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Abstract
The main objective of the present paper is to ptbeefollowing result: letn
and n be positive integers witin +n # 0, and letR be an(m+n+ 2)! —
torsion free semiprime ring with identity elemdrdt & be an automorphism of R.
Suppose there exists an additive mapping:R =+ R such that
D(x™™ )y = (m4+n+1)8(x™)D(x)8(x™) for all x € R, thenD is a(8,6) —
derivation onR.

Keywords: Semiprime rings,& 6)-derivation, nth power property, Jordan
derivation, Commuting maps.

1 I ntroduction

This research has been motivated by the work ottdier [5], and Bridges and
Bergen [4]. Throughout® designates an associative ring with cefigR). Letf
and ¢ be endomorphisms a®. An additive mappingd:R — R is called a
(6, ¢) — derivation if d(xy)= d(x)8(y) + ¢(x)d(y) for all x,y eR. If 1
denotes the identity mapping @&, then a(&, 1) —derivation is called simply a

g —derivation , a 1l-derivation is an ordinary derigati An additive mapping
¢: R = R is called a Jorda(#, ¢) —derivation ifd(x*) = d(x)8(x) + ¢(x)d(x)

for all x € R . Jordan@ — derivations and Jordan derivations are defined
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analogously. There do exist equivalent conditioha ongR to be called prime,
the basic one is that @Rt = (0),a, b € R, implies thata =0 orb = 0. A ring
R is called a semiprime ring ifRa = 0, aeR implies thataeR.

A classical result due to Herstein [5] states thadry Jordan derivation of prime
rings of characteristics not 2 is a derivation[1h Bresar and Vukman presented
a brief proof of Herstein’s result. This result westended to 2-torsion free
semiprime ring in [6]. Further, the above mentomesult was generalized by
Bresar and Vukman [2] for Jordd#, ¢) —derivations in the setting of prime
rings. It is straightforward to check thatdfis a derivation oR and ifn =1 is
any integer, then

n

d(x™)= Z 27 d (x) =™

=1

for anyx € R wherex®r =r =rx? for anyx € R. This is known asith power
property Assuming only thati: R — R is additive and satisfies th@h power
property, mustd be a derivation? Whemn = 2, thenth power propertynakesd a
Jordan derivation. The result for arbitraryvas proven by Bridges and Bergen in
[4] whenR is a prime ring with identity and when ch&r=n or is zero. The
author together with Daif [8] extended Bridges’ ukesto nth—(#8,¢) power
property

™) = Y (0)Y " d) ()"

for all x € R in a semiprime ring. In the year 2007, Lanski pgneralized

Bridges’ result td(8, ¢) — generalized derivations in semiprime rings.

2 The Results

Another perspective on the derivationxdfin some rings is to consider some
identities on an additive map: & = R. It is our aim in this paper to prove the
following result.

Theorem 1. Letm = 0,n = 0,andm + n # 0 be some fixed integers, and ket

be an(m +n + 2)! — tersion free semiprime ring with identity e. L#ébe an

automorphism oR. Suppose there exists an additive mapging — R such that
D(x™"*1) = (m+ n+1)8(x™)D(x)8(x™]

is fulfilled for all x € R. In this casep is a(#,#) —derivation ongR.
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Let us discuss in some more detail about backgrafnthe result mentioned
above. An additive mappingP:R —+R is called a left derivation if
D(xy)=xD(y) + ¥D(x) holds for all pairs, ¥ € R, and is called a left Jordan
derivation in case

D(x?) = 2xD(x)

is fulfilled for all x= R. The concept of left derivations and left Jordan
derivations have been introduced by Bresar and \ank[8]. Bresar and Vukman
[3] have proved that there are no nonzero left @ordlerivation on a
noncommutative prime ring of characteristic different from two and three. In
[10], Vukman has established that any left Jordanvdtion which maps a 2-
torsion free semiprime ring into itself, is a derivation which magsinto Z(R).

In [9], Vukman has also proved the following resukt R be a honcommutative
prime ring with the identity element and of chaeaistic different from two and
three, and leD': R — R be an additive mapping satisfying the relation

D(x?) = 3xD(x)x

for all x € R. In this caseD = 0. The relations mentioned above lead to the
following result proved by Vukman and Ulbl [11]. ter = 0,n = 0, and

m + n = 0 be fixed integers. Le® be an(m +n + 2)! — torsion free semiprime
ring with identity element. Suppose there existsadditive mapping:R —+ R
such that

D(x™™ 1y =(m+n+ 1)x™D(x)x"™
is fulfilled for all x € R. In this case,D is a derivation which map® into its
center. In cas& is a noncommutative prime ring we ha@e= 0. Theorem 1 is in
the spirit of the result we have just mentionedvabdn order to prove Theorem 1,
we need the following results.

