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Abstract

Right (resp. left) s-weakly regular rings was first introduced by V. Gupta in
1984. Now, in the present paper we introduce and study a new generalization
of right (resp. left) s-weakly regular rings, which is called right (resp. left) gs-
weakly regular rings as for each a ∈ R, there exists a positive integer n = n(a),
depending on a such that a ∈ aRanR (resp. a ∈ RanRa). Moreover, giving
several characterizations, properties, main results of it and related it with other
types of modules such as flat modules and GP-injective modules.

Keywords: Regular Rings, s-Weakly Regular Rings, gs-Weakly regular
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1 Introduction

Throughout this paper rings are associative ring with identity and all modules
are unitary. For a subset X of R, the right annihilator of X in a ring R is
defined by r(X) = {y ∈ R : xy = 0, for all x ∈ X}. Similarly, define the left
annihilator of X in a ring R as `(X) = {y ∈ R : yx = 0, for all x ∈ X}. If
X = {a} we usually abbreviation r(a)(resp. `(a)). An ideal I of a ring R is
said to be essential if I has a non-zero intersection with every non-zero ideal
of R.

An element a of a ring R is said to be regular[18] if there exists an element
b ∈ R such that a = aba. A ring R is said to be von Neumann regular (briefly,
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regular) if every element of R is regular. A ring R is said to be strongly regular
[11] if for every a ∈ R, there exists b ∈ R such that a = a2b.

A ring R is called right(resp. left) weakly regular[16] if I2 = I, for each right
(resp. left) ideal I of R, equivalently if x ∈ xRxR (resp. x ∈ RxRx), for every
x ∈ R. R is called weakly regular if it is both right and left weakly regular. A
ring R is said to be right(resp. left) s-weakly regular[8] if for every a ∈ R, then
a ∈ aRa2R (resp. a ∈ Ra2Ra). (a is called right(resp. left)s-weakly regular
element).

A ring R is said to be s-weakly regular if it is both right and left s-
weakly regular. A ring R is called right(resp. left) weakly π-regular[7] if
an ∈ anRanR (resp. an ∈ RanRan). R is called reduced if it has no non-
zero nilpotent element.

According to Cohn[6], a ring R is called reversible if ab = 0 implies
ba = 0, for a, b ∈ R. A ring R is called periodic [3] if for each x ∈ R, the
set {x, x2, x3, ...} is finite, or equivalently, for each x ∈ R, there are positive
integers m(x), n(x) such that xm(x) = xm(x)+n(x), or also equivalently for each
a ∈ R, some power of a is idempotent. A right R-module M is called Gen-
eralized P-injective (briefly, GP-injective) [13] if for each a ∈ R, there exists
a positive integer n such that an 6= 0 and any right R-homomorphism of anR
into M extends to one of R into M . The ring R is called right (resp. left)
GP-injective if the right (resp. left) R-module RR(resp. RR) is GP-injective
module.

2 Generalized s-Weakly Regular Rings (gs-Weakly

Regular Rings)

In this section, we define a new generalization of right (resp. left), s-weakly
regular rings, which is called right(resp. left) gs-weakly regular rings and we
find several characterizations, properties and compare it with other types of
rings.

We start this section with the following definition.

Definition 2.1 A ring R is said to be right(resp. left) generalized s-weakly
regular (briefly, gs-weakly regular) if for each a ∈ R, there exists a positive
integer n = n(a), depending on a such that a ∈ aRanR(resp. a ∈ RanRa).

A ring R is said to be gs-weakly regular if it is both right and left gs-weakly
regular. An element a of a ring R is said to be right(resp. left)gs-weakly regular
if there exists a positive integer n and an element b in RanR such that a = ab
(resp. a = ba).
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The proof of the following lemma is not hard, therefore it is omitted.

Lemma 2.2 Every right s-weakly regular ring is a right gs-weakly regular.

The converse of the above lemma is not true in general as it is shown in
the following example (1)(ii).

Example 2.3 (i) Periodic ring is a gs-weakly regular ring.
(ii) If R is a ring with identity satisfies the property a = an+1, for each a ∈

R and a positive integer n, then R is a gs-weakly regular rings, but it is not
s-weakly regular.

