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Abstract

In this paper we have proved a unique common quaerixed point theorem
for four mappings satisfying w-compatible in paitisordered metric space with
two altering distance functions. An example hamnlgven to validate the result.
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1 I ntroduction

Fixed point theory has fascinated hundreds of rekees since 1922 with the
celebrated Banach’s fixed point theorem. This teeoprovides a technique for
solving a variety of problems in mathematical scemnand engineering. This
study is a very active field of research at present

T.G. Bhashkar et al. [13] introduced the conceptafoupled fixed point and
proved theorems in partially ordered complete roefpiaces.
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V. Lakshmikantham et al. [14] proved coupled cailecice and coupled common
fixed point theorems for nonlinear mappings in jadlst ordered complete metric

spaces. Later, many results on coupled fixed gwme been obtained [2, 3, 4, 10,
11, 12].

V. Berinde et al. [15] introduced the concept dfigled fixed point.

B. Samet et al. [1] introduced fixed point of ordép 3 for the first time. Very
recently, E. Karapinar [5] used the notion of quatk fixed point and obtained
some quadruple fixed point theorems in partiallgesed metric spaces. Many
researchers [6-9] were motivated and proved thesm@mquadruple fixed points
with monotone property whereas in the present papsrique common quadruple

fixed point theorem for four mappings without usithg monotone property and
satisfying w-compatible condition in pairs has bpeoved.

2 Preliminaries

2.1 Quadruple Fixed Point

Let F: XxXxXxX —X. An elementX, y, z, w) is called a quadruple fixed point of
Fif FOX,y,zw) =x, F(y,zw,X) =y, F(z w, X, y) =z F(W, X, Y, 2) =W.

2.2 Quadruple Coincidence Point

Let F: XxXxXxX —X andg: X —X. An elementX, y, z, w) is called a quadruple
coincidence point of andg if F(x,y,z w) =gx F(y,zw,X) =gy, F (z w, X, y) =
g9z F (W, X, Y, 2 =gw.

2.3 Quadruple Common Fixed Point

Let F: XxXxXxX —X andg: X —X. An elementX, y, z, w) is called a quadruple

common fixed point oF andg if F(x, y, z, w) =gx =X, F(y, z w, X) =gy =Y, F(z,
W, X, ¥)=gz=2z F(w, X, y, 2 =gw=Ww.

24 W-Compatible Mapping

F: XxXxXxX —X andg: X —X are called w-compatible ¥(gx, gy, gz gw) =
a(F(x, y, z, w)) whenever=(x, y, z, w) = gx, F(y, z w, X) =gy, F(z, w, X, y) =0z
F(w, X, Y, 2 =gw.

2.5 Alternating Distance Function

Let @ denote all the functioné J ® such thaté :[0,») - [0,00) which satisfy

(i) é(t)=0ifand onlyift =0,
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(i) &(t) is continuous and non-decreasing.

3 Main Theorem

Theorem 3.1: Let (X,<) be a partially ordered set and suppose therensedric d
on X such that (X, d) is a complete metric spaapp8se

FG: x4 - X and g,f. X - XaresuchthatF, G are
continuousé ,@l0® and L =0 such that

() E@(F(x,Y,2,w),G(p,q,1,S)
< &(max{ d(fx,gp).d(fy.ga).d(fz.gr).d(fw.g9)

~¢{max{ d(fx,gp) d(fy,ga).d(fz,or).d(fw,o3)

+L min(d(fx,G(p,q,r,s)),d(gp, F(x,y,z,w),d(gp, G(p,G)) -.-.... 0)
for all x,y,z,w,p,q, st X.

(i) Fx) D g(X), G(x*) O f(X),
(i) the pairg F)f an@G, 9 are W-compatib .

Then F, G, f and g have a unique common coupled fioint in X and also they
have a unigue common fixed point in X.

Proof: Letxo,yo,zo,WOD X.

- FOXM D g(x), GXH Of(X).

Owe mayfindx ,y .7 W sothatFox oy gz f =9 |.Foy 0z oV ¢ &4
F(29.W0.%0-Y0) =9 ). % Wo.%0.%0.2) =9 ).

