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Abstract

An L(2,1)-labeling (or distance two labeling) of a graph G is a function
f from the vertex set V(G) to the set of all nonnegative integers such that
[f(x) = fy)l = 2 if d(z,y) = 1 and [f(z) — f(y)| = 1 if d(z,y) = 2. The
L(2,1)-labeling number A\(G) of G is the smallest number k such that G has an
L(2,1)-labeling with maz{ f(v) : v € V(G)} = k. In this paper we completely
determine the A-number for total graphs of path P,, cycle C,, star K, and
friendship graph F,.
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1 Introduction

The channel assignment problem is the problem to assign a channel (non
negative integer) to each TV or radio transmitters located at various places
such that communication do not interfere. This problem was first formulated
as a graph coloring problem by Hale[5] who introduced the notion of T-coloring
of a graph.

In a graph model of this problem, the transmitters are represented by the
vertices of a graph; two vertices are very close if they are adjacent in the graph
and close if they are at distance two apart in the graph.
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In a private communication with Griggs during 1988 Roberts proposed a
variation of the channel assignment problem in which close transmitters must
receive different channels and very close transmitters must receive channels
that are at least two apart. Motivated by this problem Griggs and Yeh[4]
introduced L(2, 1)-labeling which is defined as follows.

Definition 1.1 An L(2,1)-labeling (or distance two labeling) of a graph
G = (V(G),E(GQ)) is a function [ from vertex set V(G) to the set of all
nonnegative integers such that the following conditions are satisfied:

(1) |f(x) = f(y)| = 2 if d(z,y) =1
(2) 1f(z) = f(y)| = 1 if d(z,y) =2

A k-L(2,1)-labeling is an L(2,1)-labeling such that no labels is greater
than k. The L(2,1)-labeling number of G, denoted by A(G) or A, is the
smallest number k such that G has a k-L(2,1)-labeling. In the discussion of
L(2,1)-labeling we take [0, k] = {0,1,2,...,k}. The L(2,1)-labeling has been
extensively studied in recent past by many researchers like Yeh[10], Sakai[7],
Georges, Mauro and Whittlesey|3], Georges and Mauro[2] and Vaidya et al.[§].

The common trend in most of the research papers is either to determine the
A-number or to suggest bounds for particular graph structures. In the present
work we completely determine the A-number of total graph of various graphs.

Through out this work, we consider the finite, connected and undirected
graph G = (V(G), E(G)) without loops and multiple edges. For all other
standard terminology and notations we refer to West[9]. We will give brief
summary of definitions and information which are prerequisites for the present
work.

Definition 1.2 The total graph of a graph G is the graph whose vertez set is
V(G)U E(G) and two vertices are adjacent whenever they are either adjacent
or incident in G. The total graph of G is denoted by T(G).

Proposition 1.3 [4] The A-number of a star Ky a is A+ 1, where A is the
mazimum degree.

Proposition 1.4 [}] The A\-number of a complete graph K, is 2n — 2.
Proposition 1.5 [1] A\(H) < X(G), for any subgraph H of a graph G.

Proposition 1.6 [6] Let G be a graph with mazimum degree A > 2. If G
contains three vertices of degree A such that one of them is adjacent to the
other two, then \(G) > A + 2.
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2 Main Results

Theorem 2.1 For the total graph T(P,) of path P,,

4; if n=2

NT(R)) = { 5 if n=3

6; if n>4
Proof: Let vy, vy, ..., v,—1 and ey = (vo,v1), €1 = (v1,02), ..., €49 =
(Un_2,v,_1) are the vertices and edges of path P, then V(T'(F,)) = {vo, v1, ...,
Un—1, €0y €1, -y €n_o}. For m = 2, the graph T(P,) is a graph K3 and hence
by Proposition 1.4, A(T'(P)) = 2(3) —2 = 4. For n > 3, the graph K, is
a subgraph of T'(P,) and hence by Proposition 1.3 and 1.5, \(T'(P,)) > 5.
For n > 4, in the graph T'(FP,), the close neighborhood of each e; where

i = 1,...,n — 3 contains three vertices with degree A. Hence by Proposition
1.6, A(T'(P,)) > 6. Now define f: V(T'(P,)) — {0,1,...,6} as follows.

f(vi) =4, f(e;) =2if i =0 (mod 7)
f(v;) =0, f(e;) =5if i =1 (mod 7)
f(v;) =3, f(e;) =1if i =2 (mod 7)
f(v;) =6, f(e;) =4if i =3 (mod 7)
fvi) =2, f(e;) =0if i =4 (mod 7)
f(vi) =5, f(e;) =3if i =5 (mod 7)
fvi) =1, f(e;) =6if i =6 (mod 7)

The above defined function provides L(2, 1)-labeling for 7'(P,) and from the
definition of f it is clear that A(T'(Ps)) <5 and for n > 4, A\(T'(P,)) < 6.
Thus, we have

4; if n=2
NT(P,)) = 5 if n=3
6; if n>4

Example 2.2 In Figure-1, the L(2,1)-labeling of graph T(Ps) is shown
where \(T'(Ps))=0.
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Theorem 2.3 For the total graph T(C,,) of cycle C,,, \(T(C,)) € [6,8].

