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Abstract

In this paper, concept of smooth topology on fgetyhas been introduced. We
define smooth connected and smooth locally condeeted proved those
properties are not hereditary properties. We stuldg relation between these
concepts.
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1 I ntroduction:

The theory of fuzzy sets was introduced by Zadel®Bb [5]. Many authors have
introduced the concept of smooth topology and geasxe definitions to some of
the properties of the fuzzy topology. Concluded nfrathese definitions

relationships, some those relationships are camistith the original and others
differs [1, 3 and 6]. In our paper we define smoodhnected and smooth locally
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connected by generalization those concepts fromfubkey topology. We are
trying to check out some of these relationshipsugh proved or disproved.

2 Preliminaries

Definition 2.1 [1, 3 and 6]: A smooth topological space (sts) is a pairt{Xyhere
X is a nonempty set and/* - I (I = [0,1]) is mapping satisfy the following
properties:

1- 1(X) =1(0) = 1.
2- VA, B € IX,17(A n B) > t1(A)at(B).
3- For every subfamilfa;:i € J} € I*, t(Uig A) = Aigyt(Ay).

Definition 2.2: Let(X,7) be a sts andl € X is fuzzy set, then we called A is
neighborhood of fuzzy point € X if A containingx; andz(4) = 1.

Definition 2.3 [7]: Let(X,7) be a sts and < X is fuzzy set. Lat;: P(A) — 1 is
define as following,(B) = max 1(G) when B=Qn 4 thent, is called smooth
relative on A and4, t,) is smooth subspace of smooth topol@gyr).

Definition 2.4 [6]: Letf: (X,t) — (Y, 0) be a function, where ands are smooth
topology on X and Y, respectively, this function called "t — o smooth
continuous" iff for eact® € IY witha(B) = 1 thent(f~1(B)) = 1

3 Smooth Connected

Definition 3.1: Let(X,t) be a sts, X is connected if there existdn® I* such
thatt(4) = t(4°) = 1.

Theorem 3.1: Let(X,7) be a sts, X is connected then there exisind, € I¥

Proof: Let(X,7) be a sts and X is connected. Agt4, € I¥ such that(4,) =
7(4,) = 1. Since

AjUA; =X =y (x) +py,(x) 21, vx €X and
AiNA; =0 py (X) +py,(x) <1,V EX
= Ua, (X) +py,(x) =1, Vx €X

Therefore A, is complement ofl; = there existd € I* such that4) = t(4°¢) =
1, but this is contradiction. Therefore our hypaikeas not true.

The converse of above theorem is not true in géreerd following example
explains that.
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Example 3.1: Let X be any infinite set and:/ —» I* is mapping define as
following:
1 ifA=QorX
T(4) = {1 if the set {x: us(x) = 0} is finite set
0 otherwise

7 is smooth on X[1]. For anyA;, A, € I* with 7(4,) = t(4,) = 1 then4,; n
A, # @ since X is infinite set. But X is not connectedcs if we take

1
A ={(x,,uA(x)):uA(x) =5 VxEX}:>
A = {(x, yAc(x)):yAc(x) = %, Vx € X} = 1(4) = 1(A°) = 1.

Definition 3.2: Let(X,7) be a sts. A fuzzy sétc X is said to be connected if
there exist n® € P(A) such that(B) = 7(B€) = 1, B¢ is complement of B with
respect to A ,i.qug(x) + pge(x) = uy(x),vx € X.

Theorem 3.2: Let(X,t) be a sts and < X, A is connected then there exist no
Bll Bz € P(A) SUCh that-(Bl) = T(Bz) = 1, Bl V) Bz =A andBl n Bz = @

Proof: It's clear.

Theorem 3.3: Let A be a fuzzy subset of &51). If (4,74) is connected then A
is connected with respect to

Proof: Let (4, 14) is connected, <we want to prove A is connecteti vaspect to
>. Let A is not connected with respectrtathen there exif® € P(A) such that
7(B) = t(B€) = 1, B¢ is complement of B with respect to A, therefarg(B) =
74(B€) =1 = (4,14) is not connected, but this is contradiction, thene A is
connected with respect to

The converse of above theorem is not true in géreerd following example
explains that.