Similarlywemayfind .y .3 ,\w sothatGyx 1y 1z &  =ftx )Gy 12 ) =f(yo),
(2w x.y) =12).q wixg.yr.2) =fwp ).

Continuing in the same way we may form sequences

o sl o {ad {0 e o) mson o

an =00n+1) =R Xon Yo Zon Wz D20 =0en+1) = £ Yan ZonW 20 4
Con =9@n+1) =K Zn Wan Xon:Y o 1820 =08n+1) = F WonXonY 2n2 §
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and

41 = 1%2n+2) = 6 X 42 20422 204V 2nd
bon41 = f¥2n+2) = G(Y 2n42Z 2neaW 2n41X 2nd1
Con+1=(Z2n+2) = G( Zon+1W 2n+2X 2n+1Y 2n4)1’
don4a = W2n+2) =G(W 40X oniaY 2net? 2nd:

Putting X = %n, Y = Yon. Z = &n, W = Won, P = %n+1, 0 = Yon+t, [ = Zn+1, S = Won1iN

(i) we get

&(d(an . 2n+1)
s&(max{ d(@&n-1.2n ).dBn.1.Bn ).d@n1.0n )'d(dZH-l'dQ}):
go(max{ d(®n-1.2n ).dBn1.Bn )den1.0n )'d(dZn-l'dZ}“):
+Lmin(d(apn-1.82n+1).d(@2n .31 ).d(@n @0+l
0&(d(agn »8on+1)
= &(max{ d(@n-1.2n ).ddn1.0n ).den1.0n )'d(d2n-1'd2}“))
-ga(max{ d(&n-1.2n ).dBdn1.bn )’d(CZn-l’CQn)’d(dZH-l’dQ}‘))

Similarly if we consider,

E(d(F(y,z,w,x),G(a,1.,p)
<g(max{ d(fy,ga),d(fz,gr),d(fw.gs),d(x,ai)
-¢(maxq{ d(fy,ga),d(fz,gr),d(fw,gs),d(fx,gp)

+Lmin(d(fy,G(q,r,s,p)),d(gq, F(y,z,w,x))(dq,G(a.r.s,p))
We may prove that

&(d(®on, bon+9)
<&(max{ d(tpn.1.2n).d(@n-1:5n ) d(en.1.82n). d(ean-1.83,)
- max{ d(n1.bon ). 860102040 .1.09n). d(epn 1.8]) ...}

Similarly we may prove that

&(d(czn Con+1)
<¢(max{ d(n-1.2n ) d(Gn-1,92n).d(aon-1,22n ).8(ban-1,02H)
-¢{max{ d(en1.02n ). d(0on1.02n).d(eon 1,820 ). A0 1.021)) -.-.1u
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&(d(don . don+1)
s &(max{ d(cbn-1.tn ).d(@n-1,8n ).d2n-1.2n )’d(CZn-l’Ojr))
C”(ma’{ d(ehn-1:%n ). d@n-1.2n ).d0Bn-1.0n )’d(c2n-17°jr)) M),

Combining (i), (iii), (iv), (v) we get

gmax d@n \&n+1).dn Bn+1).d@n ©n+1).d(on don 1)
sf;(max{ d(@n-1-&n ).d®n-1.n).d@n.1.0n )'d(dzn-l'dZ}*))
(o(max{ d@n-1.%n ).d®n-1.n )’d(CZn-l’CZn)’d(dZn-l’dZ}r)) -
D&max d(@n &n+1).dn Bn+1).d(Gn .0 +1).d(dn don 1)
= g(max{ d(&n-1.8n ).d(>n-1.5n).d@n.1.2n )’d(dZn-lidZ}‘):

~+§(t) is an a non-decreasing seque
nmax{ d@p ,&n+1).d®n Bp+1).8(%n .Sn+1).d(don . don 1)
<max{ d(&n_1 .@n ).dBn-1 B ) d@n1 .00 ).d(n_1.02h