The following example for non-commutative right gs-weakly regular rings.

Example 2.4 Let W =

{(
a 0
0 b

)
: a, b ∈ R

}
, where R is the set of all

real numbers.Then W is a right gs-weakly regular rings, since for any positive
integer n > 1,(

a 0
0 b

)
=

(
a 0
0 b

) (
1 0
0 1

) (
a 0
0 b

)n ( 1
an

0
0 1

bn

)
.

.

Theorem 2.5 Let R be a right gs-weakly regular ring.Then, R = RanR,
for all right non-zero divisor element a in R and a positive integer n.

Proof: Let a be a right non-zero divisor element of R. Then, aR =
aRanR. Hence,

a(R−RanR) = 0 and R−RanR ⊆ r(a).

Since a is a non-zero divisor.Therefore, r(a) = `(a) = 0.Thus,R=RanR. �
The proof of the following results are obvious, therefore they are omitted.

Theorem 2.6 (1) A homomorphic image of a right gs-weakly regular ring
is a right gs-weakly regular.

(2) If R is a right gs-weakly regular ring and I is a two-sided ideal of R,
then R/I is a right gs-weakly regular.

Lemma 2.7 [6] If R is a reversible ring, then r(a) = `(a), for each a ∈ R.

Theorem 2.8 Let R be a reversible ring. Then R is a right gs-weakly
regular if and only if R is a left gs-weakly regular.
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Proof: Let R be a right gs-weakly regular ring and x ∈ R. Then xR =

xRxnR for some positive integer n. Hence x =
k∑

i=1

xtix
nsi for some ti ∈ R, si ∈

R. This implies x(1 −
k∑

i=1

tix
nsi) = 0. Then (1 −

k∑
i=1

tix
nsi) ∈ r(x). As R is

reversible, then by Lemma 2.7, (1−
k∑

i=1

tix
nsi) ∈ `(x), we get (1−

k∑
i=1

tix
nsi)x =

0. Hence x =
k∑

i=1

tix
nsi x. Therefore, Rx = RxnRx and hence R is left gs-

weakly regular. The converse part can be proved similarly. �

Theorem 2.9 A ring R is a right(resp. left) gs-weakly regular if and only
if RanR + r(a) = R (resp. RanR + `(a) = R), for each a ∈ R and a positive
integer n.

Proof: Let R be a right gs-weakly regular ring. Then, for each a ∈ R,
there exists banc ∈ RanR such that a = abanc for some b, c ∈ R and a positive
integer n. Then, a(1 − banc) = 0. This implies that (1 − banc) ∈ r(a). Now
1 = banc+ (1− banc). Then, R = RanR + r(a).

Conversely, assume that RanR + r(a) = R, for each a ∈ R and a positive
integer n. Then, 1 = b + d, for some b ∈ RanR, d ∈ r(a) and a positive
integer n. Set b = tans, for some t, s ∈ R and a positive integer n. Therefore,
a.1 = ab + ad = ab. Then, a = atans. Thus, R is a right gs-weakly regular
ring. Likewise for the left gs-weakly regular ring. �

Theorem 2.10 Let r(a) = r(b), for each a ∈ R and b ∈ RanR. Then, R
is a right gs-weakly regular if and only if r(a) is a direct summand, for each
a ∈ R and a positive integer n.

Proof: Let R be a right gs-weakly regular, and let a ∈ R, then there exists
b = tans ∈ RanR such that a = atans, for some t, s ∈ R and a positive integer
n. Then, a(1−tans) = 0, so (1−tans) ∈ r(a). Therefore, 1 = tans+(1−tans).
Whence, R = RanR + r(a). Now, let x ∈ RanR ∩ r(a), then x = s1a

ns2, for
some s1, s2 ∈ R and ax = 0. Thus, as1a

ns2, so s1a
ns2 ∈ r(a) = r(b). Therefore,

bs1a
ns2 = 0, so bx = 0 and hence x = 0. Therefore , RanR∩r(a) = (0). Hence

R = RanR⊕ r(a).