Proof: Let vy, v, ..., v,—1 and eg = (vg,v1),e1 = (V1,V2),crpn1 =
(Un—1,v0) are the vertices and edges of cycle C,, then V(T'(C,)) = {vo, v,
vy Un—1, €0, €1, ..., €n—1}. The graph K 4 is a subgraph of T'(C,,) and hence by
Proposition 1.3 and 1.5, A\(T'(C,,)) > 5. In the graph T(C,,), the close neigh-
borhood of each e; where i = 0,1, ...,n — 1 contains three vertices with degree
A. Hence by Proposition 1.6, A(T'(C,)) > 6. Now define labeling as follows.
Case 1: n =Tk

f(v;) =4, f(e;) =2if i =0 (mod 7)
f(vi) =0, f(e;) =5ifi=1 (mod 7)
f(vi) =3, f(e;) =1if i =2 (mod 7)
f(vi) =6, f(e;) =4if i =3 (mod 7)
f(v;) =2, f(e;) =01if i =4 (mod 7)
f(v;) =5, f(e;) =3if i =5 (mod 7)
fvi)=1, f(e;) =6if i =6 (mod 7)
Case 2: n # 7k
(1) n =0 (mod 3)
f(v;) =0if i =0 (mod 3)
f(v;) =3ifi =1 (mod 3)
f(v;) =6 if i =2 (mod 3)
f(e;) =5 if i =0 (mod 3)
f(e;)) =8if i =1 (mod 3)
f(e;) =2if i =2 (mod 3)

(2) n=1 or 2 (mod 3) then redefine the above f(v,_1) and f(e,_1) as

flo)=4ifi=n—1
fle))=Tifi=n—1

The above defined function provides L(2,1)-labeling for 7'(C,) and hence

MNT(Cy)) <8.
Thus, we have A\(T'(C,,)) € [6,8].

Example 2.4 In Figure-2, the L(2,1)-labeling of graphs T'(C3), T(Cs) and
T(Cy) is shown where \(T(C,,)) € [6,8].

Theorem 2.5 The A-number of T(K,,,) is 2n + 1.
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Figure-2

Proof: Let vy, v1,...,v, and e; = (vg, v1),...,n, = (Vo, vy, ) are the vertices and
edges of star K, then V(T(K;,)) = {vo,...,Un,€1,....€n }. The star Ko, is a
subgraph of T'(K ;) and hence by Proposition 1.3 and 1.5, \(T'(K,,)) > 2n+1.
Now define f:V(T'(K1,)) — {0,1,...,2n + 1} as follows.

f(vo) =0

fle) =2, i=1,2,..n

fv;)) =2i—3i=3,4,..n

fv1) =2n—-1

f(va) =2n+1
The above defined function provides L(2,1)-labeling for T'(K},) and hence
MT (K1) <2n+ 1.

Thus, we have A\(T'(K;,,) =2n + 1.

Example 2.6 In Figure-3, the L(2,1)-labeling of graph T(K;3) is shown
where N(T' (K 3))="7.

Figure-3
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Theorem 2.7 \(T(F,)) = 4n+1 where F,, is a friendship graph (A friend-
ship graph is a one point union of n copies of cycle C3).

Proof: Let F), be a friendship graph form by n triangles C',...,C,,. Let vy,
V1,V and €1 = (Vo,01),esC0n = (Vo,Van), €5 = (V1,1) , €5 = (U3, 04),...,60
= (Vap—1,v92,) are the vertices and edges of F,, then V(T'(F,)) = {vo,...,v2n,
€1,0sCom, €15esen +. The star K 4, is a subgraph of T'(F},) and hence by Propo-
sition 1.3 and 1.5, A(T'(F,,)) > 4n+1. Now define f:V(T'(F,)) —{0.1,...,4n+1}
as follows.

f(vo) =0

fle) =2i,i=1,2,...n

f(UZi—H) = 44 — 1, 7 = 1,2, . (n — 1)
f(’UQZ‘) =41 — 3, 1= 2,3, N
fle)=4i—3,i=1,2,...n

f(r1) =4n—1

fvg) =4dn+1

The above defined function provides L(2,1)-labeling for T'(F,) and hence
MNT(F,)) <4n+1.
Thus, we have A\(T'(F},) = 4n + 1.

Example 2.8 In Figure-4, the L(2,1)-labeling of graph T(F3) is shown
where \(T'(Fy))=185.

Figure-4
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In the following Table-1 the A-numbers of some standard graphs and their
total graphs are listed.

Table-1
| G [ AMG) [ T(G) [NT(G)) |
n=2 2 n=2\4
P, n=3413 n= )
n>>5 4 n>416
1C, [n>3 [4 |n>3]106,8 |

[Kin[n>3 [n+l [n>3]2n+1 |
| F. [n>3 [2n+1][n>3[4n+1 |

3 Conclusion

Assignment of channels for TV and radio broadcasting network is the prob-
lem which concern to real life situation. The rich quality of broadcasting will
always provide satisfactory and enjoyable entertainment. In order to meet
this demand, the study and investigations related to L(2,1)-labeling is the
potential area of research. We investigate four new results corresponding to
L(2,1)-labeling. The A-number is completely determined for four new families
of graphs. This work is an effort to relate total graph of a graph and L(2,1)-
labeling. It is also possible to investigate similar results corresponding to other
graph families.
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