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Abstract 

     The concept of (i,j)- *extremally disconnected ideal bitopological space have 
been introduced and studied in this paper.  
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1      Introduction 
 
Pervin [24] introduced the concept of connectedness in bitopological spaces in 
1967. And it was further studied by Birsan [2] in 1968, Reilly [27] in 1971 and by 
Ekici and Noiri [7] in 2008. Extremally disconnected topological spaces were 
studied by Gillman and Jerison [9] in 1960. Extremally disconnected spaces play 
an important role in Set-theoretical topology, Boolean algebra and Functional 
analysis. Extremally disconnectedness in bitopological spaces has been studied by 
Balasubramaniam [1] in 1991 and *- extremally disconnected ideal topological 
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spaces were studied by Ekici & Noiri [8] in 2009. The purpose of this paper is to 
introduce and study (i,j)*- extremally disconnected ideal bitopological space.  
 
Bitopological spaces were introduced by Kelly [16] in 1963 as an extension of 
topological spaces. A bitopological space (X, τ1, τ2) is a nonempty set X equipped 
with two topologies τ1 and τ2. The concept of ideal topological spaces was 
initiated by Kuratowski [17] and Vaidyanathaswamy [29]. An Ideal I on a 
topological space (X, τ) is a non empty collection of subsets of  X which satisfies: 
(i) A ϵ I and B ⊂ A then B ϵ I and (ii) A ϵ I and B ϵ I then A ∪ B ϵ I. If � (X) is 
the set of all subsets of X, in a topological space (X, τ) a set operator (.)*:� (X) → 
� (X) called the local function of A with respect to τ and I and is defined as  A∗(τ, 
I) = {x ∈ XU ∩ A ∉ I, ∀  U ∈ τ(x)}, where τ(x) =U∈ τ x∈U} ( A∗(τ, I) is 
written in short A∗). A Kuratowski closure operator Cl* (.) for a topology τ* (τ, I), 
called the *-topology [12], and is defined by Cl*(A) = A ∪ A* (τ, I).  (τ* is 
written for τ* (τ, I). 
 

2 Preliminaries 
 
Definition 2.1: A subset A of a topological space (X, τ) is said to be 
  
i. [18] semiopen if for some τ- open set O in X, O ⊆ A ⊆ Cl(O)  

Also since int(A) is τ- open then A ⊆  Cl(int(A)) 
ii.  [20] preopen open if A ⊆ int(Cl(A) 
iii.  [21] strongly β- open if A ⊆ Cl(int(Cl(A))) 
iv. [24] α- open if A ⊆ int(Cl(int(A)))  
 
Definition 2.2: A subset A of an ideal topological (X, τ, I) space is said to be 
  
i. [22] semi-I - open if for some τ- open set O in X, O ⊆ A ⊆ Cl*(O)  

Also since int(A) is τ- open then A ⊆  Cl*(int(A)) 
ii.  [6] pre-I - open if A ⊆ int(Cl*(A)  
iii.  [10] strongly β-I - open if A ⊆ Cl*(int(Cl*(A)))  
iv. [11] α-I - open if A ⊆ int(Cl*(int(A)))  
 
Definition 2.3: A subset A of a bitopological space (X, τ1, τ2); i j = 1,2, i ≠ j is 
said to be 
  
i. [19] (i,j)- semiopen; i, j = 1, 2, i ≠ j if for some τi- open set O in X, O ⊆ A 

⊆ τj-Cl(O). 
Also If  int(A) is τi- open then A ⊆  τj- Cl(τi- int(A)) 

ii.  [25] (i,j)- preopen; i, j = 1, 2, i ≠ j if  A ⊆⊆⊆⊆ τi- int(τj- Cl(A) 
iii.  [14] (i,j)- β- open; i, j = 1, 2, i ≠ j if A ⊆ τj- Cl(τi- int(τj - Cl(A))) 
iv. [13] (i,j)- α- open; i, j = 1, 2, i ≠ j if A ⊆ τi- int(τj- Cl(τi-int(A)) 
 
Definition 2.4: A subset A of an ideal bitopological space (X, τ1, τ2, I); i j = 1,2, i 
≠ j is said to be  



70                                                                                                 Mandira Kar et al. 

i. [4] (i,j)- I- semiopen if for some τi- open set O, O ⊆ A ⊆  ��
∗- Cl(O).  

