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Abstract
The main contribution in this paper is to introduce an idea of fuzzy c-
distance in fuzzy cone metric space. A common fixed point theorem for contrac-
tion mapping is established in fuzzy cone metric space by using fuzzy c-distance.
Lastly the theorem is justified by a suitable example.
Keywords: Fuzzy Cone Metric Space, Fuzzy c-distance, Common Fized
Point.

1 Introduction

The idea of cone metric space and cone normed linear space are recent devel-
opment in functional analysis. The idea of cone metric space was introduced
by H.Long-Guang et al.[13]. The definition of cone normed linear space is in-
troduced by T.K.Samanta et al.[15] and M.Eshaghi Gordji et al. [7]. In earlier
papers [2, 3], the author introduced the idea of fuzzy cone metric space as well
as fuzzy cone normed linear space and studied some basic results. The study
of common fixed points for mappings satisfying certain contractive conditions
is now a vigorous research activity. Different authors developed several results
regarding common fixed point theorem by using different types of contractive
conditions for noncommuting mappings in metric spaces ( for references please
see [4, 5, 6,9, 10, 11]).
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On the other hand M. Abbas & G.Jungck[1] developed common fixed point
results for noncommuting mappings in cone metric spaces. Recently Shenghua
Wang et al.[16] have been developed a distance called c-distance on a cone
metric space and prove a new common fixed point theorem by using this con-
cept.

In this paper, following the idea of c-distance introduced by Shenghua Wang et
al.[16], an idea of fuzzy c-distance in fuzzy cone metric space is introduced and
by using this concept, one common fixed point theorem is established. There is
an advantage to use fuzzy c-distance to establish common fixed point theorem,
since it is not required that contraction mapping be weakly compatible.

The organization of the paper is as follows:

Section 2, comprises some preliminary results which are used in this paper.
An idea of fuzzy c-distance in fuzzy cone metric space is introduced in Section
3. One common fixed point theorem is established in Section 4.

2 Some Preliminary Results

A fuzzy number is a mapping x: R — [0, 1] over the set R of all reals.

A fuzzy number x is convex if xz(t) > min (x(s) , z(r)) where s < t <r.
If there exists ¢y € R such that x(fy) = 1, then z is called normal. For
0 < a <1, a-level set of an upper semi continuous convex normal fuzzy
number ( denoted by [n],) is a closed interval [a, , b,|, where a, = —oo0 and
bo = +oo are admissible. When a, = —oo, for instance, then [a, , b,] means
the interval (—oo , b,]. Similar is the case when b, = +o0.

A fuzzy number z is called non-negative if z(t) =0, V¢t < 0.

Kaleva ( Felbin ) denoted the set of all convex, normal, upper semicontinuous
fuzzy real numbers by E ( R (1)) and the set of all non-negative, convex, normal,
upper semicontinuous fuzzy real numbers by G(R*(1)).

A partial ordering ” <7 in E is defined by < ¢ if and only if a}, < a?
and b}, < b2 foralla € (0, 1] where [n], = [al , bl] and [§], = [a2 , B2].
The strict inequality in E is defined by n < ¢ if and only if a} < a2 and b}, < b2
for each a € (0, 1].

Fuzzy real number 0 is defined as 0(t) = 1 if ¢ = 0 and 0(¢) = 0 otherwise.

According to Mizumoto and Tanaka [14] , the arithmetic operations @, ©
on E x FE are defined by

(x®y)(t) = Supsermin {z(s), y(t—s)}, teR

(xoy)(t) = Supsepmin {x(s), y(s—1t)}, teR

Proposition 2.1 [1/] Let n , 6 € E(R(I)) and [nla = [a) , bl],
[0]la = [a2, V2], @« € (0, 1]. Then
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N @ o = [ag +ag . b+ U]
NS o = lag—by, by — ag]

Definition 2.2 [12] A sequence {n,} in E is said to be convergent and
converges to n denoted by nlglgo Ny =1 if nh%rgo a, = aq and nlg)% b, = b, where

Mnle = [a2,02] and [n]a = [aa, ba] Ya € (0, 1].