Theorem 2 [11, Theorem 4]: LetR be a 2-torsion free semiprime ring. Suppose
that an additive mapping: R — R satisfies[[F(x),x],x] = 0 for all x € R. Then,
[F(x),x] = 0 holds for allx € R.

Theorem 3: Let R be a 2-torsion free semiprime ring. l&ebe an automorphism
of R. Suppose that an additive mappihd — R satisfies

[[F[x],ﬁ'[x]],ﬁ[x]] = Oforall x € R.
Then[F(x),8(x)] =0 holds for allE R ,i.e.F is 8 — commuting.

Proof: Given that [ [F(x).8(x)],6(x)] =0,forallxe R . Since # is an
automorphism 6% s also an automorphism and hence
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871 ([F(x),68(x)].8(x)]) = 0. This vyields thaf[8 *F(x),x],x] =0. But if F
and#@ are additive, thed “*F is also additive mapping and hence by Theorem 2,
[671F(x),x] = 0for all x € R. This implies tha[F(x),8(x)] = 0 for all x € R.

Proof of Theorem 1: By the hypothesis, we have
D(x™™ N =(m+n+1) 8(x™)D(x)8(x™), forallxeR. (1)
Replacing x by e in (1), we get
D(e)=0 (2)

wheree denotes the identity element. Putting- e for x in the relation (1) and
using (2), we obtain

Z?;-En+1[m+:z+i) D [xm+n+1—i) —
m 4 (T2 (T8 (™)) D (Eo(B (m ) v x € &
(3)

Using (1) and collecting together terms of (3) ivinng the same number of
factors ofe, we obtain

I7En £.(6(x),€) =0 forallxE€R 4)
wheref;(81(x),e) stands for the expression of terms involvirfgctors ofe.
Replacinge by x + 2e,x + 3e, ... ..,x + (m + n)e in turn in (1) and expressing

the resulting system aft + n homogeneous equations, we say that the coefficient
matrix of the system is a Vander Monde matrix

1 R 1

2 22 e 2?‘!‘1+?‘2

s : s (5)
m+n (m+n)? . (m+n)™*"

Since the determinant of the matrix is differerdnfr zero, it follows that the
system has only a trivial solution. In particulage have

fm+n—1('9[x]1 E]

m+ﬂ+1 Ty
m—|—n—1]D[x )

(m+n+1) ([mrf 1] (D 8(x) D(x) +

Q) (ﬂ f 1) D(xjﬂtxj) =0 forall x€ER.
(6)
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And

m+n+1

Frtma(xe) = ( )06 = m+n+1)((,",) () e+

m+n—2
(") e@pme + (1) (" ,) peeG ) =0, vxe R
(7)
SinceR is an({m +n + 2)! — torsion free ring, the above equations reduce to:
(m+n)D(x*) = 2mB(x) D(x) +2nD(x)0(x), VYxER. (8)
And

(m+n)(m+n—1)D(x3?) =3mlm —1)8(x?)D(x) + 6mnb (x)D(x)0(x) +
3n(n —1)D(x)8(x?), Yx ER.

)
Now, substitutingx + v for x in (8), we get
(m=+n)D (xy+ vx) =2mb(x)D(y) + 2Zmb(y) D(x) + 2nD(x) 8(v) +
2nD(y) 8(x), Y x,veR
(10)

Puttingy = (m +n)x? in the relation above, we obtain

(m+n)* D(x?)
=m(m +n)8(x) D(x*)+ m(m+ n)8(x*) D(x)
+ n(m+n)D(x)8(x*) + n(m+ n) D(x*) 8(x), x€ R. (11)

According to (8), the above relation reduces to

(m+n)* D(x®) = (3m* + mn)B(x)* D(x) + 4mn B(x)D(x)6(x) +
(3n? + mn)D(x)P(x)?, forallx€R.
(12)

Subtracting (9) from (12), we obtain
(m+n)D(x*)=m(n+ 3)8(x*) D(x) — 2mn (x)D(x) B(x)

+n(m+3) D(x) 8(x*), vxER
(13)
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From the above relation, we conclude that

(m+n)’D(x*) =
(m+n)m(n+3)8(x%) D(x) — 2(m+n)mn 8(x)D(x)B(x) + (m+
nn (m+3) D(x)8(x*) forallx €R.

(14)
Subtracting (14) from (12), we obtain
mn(m+n + 2)8(x?)D(x) — 2mn (m +n + 2)8(x) D(x) 8(x) +
mn(m+n+ 2)D(x)8(x*) =0 forall xER.