0{d(agp ,apn+1):d(0on .6 +2).d(Con Con +2).d(d2n.don }9) is asequence of
non -increasing positive real numbersiBmust converge to a positive real nuanl
sayd > 0.
O lim {d(agn .2on+1).d(bon .bon+1).d(Con Go+1).d(don.d2n 43} =5

n—- oo

[JTaking lim on (vi) we get
n- oo

nlimooé‘;(max{ d@n ®n+1).40®n Bn+1).d@n 0n+1).d0n don 1)
= n"moo&(max{ d&n-1%n ) ddn-1.0n).d@n-1.%n )’d(dzn-l’dﬂr):
- tim gmax{ d(@n.1.2n ). A1 .o ). d(@n.1. (e 1,020} )

n — oo
DE(S) <&(3)-Ad) = ¢3) =0
=06=0
O lim {d(@2n @n+1).d02n bon+1).d(con.Con+1).d(don.don ) =0

Nn—-oo
[0 Generalising we get,

lim {d@n an+1).d0 h+1).96 G41). A0 Gad) =0 (vii)

n—- oo

We will show thatf{an} { bn} { cn} { dn} are Cauchy sequences. Assume on the
contrary, that{an} .{bn} .{ ¢} and @} are not Cauchy sequences,
consequentlyhlimood(an A )% C, nIimood(bn ,bm);t 0, nIimood(cn ,cm)¢ 0
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and Jim d(d,.d_)# 0.

Let there exists> 0 for which we can find subsequence of integ{emi} and
{nk} such thatn) >m, > k.

{d(aka %2ny )’d(bznk ’bz'k )’d(cz”ﬂ 2R )’d(dz'i? dQW } ¥ an
{d(aka %2y '1)’d(b2”k ’bz'k '1)’d(C2rR 20 '1)’d(d2H‘ ’d:f(n }1)B
By the triangle inequality, we have

U< lim d(azmk ,aan ):kliinoo d(azmk ’aZrk—l }klim d(ag,k_1 ,agr&

Os |iTood(aZmk ®n, )<k|iinoo d(azmk 0, -1 30
D lim Q@gm, Zn )= im @ By gy

Similarly we may that

k—»OO

lim d(Cy, +Con )= lim d(Copyy Cop _o FO
k <Mk K _ o0 Mk k-1

k - o0

lim d(d2Imk ,erk ):klide(dznk ,d2q<_l FO

k—»OO

d(aka 82n, X d(aZn?( 82p )+d(32rlg %p )
im Ao Bq S m dlagy 2y )Him dlepg ap

k—>00

O lim d(a2mk 221, + 0

k = o0
A(agm 4:82q ¥ Ao 1 S )+ 0@y By )
(I ome1: %o B\ Ko o i o g
O lim d(a2mk_1,<':12rk )Su

k- o
d(aka-l’aZr]( ¥ OI(aerp(-l 82 )+d(a2@ Gn )+d(a@ '&n -
lim d(aka-l’aZrk 1)

k - 00
Sk"Lnood(azmk-l'aan )*k”Lnoo Aoy -2 )Eiinm @y B 41
5 lim @ 1:82n 4150

k - o
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Similarly we may prove that
lim d(by, b )<U, lim d(by 1,050 EO lim  d(byp, 4. O
im AP2my P2y +0)<0. lim Oz 4:055 KO lim Aoy, 202, +F

k - o0

lim d(c ,C )<, lim d(c 1,Co KO i d(c 1:C O
im A(C2m, ~C2n )0 lim d(Cony 4:02p KO lim dlCap 4 qpﬂ?

k—>00

lim d(d ,d )<, lim d(do, 4,d5. )<0O, lim d(d 2d <0
' 2mk 2rk+1 kl_,oo anl 2rk kl 2np( 1 ZR +V

k = 00 _, 00
Puttingx:x2mk ,y:y2nk ,Z:ZZer ’W:W2”Ik ,ID:XZR +1,QZY2‘Q +
r:zznk +1’S:W2rk +1in (i), we get
<d(F(xom, -Yom, Zom Wom ):C(X2p +3Y2p +1Z 2n +W pn 41
< &l max d(fXka ’gXZI‘k +1.d(fy 2m 9y 2p +1.d(fz 2ip 92 n +
d(Wom, GWon +2)

d(Xomy . 9%2n, +2:d(Y 2my .0Y 2 +2.d(Z 2y .9Z 30+
" d(w o, W, +9)

d(fx2mk,G(X2rk +1y2rp( +17 2p +1W 2n N
+Lmin d(gx2nk +1 F(Xerk Yom 22 W2 ),
d(@xon, +1:6(Xon +1Yop +1Z2p +1W 20 +)

d(@m, -1.92n ).domy 1.b2p ).d(Cop -1.C3n ).
d(domy -1.92n, )