Also int(A) is τi- open therefore A ⊆  ��
∗- Cl(τi- int(A))  

ii.  [3] (i,j)- I- preopen if  A ⊆⊆⊆⊆ τi- int(��
∗- Cl(A)) 

iii.  [4] (i,j)- I- α- open if A ⊆ τi- int(��
∗

- Cl(τi- int(A))) 
 
Definition 2.5: [9] A topological space (X, τ) is said to be extremally 
disconnected if for every open set A in X, Cl(A) is also open.  
 
Definition 2.6: [8] An ideal topological space (X, τ, I) is said to be *- extremally 
disconnected if for every open set A in X, Cl*(A) is also open. 
  
Definition 2.7: [1] A bitopological space (X, τ1, τ2)  is said to be (i,j)-  extremally 
disconnected if τj closure of each τi- open set is τi- open where; i,j = 1,2, i ≠ j. 
 
Definition 2.8: [23] A topological space (X, τ) is said to be normal if, for any two 
disjoint open sets A and B, there exist two disjoint closed sets U and V such that A 
⊂ U, and B ⊂ V. 
 
Definition 2.9: [8] An ideal topological space (X, τ, I) is said to be *- normal if 
for any two disjoint open set and *- open set A and B, respectively there exists 
disjoint *- closed and closed sets U and V such that A ⊂ U, and B ⊂ V.  
 
Definition 2.10: [28] A bitopological space (X, τ1, τ2) ); i,j = 1,2, i ≠ j is said to be 
binormal if for any two disjoint τi - open set and τj - open set A and B, respectively 
there exists disjoint τj- closed and τi- closed sets U and V such that A ⊂ U, and B 
⊂ V.  
 
Definition 2.11: [8] A subset A of an ideal topological space (X, τ, I) is said to be 
R-I- open if  A = Int(Cl*(A)). The complement of a R-I- open set is R-I- closed. 
 
Definition 2.12: [8] A subset A of an ideal topological space (X, τ, I) is said to be 
semi*-I- open if A ⊆ Cl(int*(A)). The complement of a semi*-I- open set is semi*-
I- closed. 
 
Definition 2.13: [15] An ideal bitopological space is a quadruple (X, τ1, τ2, I) 
where I is an ideal defined on a bitopological space (X, τ1, τ2)  
 
Throughout this paper, τi- Cl(A) (resp. τj- Cl(A)) and τi- int(A) {resp. τj- int(A)} 
denote the closure and interior of a subset A of X with respect to topology τi (resp. 
τj}and  	


∗- Cl(A) (resp.   	�
∗- Cl(A)) and 	


∗- int(A) {resp. 	�
∗- int(A)} denote the 

closure and interior of a subset A  of X with respect to *- topology 	

∗

 (resp. 	�
∗) 

 
 
 
 



Extremally Disconnectedness in Ideal…                                                                71 

3 (i,j)*- Extremally Disconnected Ideal Bitopological 
Spaces 
 
Definition 3.1: An ideal bitopological space (X, τ1, τ2, I) is said to be (i,j)*- 
extremally disconnected if ��

∗- closure of each τi- open set is τi  open for; i,j = 1,2, 
i ≠ j.  
 
Theorem 3.1: In an ideal bitopological space (X, τ1, τ2, I) if A is a τi- open set 
and B is a  ��

∗
- open set such that A ∩ B = ∅ then (��

∗- Cl(A)) ∩ (τi - Cl(B)) = ∅ if 
and only if the space is (i,j)*- extremally disconnected; i,j = 1,2, i ≠ j.  
 
