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Abstract
In this paper, variational iteration method (VIM$ used to give the approximate
solution of Volterra and Fredholm integral equationf the second kind. The method
constructs a convergent sequence of functions, hwpproximates the exact solution
with few iterations. To illustrate the ability ameliability of the method, some examples

are given, revealing its effectiveness and sintglici
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1 Introduction

Let u(x) is an unknown functionsf (x)is a given know function, antl(xt) a
know integral kernel.
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The Volterra integral equation of the second kisicam integral equation of the
form

u(x)= ([ Kx 9} o ()

And the Fredholm integral equation of the secomdi ks an integral equation of
the form

u(x)= (X + [ k) ) o (2)

The variational iteration method is a new methadstuving linear and nonlinear
problems and was introduced by a Chinese mathearatiele [1-3]. In [4] He
modified the general Lagrange multiplier methodd&j constructed an iterative
sequence of functions which converges to the eszatition. In most linear
problem the Lagrange multiplier, the approximatiutson turns into the exact
solution and is available with just one iteration.

To illustrate the method, consider the followinghgeral functional equation

Lu(x)+ N(% = g ¥, (3)

WherelL is a linear operatof\ is a non-linear operator argj(t) is a known

analytical function. According to the variationaeration method, we can
construct the following correction functional

U ()= 4 (9 + [ A Lu(6)+ Ny(é)- d&)} o, (4)

Whered is a general Lagrange multiplier which can be idie optimally via
variational theoryu, is an initial approximation with possible unknowresd

U, is considered as restricted variation, bg,, =0 .

2  Solution of the Volterra and Fredholm Integral
Equation of the Second Kind

Consider the Volterra and Fredholm integral equatid the second kind
given in Egs{1) and(2):

For Eqs(1) and (2) first we take the partial derivative with respexxt

For the Volterra integral equation of the seconikive have
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x)= ' +_j (5)

and for the Fredholm mtegral equation of the sddand we have

U(x)= 19+ K(x Y () a (6)
Consider

— k (x, t)u(t)dt, andj )u(t) dt, as a restricted variation; we use the

variational iteration method in directian Then we have the following iteration
sequence:

un+1(X)=%(>9+J;A(5){LL(E)‘ f(f)—d%jf K& () d} g, (7

Taking the with respect to the independent variahind noticing that
au, (0) =0, we get

au,,, = 5un+/]5un‘f=x_'[:/1’5% F#=0.

(8)
Then we apply the following stationary conditions:

1+1(¢) =0

£=x = 0, A'(E)

é=x

The general Lagrange multiplier, therefore, candaglily identified:
A=-1, (9)

And as result, we obtain the following iteratiomrfaula

(=4 (9T 40 Q-G e db @ (0

3  Numerical Examples

In this sectionwe applied the method presented in this papextoexamples to
show the efficiency of the approach.
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Examplel. Consider the linear Volterra integral equation

u(x) = cosx— sinx+ 4'0 sing- t)( ) d (11)
The analytical solution of the above problem isegivwy,

u(x) = exptXx). (12)

In the view of the variational iteration method, wenstruct a correction
functional in the following form:

unﬂ(x):M><)—j§{¢(5)+sinf+ ot — 25-{]05{ sinf— t )4 (9} d} ¢ (13)

Starting with the initial approximatioly, =cosx— sinx in Eq. (13) successive

approximations, (x) 's will be achieved. The plot of exact solution (Elq.) the

5th order of approximate solution obtained using YM and absolute error
between the exact and numerical solutions of tkesnple are shown in Fig. 1.
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Fig. 1. The plots of approximate solution, exadtison andabsolute error for Example 1.

Example 2. Consider the linear Fredholm integral equation
7 10
u(x)—§x+§jo xtif (9 df (14)

The analytical solution of the above problem isegivwy,

u(x) = x. (15)
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In the view of the variational iteration method, wenstruct a correction
functional in the following form:

(¥ =u (=023 [ e ot (29

Starting with the initial approximationyozgx in Eq. (16) successive

approximations; ( X) 's will be achieved. The plot of exact solution Bef), the

5th order of approximate solution obtained using YiM and absolute error
between the exact and numerical solutions of tkesrple are shown in Fig. 2.
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Fig. 2. The plots of approximate solution, ebsaiution and absolute error for Example 2.
4  Conclusion

In this paper the variational iteration method sed to solve th&olterra and
Fredholm integral equationsT'he results showed that the convergence and agcurac
of the variational iteration method for numericabyalyzed theVolterra and
Fredholm integral equationsere in a good agreement with the analytical smrhgt
The computations associated with the examples is ghper were performed
using maple 13.
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