Conversely, assume that r(a) is a direct summand, for every a ∈ R .Then,
there exists a right ideal I of R such that R = r(a) + I and r(a) ∩ I = (0). In
particular, there exist i ∈ I and d ∈ r(a) such that 1 = d + i , multiply by a
from the right we obtain a = ad+ ai . So, a = ai . Since RanR is a two-sided
ideal of R, then i ∈ RanR.Thus, R is a right gs-weakly regular ring. �
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Lemma 2.11 [1] If R is a reduced ring, then for each a ∈ R and a positive
integer n,

(i) r(a) = `(a).
(ii) r(a) = r(a2).
(iii) r(a) = r(an).

The following result is a relation between gs-weakly regular ring and right
weakly π-regular under a condition that R is a reduced ring.

Theorem 2.12 If R is a reduced ring, then every right gs-weakly regular
ring is a right weakly π-regular.

Proof: Let R be a right gs-weakly regular ring. Then, for each a ∈ R,
there exists tans ∈ RanR such that a = atans, for some t, s ∈ R and a positive
integer n. Then, a(1 − tans) = 0. Therefore, (1 − tans) ∈ r(a). Since R is
reduced, then by Lemma 2.11(iii), (1− tans) ∈ r(an). So, an = antans . Thus,
R is a right weakly π-regular. �

Recall that a ring R is called right(resp. left) duo[4] if every right (resp.
left) ideal of R is two-sided.

Lemma 2.13 [1] If R is a duo ring, then every idempotent element of R
is central.

Recall that a ring R is said to be π-biregular [15] if for any a ∈ R, RanR
is generated by a central idempotent, for some positive integer n.

The following result is a relation between π-biregular ring with gs-weakly
regular ring under a condition that R is a duo ring.

Theorem 2.14 If R is a duo ring, then every π-biregular ring is a gs-weakly
regular.

Proof: Let R be a π-biregular, and a ∈ R. Then, there exists a central
idempotent e ∈ R such that RanR = eR, for some positive integer n. This
implies that an = et = te and e = banc, where t, b, c ∈ R. Since R is a duo ring.
Therefore, by Lemma 2.13, a = et = te. Now, a = e2t = ete = ae = abanc.
Thus, R is a right gs-weakly regular. Likewise, we show that R is a left gs-
weakly regular. Whence R is a gs-weakly regular. �

The following result is a relation between the ring R is right gs-weakly
regular ring with the quotient ring R/r(a) is a right gs-weakly regular ring
under a condition that R is a reduced ring.

Theorem 2.15 Let R be a reduced ring. If R/r(a) is a right gs-weakly
regular ring, for all a ∈ R, then R is a right gs-weakly regular.
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Proof: Let R/r(a) be a right gs-weakly regular, for each a ∈ R. Then,
there exist b, c ∈ R and a positive integer n such that

a+ r(a) = (a+ r(a)).(b+ r(a)).(a+ r(a))n.(c+ r(a))

= abanc+ r(a).

This implies that (a − abanc) ∈ r(a). Then, a(a − abanc) = 0. Therefore,
a2(1 − banc) = 0. This implies that, (1 − banc) ∈ r(a2). Since R is reduced,
then by Lemma 2.11(ii), (1 − banc) ∈ r(a) and hence a(1 − banc) = 0.
Therefore, a = abanc. Thus, R is a right gs-weakly regular ring. �

Theorem 2.16 Let R be a ring without identity. If for every a ∈ R and a
positive integer n; an+3 = a, then R is a gs-weakly regular ring.

Proof: It is obvious that, for every a ∈ R, set a = an+3 = a.a.an.a ∈
aRanR. Whence R is a gs-weakly regular ring. �

Now, a necessary and sufficient condition for right gs-weakly regular rings
to be right s-weakly regular.

Theorem 2.17 Let R be a ring. If anR = a2R, for every a ∈ R and a
positive integer n. Then, every gs-weakly regular rings is s-weakly regular.