Proof:  
 
Necessary Part: Let A be any τi- open set and B = (X–(	�

∗- Cl(A)). Obviously B 
is 	�

∗ open and A ∩ B = ∅. Given (	�
∗- Cl(A)) ∩ (τi - Cl(B)) = ∅, thus (X–(τi- 

Cl(B))) = (	�
∗- Cl(A)). This implies (	�

∗- Cl(A)) is τi- open. Similarly (	

∗- Cl(B)) is 

τj- open for a τj- open set B. Therefore (X, τ1, τ2, I) is (i,j)*- extremally 
disconnected. 

 
Sufficient Part: Let (X, τ1, τ2, I) be (i,j)*- extremally disconnected. Let A be a τi- 

open set and B be a 	�
∗-  open set s. t. A ∩ B = ∅. So A ⊆  X–B, then 	�

∗- Cl(A) ⊆ 
	�

∗- Cl(X-B) = X-B (as B is 	�
∗ open). Since X is (i,j)*- extremally disconnected 

	�
∗- Cl(A) is τi open. Therefore 	�

∗- Cl(A) = τi- int(	�
∗- Cl(A)) ⊆ τi - int(X-B) or 	�

∗- 

Cl(A) ⊆ X- (τi - Cl(B)) Hence, 	�
∗- Cl(A) ∩ τi - Cl(B) = ∅ 

 
Theorem 3.2: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
  
(a) X is (i,j)*- extremally disconnected 
(b) (��

∗- Cl(A)) ∩ (τi - Cl(B)) ⊂ τi- Cl(A ∩ B) where A is a τi- open set and B is    
               a ��

∗
- open set  

(c) (��
∗- Cl(τi - int(��

∗- Cl(A)))) ∩ τi- Cl(B) = ∅ where A is any subset of  X and   

(d) B a  ��
∗

- open set with A ∩ B = ∅ 
 
Proof:  
 
(a)  ⇒ (b) Let A be a τi- open set and B be a 	�

∗
- open set. Since X is (i,j)*- 

extremally disconnected  	�
∗- Cl(A) is τi- open. Then 

(	�
∗- Cl(A)) ∩ (τi - Cl(B)) ⊂ τi - Cl((	�

∗- Cl(A)) ∩ B)) ⊂ τi - Cl(	�
∗- Cl(A ∩ B) ⊂ τi - 

Cl(A ∩ B) 
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(b) ⇒⇒⇒⇒ (c)  Let A be any subset of X. B a 	�
∗

- open set with A ∩ B = ∅. Since τi- 
int(	�

∗- Cl(A)) is   τi- open and from (b) and the fact τi- int(	�
∗- Cl(A)) ∩ B = ∅ as 

A ∩ B = ∅ we get 
  
(	�

∗- Cl(τi- int(	�
∗- Cl(A)))) ∩ (τi - Cl(B)) ⊂ τi- Cl(τi- int(	�

∗- Cl(A)) ∩ B) ⊂  τi- 
Cl(∅) = ∅ 
 
(c) ⇒⇒⇒⇒ (a)  Let B be a 	�

∗
- open set and A be any subset of X. Then τi- int(	�

∗- 
Cl(A)) = U is τi- open. Given 	�

∗-Cl(U) ∩ τi- Cl(B) = ∅, U ∩ B = ∅ Hence from 
theorem 3.1(necessary part) X is (i,j)*- extremally disconnected.   
   