;[{max{ d@m, 130 )y 1.Bp )d@E 1.90 ).dn -1,dgn}]f
+Lmin(d(a2mk_1,a2rk +1).d(egp .om, ).d(@2n, .a2n +1)j

Taking lim ,weget
n—-oo

O =0-#0

O¢)=0

[J[0=0,which is not possible
{an} is acauchy sequence.

max

E(d(@pm 3, +15¢

Similarly we may prove thét § { . { .§ arecauchysequences

As (X, d) is a complete metric space. So,
aon41 = fx2n+2),0on 11 =1y 2n+2): Cop4g =H(22n+2):d 41 = F(W2n+2)
converge to some,f,y,0 in X.
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Hence there exists x,y,z,w in X,suchtt a=fx,p=fy,y=1z,0 =fw.

Alsothesubsequenokszﬁ}{ 2,@{ 2r‘}{ 2|‘}1 convergepta,o

E(d(F(x,y,Z,W),G0%n +1Yon+1:2n+1 Won+1)
<&(max{ d(fx,g%n 41)d(Y. Q¥on +1):4(2,920 1), d(wW,gwop, 11))
-g{max{ d(ix, 9% +1).d(1Y.9¥on +1). 82,920 +1).d(W,9wop +1))

d(fX, G(X21+1:Y 21 +1 2n+1: W2n +1), d(@Xon 4. F(X, Y, Z, W),
d(@%on+1,CXon+1 Y 2n+12n+1>W2n+1)
E(d(F(x,y,Z,W), & 4+1)

sg(max{ d@,asp ),dB,bop).dy,c y),d0,d 29})
_qo(max{ d(l,azn),dﬁ,bZn)yd@’C2n)’d(e’d 2[’)})
+Lmin(dapp 47).d(&n .F(x,y,2,W)),d(@n .8n+1)

+Lmin

Taking lim to both sides, we get

n-oo

OEM(F(X,y,z,w)p) <0

OF(X,y,z,w) =a

OF(X,y,z,w) =X =a

“- (F,f)are w-compatible.

Ofa =f(F(x,y,z,w)) = F(fx, fy,fz,fw) = F@.,[,v,0)

Similarly we may prove that

f3=F(@,v,9,0)
fy=F(,0,a,8)
fo =F(©,a,B,v)

Putting x =a,y =,z =vy,w =0 we get

E(d(F@.B,7.0),G(Xon+1:Y 2n +22n+1-W2n+1)
<&(max{ d(b,gxon +1).d(B.9Y 20 +9.d(.92 2n+1.dB.9W 2 3})
(o(max{ d(i,9Xon +1),d(B.9Y 20 +2.d(F.9Z o +3,d(B.gw 2n+)_ﬂ})

d(fo, G(Xon +1: Y 2n+2 22n+1:W2n +1). d(9X o 4. F (.5, 7.0)),

+Lmin
d(9%on+1.G(Xon+1Y 2n+12n+1:Won+1))
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D&d(fa, app 1)< F,(max{ d(f,ay),d(B,bo),d(fy.C o), d(®,d 2,9})
-g(max{ d(t,app),d(B,b o), d(Fr.C 2p).d(B,d o}
+Lmin(d(fa, app 1), d(n F€.B.7.6)).d(@2n o +1)
&(d(fa, o)) < F,(max{ d(ﬁx,a),d(fB,B),d(fy,y),d(fe,e)}) -

