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Abstract

In the present paper, we introduce a nevwsglaf meromorphic univalent
functions defined by derivative operator. We obtsiamme geometric properties
like coefficient inequality, distortion and growtiheorems. Hadmard product or
(convolution), radii of starlikeness and convexpgrtial sums, integral operator
and closure theorem for the functions in the a,fB,c,A).
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1 I ntroduction

Historically [1], the classical polylogarithm fum@mh was invented in 1696, by

Leibniz and Bernoulli, as mentioned in [2]. FoxkJzpnd ¢ a natural number with

c>2, the polylogari-thm function (which is also knowa Jonquiere's function) is
Zk

defined by the absolutely convergent serigs(z) = O’§=1F'
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Later on, many mathematicians studied the polyittyarfunction such as Euler,
Spence, Able, Lobachevsky, Rogers, Ramanujun amy wthers [5], where they
discovered many functional identities by using paggrithm function. However,
the work employing polylogarithm has been stoppeshyndecades, later. During
the past four decades, the work using polygaritla®m é&gain been in intensified
vividly due to its importance in many fields of rhamatic, such as complex
analytic, algebra, geometry, topology and matherabiphysics (quantum field
theory) ([3], [9], [10]). In 1996, Ponnusamy andb8pathy discussed the
geometric mapping properties of the generalizedlpgarithm [10]. Recently,
Al-Shagsi and Darus [13] generalized Ruscheweyhsatagean operators, using
polylogarithm function on clasgl of analyticfunctions in the open unit disk=

{z € C: |z|<1}. By making use of the generalized operator theydhiced related
properties.

A year later, same authors again employedritteorder .Polylogarithm function
to define a multiplier transformation on the clagsn U [14].

Now, we will redefine the polylogarithm function b@ on meromorphic type.
Let) denoted the class of function of the form

+Zakz" )

0
k=1

N | =

f2) =

Which are analytic and meromorphic univalent inuhé disk
U= {zeC:0 < |z|<1} = U \ {0}.

Let A be a subclass of) of functions of the form

[e¢]

f(z)=%+2akzk (ax =0,k eN) . (1)

k=1

A function f € A is meromorphicstarlike function of orger(0 < p < 1) if

2f(2)
- @

The class of all meromorphically starlike functioiss denoted byA*(p). A
functionf € A is meromorphic convex function of orgen(0 < p < 1) if

zf"(2)
f'(@)

} > p(zell").

—iﬁ{l + } > p(zeU).
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The Hadmard product or (convolution) of two funasg given by (1) and

1
z

g(z) ==+ ) bz"¥(b, =20,k €N), (2)
kzzl k k

is defined

1 0
F D@D =2+ ahz , (3)
k=2

see [12], which are analytic and univalentiin
Liu and Srivastava to defined a functiol,(ay,....aq; B, ... ... Bs; 2)bY

multiplying the well-known generalized hyprogometfunctiongF; with z7? as
follows:

hp(al s g By e e Bs ;Z) = Z‘quS(oclJ e Qg By e e Ps ;Z).

Where ay , .....aq; By, ... ... fsarecomplex parameters and; <s+ 1.p € N.
analogous to Liu and Srivastava work [6] and cqroesling functiord_(z) given
by

1 v 1
(Z)C(Z) = Z_zLiC(Z) = ;+ ZmZk (4)
k=0

We consider liner operat@. f(z): Q - Q

Which is defined the following Hadmard product ¢onvolution):
Zf(2) =0,(2) * f(2)

— 1 + i 1 k 5

= e L (k n Z)C arz” . ( )

In [7], N.E, Cho and H. M. Srivastava a liner opgeraf the form:

[ee]

T(mn)f(z) = %+ Z (

k=1

l+k

m
- k >
l+1) a, 7*mez,1>0. (6)

Further, denoted by D*: S - Sthe Rucheweyh dervitive of order A
defined by [11]:

-1

D)Llf(z) = (1 + Z)/’L+1

* f(z) ,A>-1



82 A.R.S. Juma et al.

= % + Z a,6(n,k)z", (A > —1, f(2) &S),
n=2

_m+k-1
wheredé(n, k) = ( n ),
This function yields the following family of linerperators

I*f(2) = (D*' + T (m,n)f (2)

+

! l+km5 k kmeZ,l>0 7
P (z+—1) (nkay zfm € Z,120. (7)

NgE

==
1l

1

Now, we define the linear operator by

Hlf(2) = Q f(2) = I'f(2)

1 ~y/l+k
:E+Z<1J+r1> (k+2)05(n'k)a" Amenl=0. ®

k=1

Now we define the following:

Definition 1.1: A functionf € A of the form (1) is in the claslzf'l(a, B,c,A) if
satisfies the following condition:

A(nd' ) f(z))

+2
(i f(z))

<B, )
z(H f(z))

+ 2a
(2 r@)

whereA> -1 0<a<1, 0<f<1,c2>22.