Proof: Let R be a right gs-weakly regular ring. Then, for every a ∈ R,
there exists a positive integer n such that a = abanc, for some b, c ∈ R. But,
anc ∈ anR = a2R. Therefore, anc = a2t, for some t ∈ R. Now, we obtain
a = aba2t and hence R is a right s-weakly regular ring. �

Recall that an ideal P of a ring R is said to be completely prime [2] if for
each a, b ∈ R such that a.b ∈ P , then either a ∈ P or b ∈ P .

Theorem 2.18 If R is a right gs-weakly regular ring, then every completely
prime ideal of R is maximal.

Proof: Let P be a completely prime ideal of R. By contradiction, if P is
not maximal, then there exists at least a maximal ideal M such that P ⊂M .
Now, we take a ∈ M , but a /∈ P . Since R is a right gs-weakly regular ring,
then there exist t, s ∈ R and a positive integer n such that a = atans. This
implies that a(1− tans) = 0 ∈ P . Then, (1− tans) ∈ P ⊂M . But tans ∈M ,
then 1 ∈M , this is contradiction. Thus, P is a maximal ideal. �

Recall that, an ideal I of a ring R is said to be completely semi-prime [12]
if for every positive integer n and a ∈ R such that an ∈ I implies a ∈ I.

Theorem 2.19 Let R be a commutative ring. If every ideal of R is com-
pletely semi-prime, then R is a gs-weakly regular ring if and only if for each
ideal I of R, I =

√
I holds.
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Proof: Let R be a gs-weakly regular ring. It is obvious that I ⊆
√
I. Now,

let b ∈
√
I, then bn ∈ I, for some positive integer n. Now, b = btbns, for some

t, s ∈ R. But bn ∈ I and every ideal of R is completely semi-prime, then b ∈ I.
Thus,

√
I ⊆ I. Whence, I =

√
I.

Conversely, assume that I =
√
I, for each ideal I of R. We take I = aRanR, for

some positive integer n. Therefore, aRanR =
√
aRanR.Now, an+1 ∈ aRanR,

then a ∈
√
aRanR = aRanR. Thus, a ∈ aRanR. Whence, R is a gs-weakly

regular ring. �

Theorem 2.20 If a = ab and r(a) = r(b), where b ∈ RanR, for some
positive integer n, then b is idempotent.

Proof: Let a = ab, take b = tans, for some t, s ∈ R and a positive
integer n. Then, a = atans. This implies that a(1 − tans) = 0. Therefore,
(1 − tans) ∈ r(a) = r(tans). This implies that, tans(1 − tans) = 0. Then,
tans = (tans)2. Therefore, b = b2. Whence b is an idempotent. �

Theorem 2.21 Let R be a duo ring. If a is a right gs-weakly regular el-
ement of R with b ∈ RanR, for some positive integer n such that a = ab.
Then

(i) aR ⊆ Ran+1R.

(ii) If there exists c ∈ RanR such that a = ac and r(a) = r(c), then c = b.

Proof: (i) Let at ∈ aR, for some t ∈ R. Then, at = acand, for some
c, d ∈ R and a positive integer n. But ac ∈ aR = Ra, since R is a duo ring,
then ac = sa, for some s ∈ R. Thus , at = saand = san+1d ∈ Ran+1R.
Whence, aR ⊆ Ran+1R.
(ii) a = ab = ac, gives a(b− c) = 0, which implies that (b− c) ∈ r(a) = r(b) =
r(c), so b(b − c) = 0 and c(b − c) = 0. Then, b2 = bc and c2 = cb. Therefore
by Theorem 2.20, b = bc and c = cb. Since R is a duo ring, then by Lemma
2.13, b and c are central. Whence, b = bc = cb = c. �

Theorem 2.22 If R is a right gs-weakly regular ring, then R is reduced.

Proof: Let a ∈ R and an = 0, for some positive integer n. Now, we can
write an−1 as follows, an−1 = an−1b(an−1)mc, for some b, c ∈ R and a positive
integer m. Therefore, an−1 = an−1b(an)ma−mc. If an = 0, then an−1 = 0. If we
repeat this process n-times, we obtain a = 0. Whence R is reduced. �

Theorem 2.23 If R is a gs-weakly regular ring, then the center of R, C(R)
is regular ring.
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Proof: Let a ∈ C(R). Since R is a gs-weakly regular ring, then aR =
aRanR, for some positive integer n. Then, there exist b, c ∈ R such that

a = abanc

= aban−1ac.