Definition 3: A subset A of an ideal bitopological space (X, τ1, τ2, I) is said to be 
(i,j)-I- strongly β- open; i,j = 1,2, i ≠ j if A ⊆ ��

∗- Cl(τi- int(��
∗- Cl(A))) 

 
Theorem 3.3: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
 
(a) X is (i,j)*- extremally disconnected 
(b) 	�

∗- int(A) is τi- closed for every τi - closed subset A of X 
(c) 	�

∗- Cl(τi - int(A)) ⊆ τi- int(	�
∗- Cl(A)) for every subset A of X 

(d) Every (i,j)-I- semiopen set is (i,j)-I- preopen 
(e) The 	�

∗- closure of every strongly ((i,j)-I- �- open subset of X is τi- open  
(f) Every (i,j)-I- strongly β- open set is (i,j)-I- preopen 
(g) For every subset A of X, A is (i,j)-I- α- open if  A is (i,j)-I- semiopen 

 
Proof: 
  
(a) ⇒ (b) Let A be a τi- closed subset of X. then (X-A) is τi- open. Since X is 
(i,j)*- extremally disconnected 	�

∗- Cl(X-A) = (X-(	�
∗- int(A)) is τi- open in X. 

 Therefore 	�
∗- int(A) is τi- closed in X. 

 
(b) ⇒⇒⇒⇒ (c)  Let A be any subset of X. Then (X-(τi- int(A)) is τi- closed in X and 	�

∗- 
int(X-(τi- int(A)) (by (b)) is τi- closed in X. Thus 	�

∗- Cl(τi- int(A)) is τi- open in 
X. Hence 	�

∗- Cl(τi- int (A))  is a subset of τi- int(	�
∗- Cl(A)) 

 
(c) ⇒ (d)  Let A be a (i,j)* semiopen set of X. Then A is a subset of 	�

∗- Cl(τi- 

int(A)) and by (c) A ⊆ τi- int(	�
∗- Cl(A)). Hence is (i,j)-I- preopen. 

 
(d) ⇒ (e)   Let A be a (i,j)* strongly �-I- open subset of X. Then 	�

∗- Cl(A) is (i,j)-
I- semiopen and by (d) is (i,j)-I- preopen. Thus 	�

∗- Cl(A) ⊆ τi- int(	�
∗- Cl(A)). 

Therefore 	�
∗- Cl(A) is τi- open. 
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(e) ⇒ (f)   Let A be a (i,j)* strongly �-I- open subset of X. then by (e) 	�
∗- Cl(A) 

⊆ τi- int(	�
∗- Cl(A). Hence A is (i,j)-I- preopen. 

 
(f)  ⇒ (g)  Let A be a (i,j)-I- semiopen set. Since every (i,j)-I- semiopen is (i,j)-I- 
strongly           β- open, by (f)  A is (i,j)-I- preopen. A is (i,j)-I- semiopen and (i,j)-
I- preopen. Hence A is            (i,j)-I- α- open. 
 
(g)  ⇒ (a)  Let A be a τi- open set in X. Then, 	�

∗- Cl(A) is (i,j)-I- semiopen by 
(g), 	�

∗- Cl(A) is (i,j)-I- α- open. Therefore 	�
∗- Cl(A) is the subset of τi- int(	�

∗
- 

Cl(τi- int(	�
∗- Cl(A)))) = τi- int(	�

∗
- Cl(A). Thus, 	�

∗- Cl(A) ⊆ τi- int(	�
∗

- Cl(A). 
Hence 	�

∗- Cl(A) is τi- open set in X. By definition of (i,j)*- extremally 
disconnectedness and the fact that 	�

∗- closure of A  (which is a τi- open) is τi  open 
we prove that X is  (i,j)*- extremally disconnected. 
 
Definition 3.3: An ideal bitopological space (X, τ1, τ2, I) is called (i,j)-I- normal if 
for any τi- open set A and ��

∗- open set B s.t A ∩ B = ∅ ∃ a ��
∗- closed set M and τi- 

closed set N s.t. A ⊂ M and B ⊂ N and M ∩ N = ∅; i,j = 1,2, i ≠ j 
 
Theorem 3.2: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
 
(a) X is (i,j)-I- normal 
(b) X is (i,j)*- extremally disconnected 
 
Proof:  
 
(a) ⇒ (b)   Let (X, τ1, τ2, I) be (i,j)-I- normal and A be a τi- open set of X. Put (X-
 	�

∗- Cl(A)) = B. (B is 	�
∗- open) then A ∩ B = ∅. Hence ∃ a 	�

∗- closed set M and 
τi- closed set N s.t. A ⊂ M and B ⊂ N and M ∩ N = ∅. Since 	�

∗- Cl(A) ⊂ 	�
∗- 

Cl(M) = M (because M is 	�
∗- closed) ⊆ (X-N) ⊂ (X-B) = 	�

∗- Cl(A). Hence M = 
	�

∗- Cl(A). Also B ⊂ N ⊆ (X-M) = (X-  	�
∗-Cl(A)) = B. Therefore N = B. But N is 

τi- closed so τi- Cl(B) = N. Given M ∩ N = ∅ (From Theorem 3.1) X is (i,j)*- 
extremally disconnected. 
 
(b) ⇒ (a)  Let X be (i,j)*- extremally disconnected and let A be a τi- open set and 
B be a 	�

∗- open set  s.t A ∩ B = ∅. Put M = 	�
∗- Cl(A) and N = τi- Cl(B) where B = 

(X-(	�
∗- Cl(A))). Then M is a 	�

∗ closed set and N is a τi closed set s.t. A ⊂ M and 
B ⊂ N. Clearly M ∩ N = ∅. Hence (X, τ1, τ2, I) is (i,j)-I- normal. 
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4 R-I- Open Sets 
 
Definition 4.1: A subset A of an ideal bitopological space (X, τ1, τ2, I) is said to 
be (i,j)-R-I- open if A = τi- Int(��

∗- Cl(A)); i,j = 1,2, i ≠ j. The complement of a 
(i,j)-R-I- open set is (i,j)-R-I- closed. 
 
Theorem 4.1: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
 
(a) X is (i,j)*- extremally disconnected 
(b) Every (i,j)-R-I- open subset of X is ��

∗- closed in X 
(c) Every (i,j)-R-I- closed subset of X is ��

∗- open in X 
 
Proof:  
 
(a) ⇒⇒⇒⇒ (b) Let X be (i,j)*- extremally disconnected and A be a (i,j)-R-I- open 
subset of X. Then A = τi- Int(	�

∗- Cl(A) thus, A is τi- open. X is (i,j)*- extremally 
disconnected therefore 	�

∗- Cl(A) is τi- open. In other words, A = 	�
∗- Cl(A), hence 

A is 	�
∗- closed in X. 

 
(b) ⇒ (c) The result is obvious as the complement of a (i,j)-R-I- open set is (i,j)-
R-I- closed and complement of a 	�

∗- closed in X is  	�
∗- open in X 

 
(c) ⇒ (a) Given every (i,j)-R-I- closed subset of X is 	�

∗- open in X that is, every 
(i,j)-R-I- open subset of X is 	�

∗- closed in X. Let A be a τi- open subset of X. τi- 
Int(	�

∗- Cl(A)) = A. Hence is  (i,j)-R-I- open and thus 	�
∗- closed in X. Therefore 

	�
∗- Cl (A) ⊆ A = τi- Int(	�

∗- Cl(A)). Hence 	�
∗- Cl(A) is τi- open. 	�

∗ of a τi- open 
set is τi- open .So X is (i,j)*- extremally disconnected. 
 
Theorem 4.2: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties hold: 
 
(a) If A, B are (i,j)-R-I- closed subsets of X, A ∩ B is also a (i,j)-R-I- closed 

subset of X. 
(b) If A, B are (i,j)-R-I- open subsets of X,  A ∪ B is also a (i,j)-R-I- open 

subset of X. 
 