Example 3.2: In example (2.1). For ang € X with t(4) =0, then A is
connected with respect to since the sefx:u,(x) = 0} is infinite and this
mean for anyB < A, 7(B) # 1. But the relative smooth is defined as following:
74(B) = 1,VB € P(A) = (4, 1,) is not connected.

Remark 3.1: The converse of above theorem (theorem 2.3) gsitri(4) = 1.
Proof: Let A is connected with respect taandz(4) = 1, we want to prove
(A,t,) is connected. Lat4,7,) is not connected then there exBs€ P(A) such
thah:A(B) = TA(BC) = 1

17,4(B) =1=13G,G € I* witht(G) =1and B = G n A.
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7,(B€) =1 = 3H,H € I* witht(H) = 1 and B = H n A.
t(B)=t(GNA)=1t(G)AT(A) =1 And so with respect tB8¢, therefore
t(B) =t(B)=1= A is not connected with respect to, but this is
contradiction, thereforé4, t,) is connected.

The connectedness in smooth topological space aklwéereditary property and
the following explain that.

Example 3.3: Let X={a, b} andt: I* - I be defined as follows:

1 ifA=@orX
1ifp, (@) > p,(b)

5 i1, @) < 11, ()

©(A) =

Thent is smooth topology on X. for any e 1¥ with A # @ or X, if t(A) = 1 then
T1(A°) = % , therefore X is connected.

Let A={(a0.5),(b,0.2)} and B ={(a,0.4),(b,0.2)} then t(B)=1, BE€
P(A) = 14(B) = 1 andB€ with respect to A if(a, 0.1)} = 1,(B¢) =1 since
©(B€) = 1 = Ais not connected.

Theorem 3.4: Letf: (X,7) — (Y, o) be a surjective and — ¢ smooth continuous
function where ando are smooth topology on X and Y, respectivelgX |t) is
smooth connected then 66, o).

Proof: Let (X,1) is smooth connected aifl,c) is not smooth connected then
there existG € 1Y suchthato(G) =o(G) =1 = 1(f"1(G)) = =1(f"1(G%)) =

1 = X is not connected, but this is contradiction. rEfiere our hypothesis is not
true.

4  Locally Connected

Definition 4.1: A sts(X,7) is smooth locally connected iff every fuzzy point
x¢ € X has connected neighborhood.

Remark 4.1: Every smooth connected is smooth locally connected the
converse is not true, the following example exdahmat.

Example4.1: Let X be any infinite set andI¥ — I be defined as follows:

1ifp,(x) =1lor0vxeX
0 otherwise

«(A) = {
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Thent is smooth topology on X. Lef = {(x,1)} for fixed x € X thenG* =
{(y, 1} for eachy € X expect x such that..(x) = 0 thent(G) = 1(G) = 1= X
is not connected. Now, let€ X be a arbitrary such that = {(x,1)} then
t©(A) = 1, A is connected since there existBi@ A such that(B) = 1 expect A,
sincex € X is arbitrary then above satisfy for eaxle X, therefore(X,1) is
smooth locally connected.

The locally connectedness in smooth topologicatepa not hereditary property
and following example explains that.

Example 4.2: In example (2.3), X is connected therefore is simdocally
connected. LefA = {(a,0.5)} then A is not locally connected since for aRye A
there exist n@ < A is connected.

Theorem 4.1: Letf: (X,7) — (Y, o) be a surjective and — ¢ smooth continuous
function wherer and ¢ are smooth topology on X and Y, respectively. Let
f~:(Y,0) » (X,7) is smooth continuous then {,7) is smooth locally
connected then 8¢, o).

Proof: Lety, € Y, then there exist; € X such thaf(x,) = y,. x; Has connected
neighborhood A and sinde?! is smooth continuous thé@) is neighborhood of

Yr-

Let f(A)is not connected then there exisE f(A) such that(G) = t(G) =1
andG*® is complement of G with respectfi@\).

f is smooth continuous= t(f~"1(G)) =t(f"1(G)) =1, but f~1(G®) =
(f71(G))¢ [2], then A is not connected, but this is contradittibherefore our
hypothesis is not true.
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