Since a ∈ C(R), then ac = ca. Therefore, a = aban−1ca. If we set d = ban−1c ∈
R, then a = ada and hence C(R) is a regular ring. �

Recall that, a ring R is called weakly right duo [19], if for each a in R, there
exists a positive integer n such that anR = RanR.

Theorem 2.24 Let R be a right gs-weakly regular ring.
(i) If R is a weakly right duo ring, then J(R) = N(R).
(ii) If R is a reduced ring, then Y (R) = (0).

Proof: (i) Let 0 6= x ∈ J(R). Then, there exist b, c ∈ R and a positive
integer n such that x = xbxnc. Since R is a weakly right duo ring, then
xnc = dxn, for some d ∈ R. Therefore, x = xbdxn. If we set h = bd, then
x = xhxn. So x(1− hxn) = 0. Since x ∈ J(R), then 1− hxn is left invertible
.Therefore, there exists an element u such that (1 − hxn)u = 0. Multiply
from the left by xn, we obtain (xn − xnhxn)u = xn. Whence it follows that
xn = 0, so x ∈ N(R) and hence J(R) ⊆ N(R). But N(R) ⊆ J(R). Whence
J(R) = N(R).

(ii) Let a be a non-zero element in Y (R). Then r(a) is an essential right
ideal of R. Since R is a right gs-weakly regular ring, there exist b, c ∈ R
and a positive integer n such that a = abanc. Consider r(a) ∩ banR, let
x ∈ (r(a) ∩ banR). Then, ax = 0 and x = bant, for some t ∈ R. So abant = 0,
then abancy = 0 (let t = cy).Thus , ay = 0. Therefore, anyc = 0, so bancy = 0
and hence bant = 0, yields x = 0. Therefore, r(a) ∩ banR = (0). Since r(a)
is a non-zero essential right ideal of R, then ba = 0 and hence a = 0. So,
Y (R) = (0). �

Theorem 2.25 If I is a proper ideal of a right gs-weakly regular ring, then
each element of I is a left zero divisor.

Proof: Suppose x ∈ I such that x is not a left zero divisor. Since R
is right gs-weakly regular, then xR = xRxnR, for some positive integer n.

Therefore, if y ∈ R, then xy =
k∑

i=1

xtix
nsi, for some ti ∈ R, si ∈ R. This gives

xy −
k∑

i=1

xtix
nsi = 0 = x(y −

k∑
i=1

tix
nsi) = 0. As x is not a left zero divisor,

then y −
k∑

i=1

tix
nsi = 0. This implies y =

k∑
i=1

tix
nsi ∈ I. Hence I = R, which
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contradicts that I is a proper ideal of R. Thus, each element of I is a left zero
divisor. �

Recall that a ring R is called semi primitive if J(R) = (0).

Theorem 2.26 A right(resp. left) gs-weakly regular ring is semi primitive.

Proof: Let x ∈ J(R). Now, R is right gs-weakly regular implies xR =

xRxnR, for some positive integer n. Hence, x =
k∑

i=1

xtix
nsi, for some ti ∈ R,

si ∈ R. Hence x(1 −
k∑

i=1

tix
nsi) = 0. Since x ∈ J(R), then 1 −

k∑
i=1

tix
nsn is

a unit. Therefore, x = 0. As x is arbitrary, J(R) = (0). Whence, R is semi
primitive ring. �

Corollary 2.27 A right (resp. left) s-weakly regular ring is semi primitive
ring.

Recall that a ring R is called right(resp. left) non-singular if Y (R) =
(0)(Z(R) = (0)).

Finally, we give the following result.

Theorem 2.28 A left(resp. right) gs-weakly regular ring is right(resp. left)
non-singular.

Proof: Let R be a left gs-weakly regular ring and x ∈ Y (RR). Then r(x)
is an essential right ideal of R. Since R is left gs-weakly regular, then Rx =

RxRxn, for some positive integer n.So, x =
k∑

i=1

tix
nsix, for some ti ∈ R, si ∈ R.