(15)

SinceR is an(m +n + 2)! — torsion free ring, the above relation reduces to
D(x)8(x*) + 8(x?)D(x) — 28(x)D(x) B(x) = 0 forall xE R (16)
This can be written in the form
[[D(x],ﬁ(x]],ﬁ(x]] =0 forall xER. a7
In view of Theorem 3, we are forced to concludé tha

[D(x),8(x)] =0 for all xER. (18)
This meansD is & — commuting onR which makes it possible to replace
D(x)8(x) in (8) by #&(x)D(x). The relation (8) reduces to
D(x?)=28(x)D(x) forall x€R.
Also, D(x?) =D (x)8(x)+ 8(x)D(x) for all x ER. In other words,D is
(8,8) — Jordan derivation. Hence by [7, Theorem2]s (8, &) — derivation.
This completes the proof.
Theorem 4. LetR be a2,m,n,m+ n,and |m —n| — torsion free semiprime
ring. Letd be an automorphism &. Supposé: R — R is an additive mapping
satisfying the relation

(m+n)D(xy) =2m D(x)8(v) + 2n 8(x)D(y) (19)

for all x, v € R and some integera = 0,n = 0,m +n # 0. In casem # n, then
D=0

Proof: In the relation (19), we compute the expresgim n)*D(xyx) in two
ways. First we obtain
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(m +n]25[x(yx]) = 2m(m + n)D(x)B8(y¥)8(x) + 2n(m + n)8(x)D(yx)
=2m(m+n)D(x)8(v)8(x)
+ 2n8(x)(2mD(v)8(x) + 2n8(v)D(x)),
forall x,y € R. (20)
This implies that
(m +n)® D(xyx)
=2m (m+ n)D(x)8(v)8(x) + 4mnb(x)D{y)H(x)
+ 4n*8 (x)8(y)D(x) forall x,y €ER. (21)
On the other hand, we have

(m+n)*D((xv)x) = 2m(m + n) D(xy)8(x) + 2n(m + n)8(x)8(¥) D(x)
=2m (2mD(x)8(y) + 2nf(x)D(v) )6(x)
+2n(m+n)@ (x)8(v)D(x), X,V € R. (22)

Thus, we have
e (x}zj-%mz D(x)6(¥)8(x) + 4mn 6(x)D(y)6(x)

+ 2n (m+ n)@(x)6(y)D(x) for all x,y € R. (23)
Subtracting the relation (21) from (23), we obtain
m(m—=n)D(x)8(¥)8(x) + n(m —n)8(x)6(y)D(x) =0 (24)
Which reduces to
m D(x)8(y¥)8(x) + n8(x)8(¥)D(x) = O forall x,7 € R. (25)
Puttingyx for v in (25), we obtain
m D(x)8(y)8(x?) + nb(x)8(y)B8(x)D(x)=0,Vx,yER (26)
Right multiplication of the relation (25) b§(x) gives
mD (x)8(v)8(x?) + n8(x)B(y)D(x)8(x) = 0,V x,¥ ER. (27)
Subtracting the relation (26) from (27), we obtain

n(ﬁ'(x]ﬁ'(}r] (D(x)6(x) — E[ij(xj)) =0 forallx,y € R. (28)

The last relation yields that
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B(x)8(v)[D(x),8(x)] =0 forall x,y € R. (29)
SubstitutingD (x)}v for v in (29) and using the fact tha is an automorphism
of R, then multiplying the relation (29) B(x) from the left and comparing the
relations so obtained, we get

[D(x),6(x)]¥[D(x),6(x)]=0forall x,y €ER. (30)
This implies that
[D(x),8(x)] = 0 forall x ER. (31)
Puttingy = x in the relation (19) and using (31), we obtain
D(x*)= 2D(x)8(x)forall x€R.
This can be written in the form
D(x?) =D (x)8(x) + 8(x)D(x) forall x€ R. 2§3
In other words,D is a(#,8) — Jordan derivation. By [7, Theorem 2], we
conclude that D is a (f,8) — derivation. Now, we replaced(xy) with
D(x)8(y)+ 8(x)D(y) in the left hand side of (19), we obtain
D(x)8(y)= 8(x)D(y) forall x,v € R. (33)
Substitutingzx for x in (33) gives
D(z)8(x)8(y) =0forall x,y,z €R. (34)
Sincef is an automorphism of R, so it followB (z)xD(z) = 0 for all x, z € R.

Thus by the semiprimenss of R, we are forced toclooie thatD = 0. This
completes the proof.
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