Proof: 
  
(a) Let X be (i,j)*- extremally disconnected and let A, B be (i,j)-R-I- closed 
subsets of X. Since A, B are τi- closed by theorem 3.2 (b) 	�

∗- int(A) and 	�
∗- int(B) 

is τi- closed. This implies 
  
A ∩ B = (τi- Cl(	�

∗- int(A))) ∩ (τi- Cl(	�
∗- int(B))) = 
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(	�
∗- int(A)) ∩ (	�

∗- int(B)) = (	�
∗- int(A ∩ B)) ⊆ τi- Cl(	�

∗- int(A ∩ B)) 
Also, 
τi- Cl(	�

∗- int(A ∩ B)) =  τi- Cl((	�
∗- int(A) ∩ (	�

∗- int(B)) 
⊆ (τi- Cl(	�

∗- int(A))) ∩ (τi- Cl(	�
∗- int( B))) =  A ∩ B 

Hence,  
τi- Cl(	�

∗- int(A ∩ B)) = A ∩ B 
 
Therefore A ∩ B is a (i,j)-R-I- closed subset of X. 
 
(b) If A, B are (i,j)-R-I- open subsets of X, Ac and Bc are (i,j)-R-I- closed subsets 
of X therefore from (a) we get Ac ∩ Bc = (A ∪ B)c is also a (i,j)-R-I- closed subset 
of X. Therefore A ∪ B is a (i,j)-R-I- open subset of X. 
 
Theorem 4.3: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
 
(a) X is (i,j)*- extremally disconnected 
(b) The ��

∗- closure of every (i,j)-I- semiopen subset of X is τi- open 
(c) The ��

∗- closure of every (i,j)-I- preopen subset of X is τi- open 
(d) The ��

∗- closure of every (i,j)-R-I- open subset of X is τi- open 
 
Proof:  
 
(a) ⇒ (b) Let X be (i,j)*- extremally disconnected and let A be a (i,j)-IIII- semiopen 
subset of X. hence from Theorem 3.3, A is strongly ((i,j)-IIII- �- open and 	�

∗- 

closure of every strongly ((i,j)-IIII- �- open subset of X is τi- open (by theorem 
3.3(e)), therefore 	�

∗- closure of every (i,j)-IIII- semiopen subset of X is τi- open. 
 
(b) ⇒ (c) Let A be (i,j)-IIII- semiopen then A is (i,j)-IIII- preopen. (by theorem 
3.3(d)). Thus the result follows and we get 	�

∗- closure of every (i,j)-IIII- preopen is 
τi- open. 
 
(c) ⇒ (d)   Let A be (i,j)-R-IIII- open then A = τi- int(	�

∗- Cl(A)), therefore A ⊆⊆⊆⊆ (τi- 
int(	�

∗- Cl(A))) thus A is (i,j)-IIII- preopen. Obviously, 	�
∗- closure of every (i,j)-R-IIII- 

open subset of X is τi- open. 
 
(d) ⇒ (a)   Let A be a τi- open subset of X. Then, τi- int(	�

∗- Cl(A)) is (i,j)-R-IIII- 

open. Given 	�
∗- closure of every (i,j)-R-IIII- open is τi- open. Thus 	�

∗- Cl(τi- int(	�
∗- 

Cl(A))) is τi- open. 
 
	�

∗- Cl(A) ⊂ 	�
∗- Cl(τi- int(	�

∗- Cl(A))) = τi- int(	�
∗- Cl(τi- int(	�

∗- Cl(A)))) = τi- 
int(	�

∗- Cl(A)) 
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Hence 	�
∗- Cl(A)) is τi- open. Thus X is (i,j)*- extremally disconnected. 

 

5 (i,j)-I- Semi*- Open 
 
Definition 5.1: A subset A of an ideal bitopological space (X, τ1, τ2, I) is said to 
be (i,j)-I- semi*- open if A ⊆ τi- Cl(��

∗- int(A)); i,j = 1,2, i ≠ j. Complement of a 
(i,j)-I- semi*- open set is (i,j)-I- semi*- closed. 
 