(o(max{ d(ﬁx,a),d(fB,B),d(fy,y),d(f@,@)})
&(d(fB,B)) < &(max{ d(B,B),d(fy.,v),d(f0,0),d(fo,a)} )-
g(max{ d(B.B),d(fy.),d(f0.,6),d(fe.c)}
&(d(t6,6)) < &(max{ d(b,6),d(fa,a),d(fB,).d(fy.v)})-
(max{ d(0,0),d(fo,a),d(fB,B),d(fy,v)}
&(d(ty.v)) < &(max{ d(fy,y),d(f6,6), d(feo),d(1B,B)} -
q)(max{ d(fy,y),d(f0,0),d(fa, ), d(fB,B) )
0 g(max{ d(f0),d(fB,8),d(fy,y),d(f6,6)}) <
&(max{ d(fx,00),d(fB,B),d(fy,v),d(10,0)}
o mak def).d(fB.p).d(fy.).d(f0.0)})
0 g(max{ d(fo @),d(B B8),d(i v ).d® 8))= 0
max{ d(f,a),d(.B).d(Fy.y),d(f0,0)} =0
= d(fa,0) = 0,d€p,B) = 0,d(fr,y) =0 &d(f6,0) = 0
Ufa=a, PB=p ,fy=y ,16=06
O F(a,p,y,0) =fa=a F@B,v,0,a,) =13 =
F(y,0,0,)=fy=vy F(@©,0,p,y)=10=0

——

—_— — ~—

F(X4) 0 g(X), there existsv,v,o,t such thatgf) = F(a,B,v,0) =fa=a
g(v)=F@.v.0,0,)=fB=p 9lc)=F(.0,a,p)=fy=v g@)=F0O,0,p,y)=f0=06

0é(d(g),G(v,v,0,1)) = ¢(d(F(@,B,v,0),G(,v,0,1))
sf(max{ d(fo ,g)),d(f,B,gv),d(fy,gc),d(f@,gt))})
—(a(max{ d(fa',g)),d(f,B,gv),d(fy,gc),d(fH,gr))})
+Lmin(d(fa,G(U,v,G,r)),d(gJ,F((x,B,y,O),d(gu,G(U,v,cs,r)))

& d(g),G,v,0,1)) <0=d(g®),G,v,0,7) =0

gw) =G(,v,o,1)

Similarly we may prove that

gv) =G(v,0,t,v), 9(©)=G(0,1,v,v), 9{)=G(t,0,v,0)
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~+(G,g) are W compatible

0ga=gg) =9gG,v,0,1) = G(g0),9(v),9(0), 9(1)) = G(a.p.7.0)
Similarly we may prove that

gB:G(B'Y'e'a)' gY:G(Yle’a’B)’ ge:G(e’a’B'Y)
Putting X = %n, Y = Yon. Z = Zn, W =Wop,, P =0, q =, r =y, s =0 in (i) we get

EA(F(Xon,Yon:Zons W 21y, GG, B, v.6)
<¢ (maX{ d(fxop ,@),d(fy o, 9B).d(fZ o y). d(fw 2n99))})
-w(maX{ d(fxop ,@),d(fy 2, 0B8).d(fz oy y). d(fw 2n99))})
+Lmin(d(fXp, G(@,B,7,6)),d(a, F(X o, Y opy Z 2y W 20, A(@: G(0,B,7,6)))

Taking lim ,we ge
n- oo

&(d(o, ga)) < &(max{ dé,ga),d(B,gB),d(r.gy),d©,90))}
- max{ de.ge),d(B.9B).d@.gy).dO.90))})
+Lmin(d(a, ga), d(go, or), d(ge, gar) )

0 &(dl(0,90)) < & max{ de.go),dB.9B) ,01).A0. G0N}
-g{maxq de.ga).d(3.0B).dr01).d0.00))}