Special cases of this class was studied by mamaresers like A.R .S. Juma and
H. Zirar [4]. Also Kh. R. Alhindi and Maslina DarJ4] investigate in the same
filed.

In this paper we obtain coefficient estimates foe thassR?'l(a,ﬁ, c,A),
Hadmard product, growth and distortion theoremslii raf starlikeness and
convexity.
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2  Coefficient Inequality

Theorem 2.1: A function fdefined by (1) is in the clas&f'l(a,ﬁ, c, ), if and
only if

S L+ k™ 8(n k)
;(l+1) (k+2)ck[k(1+ﬁ)+(1+,B(2a—1))]ak <2(1-a). (10)

The result is sharp for the function

K k>1 (11)

(k+2)°26(1 — a)
(25" 5n, kok[k(1 + B) + (1 + B2a — D)]

+1

1
fi(2) = P

Proof: To proof the sufficient part, let the inequalitydjlholds true and Igt| =
1, by (9), we have

" "

z(Hf'lf(z>) volos z(Hf'lf(z>) vael <o

(HMf @) (v @)

2 (@) + 20 ((HEF ) )|

2 (@) +2 (K@) |- B

i KCe+ 1) <l + k)m smk) .
k=1

[+1) k+2)™?

—B

)

21— a) L+k\™ §(nk)
= +kz_1k(k—1+2a)(l+1> (k+2)cakz

S L+ k™ 8(n k)
S;<l+1) (k+2)ck[k(1+/3)+(1+g(2a_1))]ak_2[),(1_a)SO .

Thus by the maximum modulus theorem, we hate R (a, B, ¢, 1) .

Conversely, suppose tfief the form (1) is in the clas%?'l(a, B,c, 1), then by
(9) we have
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<5,

+k\™ s(n.k) _
Zie=1 k(k +1) (l+1) (k-lr-lz)f @,z

<B.
2(1- a)+2k 1k(k 14 2a )(l+k) 5(nk)

Zk—l
+1

(k+2)c "k

Since|R(z)| < |z|for all z,we get

© k(k+1) (l+k) IGEI

1+1)  (k+2)c K
< B. (12)
2(1 a) I+I\™ §(nk) k—1
+ T (ke = 1+ 20) (15) ez
o(Hi @)
Now, by choosing the value of z on the real axishst the value ofﬁ IS
HY f(2)

real, then clearing the denominator of (12) antingt — 1 — through real value,
we get the inequality (10).

The result is sharp for the function
(k+2)26(1 — @)
(B5Y" 5, kok [k (1 + B) + (1 + B(2a = D)]

+1

1 k
fk(Z)ZE‘*‘ z8k>1

Corollary 2.1: If f € R*'(a,B,c,2) , then

(k+2)°28(1 - )
(5" sn, k[k (1 + B) + (1 + B2a — )]

+1

akS

whered > -1 0<a <1, 0<p<1,c=22.
Corollary 2.2: If f € R*(a,B,c,2),

321 —a)
T =5m D1+ pa)

fk (Z) (3)C2,B(1 a)

and equality holds for tim D+ pa)
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Corollary 2.3 If f € R*'(a,1,¢,2) ,

(k+2)2(1—a)

(Y s(n,kok[20k + @)1

ap =

and equality holds for

(k+2)2(1—a)
l+k

(55" 5(n, kokl[2(k + a)]

+1

7% k>1

1
fi(2) = PR

Corollary 2.4: If f € R} (a,1,2,2),

(k+2)22(1 - @)
e = (l+k

L™ s, k[2(k + @) ]

and equality holds for

k +2)22 (1 - a)
(55" 5(n, kyk[2(k + )]

+1

z®k>1

1
fr(2) = p +

Corollary 2.5: If f € R (2,1,2,2),

__ 180-a)
=5 DRA + O

and equality holds for

1 18(1 —
F@) =2+

s D2 + @)~

3 Growth and Distortion Theorems

A growth and distortion property for the functjoe Rf'l(a,ﬂ, c,A) is given as
follows

