(1 —h;p) — 1H{T(1 —h,8) — 1}

(4.1)

provided that
{1_-[-:}2 ':1—]11 u}{l—h; \'](hth. BET}

{Ta+h, h,af)-1HT(1+h;h,y8)-1HT(1-h, )-1HT(1-h, 8)-1} <1l
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