Note 2.3 [12] Ifn, 6 € G(R*(I)) thenn @& 6 € G(R*(1)).

Note 2.4 [12] For any scalar t, the fuzzy real number tn is defined as
tn(s) = 0 if t=0 otherwise tn(s) = n(7).

Definition of fuzzy norm on a linear space as introduced by C. Felbin is
given below:

Definition 2.5 [8] Let X be a vector space over R. Let || || : X — R*(I)
and let the mappings L,U : [0, 1] x [0, 1] — [0, 1] be symmetric, nonde-
creasing in both arguments and satisfy

LO, 0)= 0Oand U(1, 1) = 1. Write [||z]la = [||z]l} , ||z][3] for
r € X, 0 <a <1andsuppose for all z € X, x # 0, there exists ag € (0, 1]
independent of x such that for all @« < ay,

(A) [Jz][s < oo

(B) inf||z]|}, > 0.

The quadruple (X , || ||, L, U) is called a fuzzy normed linear space and
| || is a fuzzy norm if

(i) [|z]] = Oifand only if 2z = 0;

(lfrz|l = Ir|llell, z € X, re R;

(iii) for all z,y € X,

(a) whenever s < |Joll, ¢ < [lgllt and s +¢ < [l +yllL, llo+ yll(s +

L([[z[[(s) » [lyl1(2)),

>
(b) whenever s > [lz[[1, ¢ > [lylly and s+ > [[z +yll, [lo +yll(s +
<

U(llll(s) , llyll(£))

Remark 2.6 /8] Felbin proved that, if L = \(Min) and U =\ (Maz) then
the triangle inequality (iii) in the Definition 1.3 is equivalent to ||x + yl|

=[] @ 1lyll

f)
f)

Further || ||%; @ = 1,2 are crisp norms on X for each o € (0, 1]. In that
case we simply denote (X , || [|).

Definition 2.7 [2] Let (E,|| ||) be a fuzzy real Banach space (Felbin sense)
where || || - E — R*(I). Denote the range of || || by E*(I). Thus E*(I) C
R*(I).
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Definition 2.8 [2] A subset F of E*(I) is said to be fuzzy closed if for any
sequence {n,} such that Jim 7, =0 implies n € F.

Definition 2.9 [2] A subset P of E*(I) is called a fuzzy cone if
(i) P is fuzzy closed, nonempty and P # {0};

(i1) a,b € R, a,b>0, n,0 € P=an®bd € P;

(iii) n € P and —m e P = n=0.

Given a fuzzy cone P C E*(I), define a partial ordering < with respect to
Pbyn<diff 6on € P and n < J indicates that n < ¢ but n # 6 while n < ¢
will stand for 0 © n €IntP where IntP denotes the interior of P.

The fuzzy cone P is called normal if there is a number K > 0 such that for
all ,6 € E*(I), with 0 < n < ¢ implies n < Kd. The least positive number
satisfying above is called the normal constant of P. The fuzzy cone P is called
regular if every increasing sequence which is bounded from above is convergent.
That is if {n,} is a sequence such that n; <y < ........ < np < ... < for some
n € E*(I), then there is § € E*(I) such that 7, — ¢ as n — oo. Equivalently,
the fuzzy cone P is regular if every decreasing sequence which is bounded below
is convergent. It is clear that a regular fuzzy cone is a normal fuzzy cone.

In the following we always assume that E is a fuzzy real Banach (Felbin
sense) space, P is a fuzzy cone in E with IntP # ¢ and < is a partial ordering
with respect to P.

Definition 2.10 [2/ Let X be a nonempty set. Suppose the mappingd : X X
X — E*(I) satisfies
(Fd1) 0 < d(z,y) Yo,y € X and d(x,y) =0 iff x = y;
(Fd2) d(z,y) = d(y,x) Vz,y € X;
(Fd3) d(z,y) < d(z,z)®d(z,y) Yx,y,z € X. Then d is called a fuzzy cone
metric and (X,d) is called a fuzzy cone metric space.