Let y =
k∑

i=1

tix
nsi, so that x = yx and therefore yx − x = 0.This implies that

(y−1)x = 0. That is, x ∈ r(y−1).Hence xR ⊆ r(y−1). Now, r(y) is essential
right ideal of R and r(y)∩r(y−1) = (0) implies r(y−1) = (0). Hence, xR = 0.
Thus, x = 0. Hence Y (RR) = (0) and thus R is right non-singular. If R is
right gs-weakly regular ring we can similarly prove that R is left non-singular.
�

3 Main Results

In this section, we give some main results of gs-weakly regular rings and its
relations with GP-injectivity, flatness, simple ring and strongly regular rings.

We start this section with the following theorem.
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Theorem 3.1 Let R be a reduced ring. If every simple right R-module is
GP-injective, then R is a right gs-weakly regular rings.

Proof: Let a ∈ R. If RanR + r(a) 6= R, for all positive integer n, then
there exists a maximal ideal M of R such that RanR+ r(a) ⊆M . Now, define
f : anR → R/M as f(ant) = t + M, for each t ∈ R and a positive integer
n. First we show that f is a well-defined. Let ant = ans, for some t, s ∈ R,
then an(t − s) = 0. Therefore, (t − s) ∈ r(an). Since R is reduced, then by
Lemma 2.11(iii) , (t − s) ∈ r(a) ⊆ M . Therefore, t + M = s + M . It means
that f(ant) = f(ans). Whence f is a well-defined. Since R/M is GP-injective,
then there exists h ∈ R such that f(ant) = (h+M)ant, for each t ∈ R. Indeed,
1 + M = f(an) = (h + M)an = han + M. Therefore, (1 − han) ∈ M . But
han ∈ RanR ⊆ M , then 1 ∈ M . This is contradiction . Whence, R is a right
gs-weakly regular ring. �

Theorem 3.2 [5] Let R be a ring, then R is reduced and right weakly regular
if and only if for each a ∈ R, RaR⊕ r(a) = R.

Theorem 3.3 The ring R is a right gs-weakly regular if and only if R is
reduced and right weakly regular.

Proof: Let R be a reduced and right weakly regular, then by Theorem
3.2, for each a ∈ R, RaR + r(a) = R. Therefore, it is true for an since every
weakly regular ring is weakly π-regular, it means that RanR + r(an) = R,
for all a ∈ R and a positive integer n. Since R is reduced, then by Lemma
2.11(iii), r(an) = r(a). Therefore, RanR+r(a) = R. Thus, there exist t, s ∈ R
and b ∈ r(a) such that tans+ b = 1. Multiply the previous equation from the
left by a, we obtain a = atans. Whence, R is a right gs-weakly regular ring.

Conversely, let R be a right gs-weakly regular ring, then for each a ∈
R, there exist t1, t2 ∈ R and a positive integer n such that a = at1a

nt2.
This implies that a = at1aa

n−1t2. if we set t = an−1t2 ∈ R, then a = at1at.
Therefore, R is weakly regular ring. Also, by Theorem 2.22, R is reduced. �

Theorem 3.4 [14] Let R be a ring. If `(a) ⊆ r(a), for each a ∈ R.Then,
RaR + r(a) is an essential right ideal of R.

Theorem 3.5 [9] Let R be a ring. If `(a) ⊆ r(a),for each a ∈ R and every
simple singular right R-module is GP-injective, then R is reduced.

Theorem 3.6 Let R be a ring, if `(a) ⊆ r(a) for each a ∈ R and every
simple singular right R-module is GP-injective, then R is a right gs-weakly
regular ring.
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Proof: By Theorem 3.5, R is reduced. Also, by using Theorem 3.3, it
means to prove that R is a right gs-weakly regular ring, we need prove that R
is a right weakly regular ring. To prove R is a weakly regular ring, we prove
that RaR+r(a) = R, for each a ∈ R. Let b ∈ R, where RbR+r(b) 6= R. Then,
there exists a maximal essential right ideal M of R, which contains RbR+r(b).
Since R/M is GP-injective, then every homomorphism from bR to R/M can
be extended to one of R into R/M . Define f : bR → R/M as f(bt) = t + M ,
for each t ∈ R.Since R is reduced, then f is a well-defined. Now, since R/M
is GP-injective, then there exists c ∈ R such that 1 + M = f(b) = cb + M .
Therefore, (1 − cb) ∈ M . But cb ∈ M , then 1 ∈ M. This is a contradiction.
Therefore, RaR+ r(a) = R, for each a ∈ R. Then, R is a right weakly regular
ring. Since R is reduced, then by Theorem 3.3, R is a right gs-weakly regular
ring. �

Lemma 3.7 [17] Let I be a right(resp. left) ideal of R. Then R/I is a flat
right(resp. left) R-module if and only if for each a ∈ I, there exists b ∈ I such
that a = ba(resp. a = ab).

Theorem 3.8 Let R be a reduced ring such that every essential ideal I of
R, R/I is a flat, then R is a gs-weakly regular ring.

Proof: Let a ∈ R and I = RanR+ r(a), for some positive integer n. Now,
we show that I is an essential ideal of R, if it is not, then there exists a non-
zero ideal K of R such that I ∩K = (0). This implies that RanR ∩K = (0).
Since anR ⊆ RanR, then anR ∩K = (0). But anRK ⊆ anR ∩K = (0) and R
is reduced, then K ⊆ r(anR) = r(an) = r(a) by Lemma 2.11(iii). Therefore,
K ⊆ r(a), but r(a) ⊆ I. Therefore, K ⊆ I. This implies that K = K∩I = (0).
This is a contradiction to that K 6= (0). Therefore, I is an essential ideal of
R. Since R/I is a flat, then by Lemma 3.7, for each a ∈ I, there exists b ∈ I
such that a = ab = ba. Since b ∈ I, then I = r(a)+RanR. Also , b = cand+h,
for some c, d ∈ R and h ∈ r(a).Then, a = ab = a(cand + h) = acand. Also,
a = ba = (cand+ h)a = canda. Whence, R is a gs-weakly regular ring. �

Recall that a ring R is prime [10] in case a product of non-zero ideals is
non-zero.

Theorem 3.9 Let R be a prime ring. If R is a right gs-weakly regular ring,
then R is a simple ring.

Proof: Since R is a right gs-weakly regular ring, then by Theorem 3.3, R
is reduced and by Theorem 3.2, for each a ∈ R, R = RaR + r(a). Therefore,
r(a)RaR ⊆ r(a) ∩ RaR = (0). Since R is a prime ring and by assumption
a 6= 0, then r(a) = 0. Therefore, R = RaR . �
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Theorem 3.10 let R be a right gs-weakly regular ring. If every principal
right ideal of R is essential, then R is a simple ring.

Proof: Since R is a right gs-weakly regular ring, then by Theorem 3.3, R
is reduced and by Theorem 3.2, for each a ∈ R, R = r(a)⊕RaR. Let r(a) 6= 0
and every principal right ideal of R is essential. Then, aR∩ r(a) 6= (0). Then,
there exists a non-zero element x such that x ∈ aR∩r(a). It means that x = at
and ax = 0. Therefore, ax = a2t = 0. It means that t ∈ r(a2) ⊆ r(a). This
implies that x = at = 0. Therefore, aR ∩ r(a) = (0). Since aR is an essential,
then r(a) = 0, for each a ∈ R. Therefore, R = RaR, for each 0 6= a ∈ R and
hence R is a simple ring. �

Theorem 3.11 If R is a right gs-weakly regular ring and every principal
left ideal of R is a left annihilator of an element of R, then R is a strongly
regular ring.

Proof: Let 0 6= a ∈ R. Since R is a right gs-weakly regular ring, then
by Theorem 2.22, R is reduced. Therefore by Lemma 2.11(i), r(a) = `(a), for
each a ∈ R. If a is not divisible by zero in R, there exists s ∈ R such that
Ra = `(a) by assumption. This implies that as = 0. Then, s = 0. It means
that Ra = `(s) = R. Then, there exists t ∈ R such that ta = 1. Multiply by
a from the right we obtain a = ta2. Therefore, R is a strongly regular ring.