Similarly we may prove that

£(d(3.9B) < & (max{ dp,gp).d(y,av).d6.06),d(e, g}
-g(max{ d6,op).d.av).dE.90) dc.ga)}
&(d(y.n)) =& (max{ dbgy),d6.9),d(e.g0).d(B.gp)}
-g(max{ dg,gy),d(0,99).d(z.ge),d(,9)} )
g(d(e,ge))sg(max{ d@,99),d(a,ga),d(B,QB),d(%QY)})
-q)(max{ d(c),ge),d(a,ga),d(B.gB),d(Y'QY)})
0&(max{ de.ge),d(®,9p).d@.gy).d@.90)}
< &(max{ dé.ga),d(B.9).d(r.av).d0.90)}
- max{ de.gr),d(B,9B). d(y,0v).d (. 0))} )
0 ¢ max{ d,g),d(B,9).dy.a7),d©,99))} ) = 0
= max{ dé,ga),d(B,08).d(.gy).d©,g0))} =0
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Uga=a, gB=B, ogvr=v, g0=06
ga=G(.p,7,6) =a

Similarly we may prove that

g8 =G(B,v.0,a) =B, gy =G(.0,a,8) =, 90=G(0,0.B,v) =0
OFB,y,0) =fo=ga=G(p,y,0)=a  F@,v,0,0,) =B =08 =G(B,v,0,a) =
F(.0,0.B) =fy =gy =G(.6,0.p) = v, FO,0.B,y) =f0=00=G@,0,8,y) =6

Thus (a,B,v,0)is aquadruple fixed point of F,Gd.

Unigueness: Let if possiblethere are two fixed points say

(a,B,v,0) and ¢*, B*, y*, 0*) of F,G,f,g

OF@,B,y,0) =fa=go=G(@.B,7,0)=a  F(B,y,0,0,) =B =08 =G(B,7,0,a) =P
F(y,0,0,p) =fy =gy =G(,0,0,8) =7, F@©,0,B,y) =10 =00 =G(®,a,8,y) =0
and

F((l*, B*’ Y*’ e*) =fg*= ga*: G((l*, B*’ Y*’ e*) = o*

F(3*, v, 0%, o) = 15*= gB*= G(p*, v*, 0%, a*) = p*

F(’Y*, 0*, (l*, B*) = fy*: gY* = G('Y*, 0*, (l*, B*) = Y*!

F(B*, (l*, B*! ,Y*) =fO*= ge* — G(B*, OL*, B*! Y*) =Q*

Puttingx =a,y =B,z =y,w =0 and p =u*,q =p*,r = y*s=0*

&(d(F(@.B,v.0), Gl B, v, 0%)
< &(max{ d(fr,ga*),d(fB,gB*).d(fr.gv*).d(f6,g0")})
-¢{maxq d(f,go), d(FB,gB*),d(Fr,gr*) d(f0, 06} )
+Lmin (d(fo, Glor, B*, v, 04)), d(gor, F(t,B,7,0)), (@0, G o, B, v, 0¥)))

&(d(e,0)) <&(max{ de.a*).d(B.p).d(r,v").d(0,69})
-g(max{ de.a?),d(p.p*).d(r.).d(0.69)})

+Lmin(d(a,0*),d(a*, a),d(*, o¥))

&(d(o,0%) <&(max{ de,o*),d(B,B*),d(r.y*),d(6,6%)})

-¢(max{ o), d(B,8*),d(y.v).d(6,69})

Similarly we may prove that
&(ap.p) <& (ma{ dg.),d(rv).d(0,6%).d(e) })
-g(mav{ dB,p).d(v.v*),d(0,6%),d(c.e9)} )
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&(dry) < &(max{ dg.v),d(6,6%). (o). (3.5}
¢ max{ d.y*),d(0.0%),d(.0),d(B.p)}

&(d.0) < &(max{ d6,6%),d(a,0),d(B,B),d(v.v9)})
~¢{max{ d6,6%).d(@.c*).d(p.p).d(r 1)}

0&(max{ dé.*),d(B.p).d(r.v).d(0.6})
<&(max{ dee.er).d(B.B*),d(r.7%).4(0.0")})
- ¢ max{ du0),d(B.p*).d(rv).d(0.0})

0 max{ da*),d(B.8).d(r.v).d(0.6)})=0

0 max{ dua),d(B.4).d(ry).d(0.6%} =0

= d(a,0*) =d(B,p*) =d(y,y*) =d(6,6) =0
Oa=o* B=p*, y=v*, 0=0*

Thus (a,B,7y,0)is a unique common quadruple ftkpoint of F,G,f,c.