Theorem 3.1: A function f defined by (1) is in the clas%g“(a,ﬁ, c,A) , then for

0<|z| =r <1, we have

1 - 1 3)pd-a

r T smnar g VSTt s DA s
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with equality for
(3)B(1—a)
5, DL + pa)

1
f(Z)=Z+

Proof: Sincee R?'l(a, B,c,A) , we have form Theorem 2.1 the inequality

S+ k™ §(n k)
;(l+1> Gt e A+ A + (14 pQa - 1D)]ac <260 -a)

then

1
@I <+ ) adalk

~ |z
for 0 <|z| =7 <1, we have

1~ 1 (3)BA-a)
F@IS 247 ) 00 % 4 56 5

Also

[e¢]

Z 1 )pl-a

alz|*, = = lz| = .

1
f@)| == - 3D+ )

Tz
IIk=1

Hence the proof is complete.
Theorem 3.1: A function f defined by (1) is in the cIasR{l'l(a, B,c, 1), then for
0<|z| =r <1, we have

1 - 1 B -a)

2 smnat g - TP EZ s Dar o

with equality for
1 Q)pl-a)

&= smna+ g™

Proof: Form Theorem 2.1 we have

L+ k" S(n, k)
;(l-}-l) (k+2)ck[k(1+:3)+(1+:8(205_1))]akSZﬁ(l—a).



On Subclass of Meromorphic Univalent... 87

Thus

Zkaklz|k !

If(Z)I<

for 0<|z|=7r<1 ,we get:

(3)BA-a)
If(2)] < | | Z ka, < rz TS DA+ fa)’
and
F@) = 2 ka2l 1f (2] 2 | |- Z ka2 riz‘ 55)1/)38 ;gzx)'

This completes the proof

4 Hadmard Product

Theorem 4.1: Let functions

f,g € RM(a,B,c, 2). Then(f * g) € R* (a, B, c, ) for

1 0
f@) ==+ ) azt

and

1 0
FrD@ =2+ ezt ,
k=2

where
282(1—a)(k+1)

2821 — @) (k +2a — 1) Gl S kk+ )+ (1 +BCa - D))

Proof: Sincef, g € Rg“(a, B,c, 1), then by Theorem 2.1 we have

i (55Y" 5, ok [k (1 + B) + (1 + B(2a = D)]

(k+2)28(1 - @) %= 1,

k=1
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and
”" " S, Ok[k(1 + B) + (14 BQRa-1))]

2 (k+2)28(1—a) b =

k=1

We must find the largesgisuch that

+1

i (Y™ 5, o[k (1 + B) + (1 + B2a — D)]

=1 (k+2)2p(1-a) ayby < 1.
By Cauchy-Schwarz inequality, we get
N (ﬂ)m S, kKk[k(1+p) + (1 +p2a—1)]
1+1
Z (k+2)26(1—a) Vagbe < 1, (13)

k=1

To prove the theorem it is enough to show that

i (55" 80, k)k[k (1 +p) + (1 + ¥ (2a — D)]

+1
b
L (k+2)2y(1 — a) kD

l+k

S (m)m S kk[k(1+B) + (1+ pRa—1))]
<) (k +2)°2(1—a) Webic

k=1

Which is equivalent to

vIk(1+y) + (1 +vQa — 1))] _
Vo < g T+ (1+BQa—D)]

From (13), we have
(k+2)206(1 — )

(55Y" 5n, ok [k (1 + B) + (1 + B(2a = D)] |

+1

akbk <

We must show that

(k+2)25(1 - @) _HEA 4P + (1 4y @a - )]
(ﬂ)m 8(n, )k[k(1 + B) + (1 + B(2a - 1))] Bl +p) + (1 + B2a—1))]’

+1




On Subclass of Meromorphic Univalent... 89

Which gives

2B2(1— a)(k + 1)

y =< m '
262(1 — ) (k +2a = 1) — (=) g{(:'zl‘;)ck[k(l +8) +(1+p2a-D)]

+1

Hence the proof is complete.