Definition 2.11 /2] Let (X,d) be a fuzzy cone metric space. Let{x,} be a
sequence in X and x € X. If for every ¢ € E with 0 < ||c|| there is a positive
integer N such that for all n > N, d(z,,z) < ||c||, then {x,} is said to be
convergent and converges to x and x is called the limit of {x,}. We denote it
by nh_)rgo Ty =1T.

Lemma 2.12 [2] Let (X, d) be a fuzzy cone metric space and P be a normal
fuzzy cone with normal constant K. Let{x,} be a sequence in X. If {x,} is
convergent then its limit is unique.

Definition 2.13 [2/ Let (X, d) be a fuzzy cone metric space and {z,} be a
sequence in X. If for any ¢ € E with 0 < ||c||, there exists a natural number N
such that Ym,n > N, d(z,, z,) < ||c||, then {z,} is called a Cauchy sequence
in X.
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Definition 2.14 [2] Let (X,d) be a fuzzy cone metric space. If every
Cauchy sequence is convergent in X, then X is called a complete fuzzy cone
metric space.

Definition 2.15 [1] Let f and g be self mappings defined on a set X. If
w = f(x) = g(x) for some x € X, then x is called a coincidence point of f
and g and w is called a point of coincidence of f and g.

Proposition 2.16 [1] Let f and g be weakly compatible self-mappings of a
set X. If f and g have a unique point of coincidence w = f(x) = g(x), then w
1s the unique common fized point of f and g.

3 Fuzzy c-Distance in Fuzzy Cone Metric Spaces

In this Section, idea of fuzzy c-distance in fuzzy cone metric spaces is intro-
duced. Here (E,|| ||) is a fuzzy normed linear space ( Felbin sense ) and < is
the partial ordering defined w.r.t. the fuzzy cone P of E.

Definition 3.1 Let (X , d) be a fuzzy cone metric space. Then the mapping
Q: XxX — E*(I) is called a c-fuzzy distance on X if the following conditions
hold:

Q1) 0< Q(x,y) Va,y € X;

(Q2) Q(z,2) < Q(z,9) B Q(y, 2) Va,y,z € X;

(Q3) Vz € X, if Q(z,y,) <n for some n=n(x) € P, n>1,

then Q(z,y) < n whenever {y,} is a sequence in X converging to a point
€ X:

?(JQZL) Ve € F with 0 < |||, Je € E with 0 < ||e|| such that Q(z,2) < ||e]|

and

Q(z,y) < [lef| imply d(z,y) < ||c]].

Example 3.2 Let (X , d) be a fuzzy cone metric space and P be a fuzzy
normal cone gwen by {n € E*(I): n>0}.
If we put Q(z,y) = d(z,y) Vx,y € X, then Q is a fuzzy c-distance.

Solution: (Q1) and (Q2) are obvious.
For (Q3), let {y,} be a sequence in X converging to a point y € X such that
Q(x,y,) < n for some n =n(x) € P.
Thus n© Q(z,y,) € P V¥n
=nod(x,y,) € P Vn
= lim (n© d(z,y,)) € P ( since P is closed )
=nod(x,y) € P
= d(z,y) <1
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ie. Q(x,y) <n. Thus (Q3) holds.

Let ¢ € F with 0 < ||¢|| and put |le|]| = !, e € E.

Suppose that Q(z,z) < |le|]| and Q(z,y) < ||e]|.

Then d(z, y) = Q(r,4) < Q(z,2) & Q(2,) < |lel| & lel] = Il
So Q satisfies (Q4). Hence Q is a fuzzy c-distance.

Example 3.3 Let E = C[0,1] and ||z||' = \/ |z(t)|. Then (E,]| ||') is a

0<t<1
Banach space.
Define || || : E — R*(I) by
el it e > |||
lzl[@) =491 ift=|z| =0
0 otherwise
Then ||z} = [|«]/, 2] Va € (0,1].
It can be verified that (E,|| ||) is a fuzzy normed linear space (Felbin’s sense).