Corollary 3.2: Let (X<) be a partially ordered set and suppose there nsedric
d on X such that (X,d) is a complete metric spacguppose

F.G: x4 _ Xand g,f:X- Xare such that F,G are continuous(J[0,1)

(i) d(F(x,y,z,w),G(p,q,r,s)
<k(max{ d(fx.gp).d(fy.gxd(z.gn.d(fwgs)} )
for all x,y,z,w,p,q, st X.
(i) F(XH O g(x), G(xH O ().
(i) the paird F, ¥ and G,y areW -contjide .

Then F, G, f and g have a unique common coupled fioint in X and also they
have a unigue common fixed point in X.

Proof: Substitutingi(t) = tandg(t) = (1- k) tand L=0, in the main theorem we get
the proof.

Corollary 3.3: Let (X<) be a partially ordered set and suppose there msedric
d on X such that (X, d) is a complete metric spacuppose

F,G x4 ., Xand g,f:X- Xare such that F, G are continuous.

(i) d(F(x,y,z,w),G(p,q,r,s¥ Z( d(fx,gp)+d(fgq)+d(fz,gr)+d(fw,gs)
forall x,y,z,w,p,q,r[s X.
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(i) F(x*) D g(X), (x4 D (X),
(i) the pairg F)f an@G, 9 are W-compatib .

Then F, G, f and g have a unique common coupled fioint in X and also they
have a unigue common fixed point in X.

Proof: We know that

i{d(fx,gp)+d(fy,gq)+d(fz.gr)+d(fw,g$)s max B(gp),d(fy,gq),d(fz,gr),d(fw,g3)
So we get the proof from Corollary 3.1.

Corollary 3.4: Let (X<) be a partially ordered set and suppose there isedric
d on X such that (X, d) is a complete metric spa&uppose

F,G x4 _ X and g,f:X- Xare such that F, G are continuoyg.]®

() d(F(x,y,z,w),G(p,q,r.s)
<max{ d(fx,gp),d(fy.ga).d(fz,gr),d(fw.gg)r

¢(max{ d(fx,gp).d(fy.ga),d(fz,gr)@w.gs)} )
forall x,y,zw,p,q,r,s1 X.
(i) F(X%) 0 g(X), G(xH 0 (X),

(i) the pairg F)f an@iG, 9 are W-compatib .

Then F, G, f and g have a unique common coupled fioint in X and also they
have a unigue common fixed point in X.

Proof: Substituting(t) = tand L=0, in the main theorem we get the proof.

Corollary 3.5: Let (X<) be a partially ordered set and suppose there nsedric
d on X such that (X,d) is a complete metric spacguppose

F:-x4 _ Xandf:X - Xare such that F,G are continuous. k is a constaichs
that k J[0,1)

) d(F(x,y,z,w),F(p,q,r,s¥ kma{x d(fx,fp),d(fy,}cd(fz,fr),d(fw,fs))}
foral x,y,z,w,p,q,rsJ X.

(i) F(xH Of(x),
(i) the pairg¢ F)f are W -copaible .

Then F, f has a unique common coupled fixed point'iand also they have a
unique common fixed point in X.
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Proof: Substituting==G and f =cin Corollary 3.1, we get the proof.

Example 3.6: Let X= [0, 1] andi(x, y) :‘x—y‘, (X,d) is a complete metric space

F(x,y,z,w) =maf x,y,z,W G(x,y,z,w)% max X,y\a}

1 1
t)y=—t t)=—t
&(t) c A1) 5
fx = 4x gx = 3X

ThusF, G x4 ., Xand g,f:X-> Xand F, G are
continuousé ,@l1® and L= 0 such that

FXH Og(X),G(X% 0f(X), andthe pair{ F)f and G)g are Wemptible .
Thus all the conditions of the theorem are satisfiéhe unique fixed point is (0, O,
0, 0).

Conclusion

A unique common quadruple fixed point theorem byroducing a new
contractive condition for two altering distance dtions and four maps satisfying
w-compatible condition in pairs has been provedheut using monotone

property.
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