If a is divisible by zero in R, then there exists 0 6= b ∈ R such that a.b = 0.
If a+ b is divisible by zero, then there exists 0 6= c ∈ R such that (a+ b).c = 0.
This implies that ac = −bc. Since b ∈ r(a) and −b ∈ r(a) and a ∈ `(b) = r(b),
also ac ∈ r(b), then ac = −bc ∈ r(b) ∩ r(a). Also, we have Ra = `(b) = r(b).

Let w ∈ r(b) ∩ r(a), then there exists t ∈ R such that w = ta and aw =
ata = 0. This implies that (ta)2 = tata = 0. Then, w = ta = 0. Therefore,
r(b) ∩ r(a) = 0. Since ac = −bc ∈ r(b) ∩ r(a), then ac = −bc = 0. It means
that c ∈ r(b) ∩ r(a), then c = 0. This is a contradiction. Therefore, (a + b) is
not divisible by zero, then there exists d ∈ R such that d(a + b) = 1. Then,
a = da2. Whence, R is a strongly regular ring. �

Theorem 3.12 If R is a right gs-weakly regular ring and Ran = anR, for
each a ∈ R and a positive integer n, then a = ae and `(a) = `(e), where e is
an idempotent element.

Proof: Since R is a right gs-weakly regular ring, then for each a ∈ R, then
exist b, c ∈ R and a positive integer n such that a = abanc. Since ban ∈ Ran =
anR, then there exists h ∈ R such that ban = anh. It means that a = aanhc. If
we set t = hc, then a = an+1t. This implies that a(1− ant) = 0. Since R is a
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right gs-weakly regular ring, then by Theorem 2.22, R is reduced. Therefore,
(1 − ant) ∈ r(a) = `(a) by Lemma 2.11(i). Then, (1 − ant)a = 0. Therefore,
a = anta. Put e = ant, then

e2 = antant = antaan−1t = aan−1t = ant = e.

Therefore, e is an idempotent.Then, a(1 − ant) = 0. Therefore a = an+1t =
aant = ae.

Let x ∈ `(a), then xa = 0. Therefore, xan = 0, then xant = 0, whence
xe = 0. Thus, x ∈ `(e). Therefore, `(a) ⊆ `(e). Let y ∈ `(e), then ye = 0.
Therefore, yant = 0 and hence yanta = 0, whence ya = 0. Therefore, y ∈ `(a).

Then, `(e) ⊆ `(a). Whence, `(a) = `(e). �
Finally the following main result will be given.

Theorem 3.13 If R is a right gs-weakly regular ring, which has no zero
divisor and anR = Ran, for each a ∈ R and a positive integer n, then there
exists a unit element u of R and an idempotent e of R such that a = eu = ue
and a = (1− e) + u.

Proof: Since R is a right gs-weakly regular ring and 0 6= a ∈ R. Then,

a = an+1t = anta = tana = tan+1.

Since R has no zero divisor, then atan−1 = ant = tan. If we set e = atan−1 =
ant = tan and since R is a right gs-weakly regular ring, then by Theorem 2.22,
R is reduced, then a = ae = ea. Let u = a+ e− 1, then

eu = e(a+ e− 1) = ea+ e2 − e = ea+ e− e = ea = a.

ue = (a+ e− 1)e = ae+ e2 − e = ae+ e− e = ae = a

If we take v = an−1t+ e− 1, then

uv = (a+ e− 1)(an−1t+ e− 1)

= ant+ a(e− 1) + (e− 1)an−1t+ (e− 1)2

= e+ ae− a+ ean−1t− an−1t+ e2 − 2e+ 1

= e+ a− a+ ean−1t− an−1t+ 1− e
uv = 1

vu = (an−1t+ e− 1)(a+ e− 1)

= an−1ta+ an−1t(e− 1) + (e− 1)a+ (e− 1)2

= e+ an−1te− an−1t+ ea− a+ e2 − 2e+ 1

= e+ an−1t− an−1t+ a− a+ e− 2e+ 1

vu = 1.

Therefore, a = eu = ue and (1− e) + u = 1− e+ a+ e− 1 = a. It means that
a = (1− e) + u. �
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