Theorem 4.2: Let the functiong;(i = 1, 2, ....) defined by

N | =

+ Z aiz® ,(ag; =0,i=1,22)
k=1

fi(z) =
be in the cIasR?'l(a, B,c,A) . Then the functiog defined by

g9(z) =

N | =

0
+ Z(azk'1+a2k,2)zk ,
k=1

Is in the clas®?(a, B, ¢, 1) , where

4B2(1 — a)(k + 1)

0= m
4521 - ) (k + 2 = 1) = (£5) " S8 kfie(1 + ) + (1+ p2a = )]

+1

Proof: Since f; € Rg“(a, B,c, ), (i =1,2), then by Theorem 2.1 we have:

W < L,i=12,...

= (55" 5n, Ikl (1 + B) + (1 + B2a — D)]
Z (k+2)28(1 —a)

k=1
Hence
m 2
= (55" s k(1 + B) + (1 + B2a — D)]
z : a’ri < 1,
] (k +2)°28(1 — a) :

& (55)" s k(L + ) + (1 + f2a - 1)) C
Z (k+2)28(1—a) agi| < 1,i
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Thus

= (Y sen kK1 14 8a— )|
Zl (l+1) (n ) [ ( -:'8)+( +18( a ))] (a2k1+a2k2)3 1’
L2 k +2)°28(1 — ) ' :

To prove the theorem, we must find the largestch that

[k(1+0)+ (1+0Qa—1))]
¢

l+k

(_)’” 5(n, kk[k(1+ B) + (1+ p2a — 1)]°

1+1

N (k+2)4p(1—-a)

So that

5 < 421 —a)(k+ 1)
C4pP( - )k + 20— 1) — (B5)" S8 k(1 + ) + (14 pRa - D)

+1

Hence the proof is complete.

Theorem 4.3: If f(2) =§ + Y2, apz* € R (a, B, c, 1), (andg(z) =§ +
©_ brzFwith|b| <1 is in the class R*'(a,B,c, 1), thenf(2) * g(z) €
R?‘l(a, B,c, ).

Proof: From Theorem 2.1 we have

Z(Hk) TR KK+ ) + (14 p2a—1)]a <2601 ~a)

£\T+1) G+
Since
2 (25" 5n, k(K (1 + B) + (1 + B2a — D)]
Z (k+2)268(1—a) @bl
k=1
2 (25" 5n, )k [k (1 + B) + (1 + B2a — D)]
Z (k+2)28(1—a) @l Dil
k=1
2 (55" 5n, Ik [k(L+ B) + (1 + B2a — D)]
Z 1 ay <1
(k +2)°2f(1 — a)
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Thusf(z) * g(z) € R*(a, B, c, 2).

91

Corollary 4.1: If f(2) == + %f-; ez € RM (@, B,¢,4). ,andg(z) = - +
©_ibzfwith 0 < b, <1 is in the classR}'(a,B,c, 1), thenf(z) * g(z) €

R (a,B,c,2).

5 Radii of Starlikeness and Convexity

Theorem 5.1: Let the functionf(z) defined by (1) be in the claél(a, B,c, 1)
.Then f is meromorphically starlike of orde0 < p < 1) in the disk|z| <

rlR?'l(a, B,c,A),where

l+k

LY S, kO[k(L + B) + (1 + B(2a — D)I(1 - p)

1

. (G
r(apf,c,4p) = “,?f{ (k+2)2Bk+2-p)(1—a)

The result is sharp for the function is given b¥)(1

Proof: It is enough to show that

zf'(2)

0 +1| <1l-p,
2f'@) | 1| _ TR+ Darz"| _ Eiecale + Daglz|+
f(2) AR Y 10 IR e Y A P4 Lok

This will be bounded by — p,

0I?=1(k + 1)ak|Z|k+1 <1
1—Zf=1aklzlk+1 = P

Z(k +2—=paglzlft* <1-p,
k=1

By theorem 2.1, we have

akS1

i (55" 5, kok[k (1 + B) + (1 + B2a — D)]

1+1
- (k+2)°26(1 - a)

}“_
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Hence
l+k

k41 (55)" 6 klIe(1 + ) + (1 + f2a = D)I(L = p)
™= (k+2)2Bk+2—-p)1—a) ’

|z

1

2| < {(%)m 8(n, k)k[k(1+ ) + (1 + B2 —1))](1 - p)}”“
Zl = .

(k+2)2k+2-p)(1—-0a)

This completes the proof of the theorem.