Now we show that (F, || ||) is complete.

Let {z,} be a Cauchy sequence in (E, || ||).

Thus ||z, — Zm|| = 0 as m,n — oo

= ||zn — zwl|[l, = 0 as m,n — oo, Ya € (0,1] and for i = 1,2

= ||z, — x| = 0 as m,n — oo

= {z,} is a Cauchy sequence in (E,|| ||").

Since (E, || |') is complete, x € E such that ||z, — z||' = 0 as n — oc.

= ||z, — z||’, = 0 as n — oo, Ya € (0,1] and for i = 1,2

= ||z, — || = 0 as n — .

So (E,|| |]) is a complete fuzzy normed linear space.

Now define d : E x E— E*(I) by d(z,y) = ||z — yl|.

If we take the ordering < as < then it can be shown that (F,d) is a fuzzy
cone metric space. Also P = {n € E*(I) : n = 0} is a cone of E. Again since
l|z|]| < |ly|| implies ||z|| < ||y|| Yx,y € P, thus P is a fuzzy normal cone with
normal constant 1.

Now define Q(x,y) = d(x,y) Vx,y € E. We show that Q is a c-distance.

In fact (Q1) and (Q2) are obvious. Now we verify (Q3).

Let {y,} be a sequence in E converging to y € E.

Now Q(z,y,) < n for some n(x) € P, n>1
=d(x,y,) <n n>1

= d' (z,y,) <7’ fori=1,2 and Va € (0,1]

= d' (z,y) <n, fori=1,2 and Vo € (0,1]

= d(z,y) <.

Let ¢ € E with 0 < ||c|| be given. Put ||e|| = @
Suppose Q(z,7) < [lell and Q(z,y) < ell

Then d(z,y) = Q(z,y) = Q(z,2) & Q(z,y) << |lel| & [[e]| = [|c]].

This shows that Q satisfies (Q4) and hence Q is a fuzzy c-distance of (X, d).
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4 Fixed Point Theorem in Fuzzy Cone Metric
Spaces using Fuzzy c-Distance

In [4], some common fixed point theorems have been established in a normal
fuzzy cone metric space. The statement of the Theorems are as follows.

Theorem 4.1 [4] Let (X , d) be a fuzzy cone metric space and P be a fuzzy
normal cone with normal constant K. Suppose mappings f, g : X — X satisfy
d(fx , fy) < kd(gx , gy) Vx,y € X where k € [0, 1) is a constant. If the
range of g contains the range of f and g(X) is a complete subspace of X, then
f and g have unique point of coincidence in X. Moreover if f and g are weakly
compatible, f and g have a unique common fixed point.

Theorem 4.2 [}] Let (X , d) be a fuzzy cone metric space and P be a fuzzy
normal cone with normal constant K. Suppose mappings f, g : X — X satisfy
the contractive condition d(fx , fy) < k(d(fx , gr)®d(fy, gy)) Vr,y € X
where k € [0, %) is a constant. If the range of g contains the range of f
and g(X) is a complete subspace of X, then f and g have a unique coincidence
point in X. Moreover if f and g are weakly compatible, f and g have a unique

common fized point.

Here a common fixed point theorem is established by using fuzzy c-distance
and it is not required that f and g are weakly compatible.

Theorem 4.3 Let (X , d) be a fuzzy cone metric space and P be a fuzzy
normal cone with normal constant K. Let QQ : X x X — E*(I) be a fuzzy
c-distance on X. Let a; € (0,1) (i = 1,2,3,4) be constants with a; + 2as +
az+ay < 1 and f, g: X — X be two mappings satisfying the condition
Q(fr, fy) < aQ(gz, gy) ® axQ(gz, fy)

® asQ(gz, fr) ® asQ(gy, fy) Yo,y e X (1)
Suppose that the range of g contains the range of f and g(X) is a complete
subspace of X. If f and g satisfy
inf{Qu, (fx,y) + Qb (97, y) + Qb (9, fz) : = € X} > 0 for some o €
(0,1], Yy € X withy # fy ory # gy, then f and g have a common fized point
mn X.