Theorem 5.1: A subset A of an ideal bitopological space (X, τ1, τ2, I) is (i,j)-I- 
semi*- open if and only if τi- Cl(A) = τi- Cl(��

∗- int(A))  
 
Proof:  
 
Necessary Part: Let A be (i,j)-I- semi*- open thus A ⊆ τi- Cl(	�

∗- int(A)). 
Therefore we have τi- Cl(A) ⊆ τi- Cl(	�

∗- int(A)) but, τi- Cl(	�
∗- int(A)) ⊆ τi- 

Cl(A). Thus τi- Cl(A) = τi- Cl(	�
∗- int(A)) 

 
Sufficient Part: Let τi- Cl(A) = τi- Cl(	�

∗- int(A)). But A ⊆ τi- Cl(A) hence A is 
(i,j)-I- semi*- open. 
 
Theorem 5.2: For an ideal bitopological space (X, τ1, τ2, I) the following 
properties are equivalent: 
 
(a) X is (i,j)*- extremally disconnected 
(b) If A is (i,j)-I- strongly β- open and B is (i,j)-I- semi*- open then,                               

(��
∗- Cl(A)) ∩ (τi- Cl(B)) ⊆ τi- Cl(A ∩ B) 

(c) If A is (i,j)-I- semiopen and B is (i,j)-I- semi*- open then,(��
∗- Cl(A)) ∩ (τi- 

Cl(B)) ⊆ τi- Cl(A ∩ B) 
(d) ��

∗- Cl(A) ∩ τi- Cl(B) = ∅ for every (i,j)-I- semiopen set A and (i,j)-I- 
semi*- open set B with A ∩ B = ∅ 

(e) If A is (i,j)-I- preopen and B is (i,j)-I- semi*- open then, (��
∗- Cl(A)) ∩ (τi- 

Cl(B)) ⊆ τi- Cl(A ∩ B) 
 
Proof:  
 
(a) ⇒ (b)  Let A be (i,j)-I- strongly β- open hence from Theorem 3.3(e) 	�

∗- Cl(A) 
is τi- open. Also let B be a (i,j)-I- semi*- open thus B ⊆ τi- Cl(	�

∗- int(B)).  
Therefore, 
  
(	�

∗- Cl(A)) ∩ (τi- Cl(B)) ⊆ (	�
∗- Cl(A)) ∩ (τi- Cl(τi- Cl(	�

∗- int(B)))) 
 
= (	�

∗- Cl(A)) ∩ (τi- Cl(	�
∗- int(B))) = τi- Cl((	�

∗- Cl(A)) ∩ (	�
∗- int(B))) 
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⊆ τi- Cl(A ∩ (	�
∗- int(B)) ⊆ τi- Cl(A ∩ B) 

 
Hence we have (	�

∗- Cl(A)) ∩ (τi- Cl(B)) ⊆ τi- Cl(A ∩ B) 
 
(b) ⇒ (c)  Let A be (i,j)-I- semiopen this implies A is (i,j)-I- strongly β- open (by 
Theorem 3.3). Also let B be (i,j)-I- semi*- open. Hence from above, (	�

∗- Cl(A)) ∩ 
(τi- Cl(B)) ⊆ τi- Cl(A ∩ B) 
 
(c) ⇒ (d)  Let A be (i,j)-I- semiopen and B be (i,j)-I- semi*- open with A ∩ B = 
∅. From the above result it is obvious that 	�

∗- Cl(A) ∩ τi- Cl(B) = ∅. 
 
(d) ⇒ (e) Let  A be (i,j)-I- preopen and let B be a (i,j)-I- semi*- open. The result 
follows from Theorem 3.3(d) 
 
(e) ⇒ (a)   Let A and B be τi- open and τ�

∗- open respectively with A ∩ B = ∅. 
Obviously A is   (i,j)-I- preopen and B is (i,j)-I- semi*- open. So from (e) we get 
(	�

∗- Cl(A)) ∩ (τi- Cl(B)) ⊆ τi- Cl(A ∩ B) = ∅. This implies (by Theorem 3.1) X is 
(i,j)*- extremally disconnected. 
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