Theorem 5.1: Let the functiory (z) defined by (1) be in the clagsl(a, B,c, 1)
.Then f is meromorphically convex of ord&f0 < § < 1) in the disk|z| <
ry(a,B,c, A, 8), where

1
l+k

2,8) = inf (Y 5t k0) (1 - )k +B) + (1 +BRa— D))"
S c+ 2Bk +2-0)1—a) .

The result is sharp for the function is given b¥)(1

Proof: By using the same technique in the proof of ThexdBel we can show that

zf"(2)
f'(@)

For|z| < r, with the aid of Theorem 2.1, we have the assedforheorem 5.2.

+2|s1—5,(osa<1).

6 Closure Theorem

Theorem 6.1: Let the function

[e¢]

1
fa@) == + Z Genz® (Gen =0,k EN = {1,2,..3),
k=1

be in the clasdR(a, B,v, 1) for every n=1,2,....i. Then the functiagndefined by

o]

+Zekzk (e, =0,k €N)
k=1

N[

h(z) =

also belong to the clagd"*(a, B, ¢, 1), where
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l
e, = iz Gz’ (k=12 ..).
mk—l ,

Proof: Sincef,, € Rg“(a, B, c, 1) it follows from Theorem 2.1 that

0

L+ \™ 8(n, k)
D (1) Game i+ p + 1+ pa - D), <260 -

k=1

forevery n=1,2,.....mm

Hence

(l + k) 5(n, k) k[k(1+8) + (1 +BQa —1))]ex

I+1) (k+2)°

NgE

&
1l
[y

= ¢
L+H\™ 8(n, k) .
2. Gt 2y KA+ B) + (14 p2a - 1) (EZ ak,nz">

4
1 L+ I\™ 8(n, k)
=E;(Z(l+1> (k+2)ck[k(1+ﬁ)+(1+ﬁ(2“—1))]ak,n)

k=1
<28(1—a).

By Theorem 2.1, it follows thadt € R**(a, B, ¢, 1)

7  Integral Operator and Partial Sums

Next, we consider some properties have been fdumdther class in [8].

Theorem 7.1: Thef € Rf'l(a, B, c, A) if and only if the functiofr given by

F@) = | Fod > -1, (14)

is in the clasB2* ! (a, B, ¢, 1) .
Proof: By using of (14), we have
Af(Z2) = (A + 1)F(2) + zF (2), (15)

Which, in the right hand of (8), implies
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AMHE f(2) = A+ DHMF@) + z(HFF(2)' = A(HEF(2).
Therefore, we have
. HEf@ = HTF®)
and the desired result follows at once.

Theorem 7.2: Letf € A given by (2) and define the partial sumgz) and
sn(2) by

n-—1

1
s1(2) = ;and sp(2) = - + z a,z¥,

=1

—_

=

Suppose also that

I+k

- ( (25Y" 8, k)k[k(1 + ) + (1 + p2a - 1))])
z dkak < 1, dk = . (16)
k=1

(k+2)28(1—a)

Then we have

f(2) 1 5n(2) dy
Re {Sn(z)}>1 7, ondRe {f(z)}>1—1_dk. (17)

Each of the bounds in (17) is the best possible éN .

Proof: For the coefficientl, given by (16), it is not difficult to verify that
dk+1 > dk > 1,k = 1,2 T
Therefore, by using the hypothesis (16), we have

ak+dn2akSdeakS1. (18)

1 k=n k=1

-1

S

=
1l

Be setting
_ f(Z) 1 _ d Zk nakZ
9:1(2) = dn <sn(z) Bl (1 Bl d_n>> =1+ 14 Y021 apzk+t (19)
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And applying (18) we find that

ok 1‘ < i Bin Ot
5@ +1| = 2= 235 4 - dn N

(20)

Which readily yields the left assertion (17). If ved&e

1
fR=--=—, @D

@ 2 oo,

then =
Sn (Z) dn dn

which shows that the bound in (17) is the bestipteséor eaclt € N ..
Similarly, if we put

Sn(Z) dy ) —1_ (1+d,) ZCI)cC):n aka+1

92(#) = (14 dn) (f(z) "1+, L+ Xt az

and make use of (18) we obtain

<1 (21

gz(Z) - 1| < (1 + dn) Z(I)cozn 295
9:(@)+ 1| T 2-23p ap + (1 —dy) Xio, ak

which leads us to the assertion (17).The boundsngn the right of (17)is sharp
with the function given by (21).The proof of theettem is complete.
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