Proof: Let 2y € X be an arbitrary point. Since f(X) C g(X), Iz, € X
such that fzy = gz;.
By induction, a sequence {z,} can be chosen such that fz, = gr,y1,n =
0,1,2,.....
By (1) and (Q2) for any natural number n we have,
Q(gmm gwn—i—l) = Q(fajn—la fxn)
< a1Q(9Tn-1, 970) D a2Q(gTn—1, [0) ® a3Q(9Tn—1, fTn-1) ® asQ(gTn, fn)
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= a1Q(9Tn—1, 975) & a2Q(9Tn—1, gTpn+1) ® a3Q(9Tn-1, gs) & a1Q(9Tn, gTp+1)
< a1Q(9Tn-1, 9Tn) B a2[Q(9Tn-1, 9Tn) ® Q(9Tn, gTp+1)] & a3Q(9Tn—1, gTn) ©

asQ(gTn; 9Tn11)

= (a1 + a2 + a3)Q(gTn—1, gTn) © (a2 + a1)Q(gTn, gTn11)-

So, Q(92n, gTnt1) < Q(gTn-1,9%n), 1 =1,2,..... where b = Q22245 ¢ (0, 1),

By induction we get,

Q(ngL’ganrl) S an(gmlvng)a n = 17 27 """ (2)

Let m,n with m > n be arbitrary. From (2) and (Q2) we have,
Q(9Tn, 9Tm) < Q(9Tn, gTnt1) B Q(9Tns1, fTpi2) B ... B Q(9Tm—1, 9Tm)
< b"Q(gzo, gz1) ® V" 1Q(gx0, gT1) D ... ® b 1Q(gxo, g11)
="+ b+ + ™ N Q(gz0, g71) = 15Q (g0, 911)
Thus Q(gn, g2m) < 5@ (920, g21) (3)
Since P is a normal cone with normal constant K we have
Q(gn, grm) = K{5Q(gx0, g21)
= Q' (91, grm) < K%Qg(gxo,gxl) Va € (0,1] and i = 1, 2.
= lim Q' (97, 97m) =0 VYa € (0,1] and i = 1,2 (since b < 1).

m,n—00

= lim Q(gzn, gTm) = 0.
Thus {gx,} is a Cauchy sequence in g(X). Since g(X) is complete, there exists
some y € g(X) such that gz, — y as n — 0.
By (3) and (Q3) we have,
Q(97n,y) < ZQ(g20,921), n=10,1,2, ..... (4)
Since P is a normal cone with normal constant K, from (4) it follows that,
Q(gxn,y) = % (9o, gx1), n=0,1,2, .....
= Q' (92, y) < E2Q' (920, g21), Va € (0,1] and i = 1,2 (5)
From (1) we have,
Q(gxn, gTm) = [f_bZQ(gxo,gxl) for m > n.
In particular we have,
Q(gxn, gTni1) = %Q(gaco,gxl) forn=0,1,2,....
= Q(92n, 9Tnt1) < ELQ!(g920,971) Yo € (0,1], i = 1,2 and for n =
0,1,2, ... (6)
If possible suppose that y # gy or y # fy. Then by hypothesis, (5) and (6)
we have
0 < inf{Qq,(fr,y) + Quy(97,y) + Qg (97, fr) : ¥ € X}

< inf{Qh, (frn,y) + Qb (97n,y) + Qhy (90, f2n) : n > 1}

= inf{Qb, (92n+1,y) + QL (920, y) + Qb (920, gTns1) : n > 1}

}S mf{Klbil oo (971, g20) + % o (g1, go) + % b (971, 910) © M >
1} =0.
This is a contradiction. Hence y = gy = fy. Thus y is a common fixed point
of f and g.
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Theorem 4.3 is justified by the following Example.
Example 4.4 Let E=R (set of real numbers). Define || ||: E — R*(I) by

ELift > oo #6

lzl[(t) =41 ift=]|z|=0

0 otherwise

Then [||z|]a = [lz|,22] Va € (0,1]. It can be verified that (E,|| ||) is a
complete fuzzy normed linear space (Felbin’s sense).

Let X =[0,00) and P = {x € F: ||z|| = 0}.
Define a mapping d : X x X — E*(I) by D(z,y) = ||z — y|| Vz,y € X.
If we chose the ordering < as < then (X, d) is a fuzzy cone metric space with
normal cone P and normal constant 1.

Again define a mapping @ : X x X — E*(I) by Q(z,y) = ||y|| Vz,y € X.
Then Q is a fuzzy c-distance.
In fact, (Q1)-(Q2) are obvious. Let {y,} be a sequence in X converging to a
point y € X.
For all x € X, Q(x,y,) X n(z), n € P implies ||y,|| < n.
Now [|y[| = [|y — ynl| © [|ynl|
= |[ylle <11y = yalle, + lyalls for i = 1,2 and o € (0, 1]
= olls < Jim il < for i = 1.2 and 0 € (0,1
= lyll = n
= Q(z,y) =n Vre X,
So (Q3) holds.
Let ||e|| = 0 be given where e € E. Set ||c|| = |7
If Q(z,2) = [|z|| < [|c[| and Q(z,y) = [[y]| < ||c|| then
d(z,y) = |z —yl| =2 ||| & [lyl| < 2[[c]] = [le]].
Thus (Q4) holds and hence Q is a fuzzy c-distance.
Define f: X — X by f(z) =% Vo€ Xand g(z) =2 Vz e X
Take a; = %, g = 3%, as = ?;2 and a4 = =.
Now we show that f and g satisfy the relation (1). We have

32
Q%ﬂfw @w;@—amazam

Qi (97, 9y) = QL(z,y) = llyll& = lyl.

QL(gz, fy) = Ql(x, 9 = 3llylll, = 3yl
Qulgz, fr) = Q) (x, 5) = 5|zl = %!fﬂ\
Qulgy, fy) = QL(y, L) = Slwlla = 5lyl.

Now,

al?é(g:r, gy) + a2Q} (97, fy) + asQy (g9, fr) + asQp(gy, fy)

= 2yl + gyl + Szl + Syl = Syl + Z=l.

So,

a1QL(gz, gy) + axQl (92, fy) + asQh (92, fx) + asQl(gy, fy) — QL(fx, fy)



Distance in Fuzzy Cone Metric Spaces and... 99

= Byl + Zlzl = 3lyl >0
= Qu(fz, fy) < aQ4 (97, gy) + a2Q} (9, fy)
+ asQl (g9, fx) + asQL(gy, fy) Yo € (0,1] (7)
Similarly we have,
Q%(fx, fy) < a1Q%(gx, gy) + a2Q% (g, fy)
+ a3Q2 (g, fr) + asQ%(gy, fy) Yo € (0,1] (8)
From (7) and (8) we have,
Q(fr, fy) 2 aQ(gz, gy) ® a2Q(gx, fy) ® asQ(gz, fr) ® asQ(gy, fy).
Suppose y # fy or y # gy. That is y # 0.
We have for some «,
inf{Qh, (fr,y) + QL (97,y) + Q4 (92, fz) : v € X}
= inf{QL,(5,y) + QL (z,y) + QL (x,5): v € X}
= inf{lyl + |yl + 2. 2 e X} =2y >0

Thus all the hypothesis of the Theorem 4.3 are satisfied. Consequently f
and g have a common fixed point and this is 0.

5 Conclusion

In this paper, idea of fuzzy c-distance in fuzzy cone metric space is introduced.
By using this concept, common fixed point theorems for contraction mapping
are established in fuzzy cone metric spaces. Generally to establish common
fixed point theorems, contraction mapping should be weakly compatible. Here
fuzzy c-distance is used to establish common fixed point theorems and it is not
required that mappings are weakly compatible. I think that there is a wide
scope of research to develop fixed point results in fuzzy cone metric spaces by
using fuzzy c-distance.
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