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Abstract

The concept of (i,j)- *extremally disconnected idei¢opological space have
been introduced and studied in this paper.

Keywords:. Ideal bitopological spaces, (i,j)- *extremally d@nected, (i,))-
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1 Introduction

Pervin [24] introduced the concept of connectednedsitopological spaces in
1967. And it was further studied by Birsan [2] @68, Reilly [27] in 1971 and by
Ekici and Noiri [7] in 2008. Extremally disconnedtéopological spaces were
studied by Gillman and Jerison [9] in 1960. Extréyndisconnected spaces play
an important role in Set-theoretical topology, Bmol algebra and Functional
analysis. Extremally disconnectedness in bitopaligipaces has been studied by
Balasubramaniam [1] in 1991 and *- extremally disoected ideal topological
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spaces were studied by Ekici & Noiri [8] in 200%heTpurpose of this paper is to
introduce and study (i,j)*- extremally disconnectdédal bitopological space.

Bitopological spaces were introduced by Kelly [16]1963 as an extension of
topological spaces. A bitopological space £X,t2) is a nonempty set X equipped
with two topologiest; and t,. The concept of ideal topological spaces was
initiated by Kuratowski [17] and Vaidyanathaswan®Q]. An Ideall on a
topological space (%) is a non empty collection of subsets of X whsdtisfies:
(i) A el and BOJ A then Be |l and (ii) Ael and Be |l then AU Bel. If Z(X) is
the set of all subsets of X, in a topological spter) a set operator ()?(X) -

2 (X) called the local function of A with respectt@ndl andis defined asA*(r,
D={XxOXUnAOI O UO=X)} wheret(x) =UD 7| xOU} (A*(r, 1) is
written in shortA*). A Kuratowski closure operator CI* (.) for a tdpgy t* (t, I),
called the *-topology [12], and is defined by CI*(A) = Al A* (1, 1). (t* is
written fort* (, 1).

2  Préiminaries
Definition 2.1: A subset A of a topological space €Xis said to be

I. [18] semiopen if for some open set O in X, @A < CI(O)
Also since int(A) is.open then A= ClI(int(A))

il. [20] preopen open if A int(CI(A)

iii. [21] strongly s- open if AC CI(int(CI(A)))

iv. [24] a- open if A< int(CI(int(A)))

Definition 2.2: A subset A of an ideal topological @) space is said to be

I. [22] semid - open if for some.open set O in X, @ A< CI*(O)
Also since int(A) is-open then A= CI*(int(A))

il. [6] pre-I - open if AC int(CI*(A)

iii. [10] strongly s-I - open if Ac CI*(int(CI*(A)))

iv. [11] a-I - open if AC int(CI*(int(A)))

Definition 2.3: A subset A of a bitopological space €X,72); 1] =12, i #]is
said to be

I. [19] (i,))- semiopen; i, | =1, 2, # ] if for somer;- open set O in X, @ A
< 7-CI(O).
Also If int(A) iszi.open then A ;. Cl(zi- int(A))
il. [25] (i,))- preopen; i, j=1, 2, i#] if A S7i- int(z;. CI(A)
iii. [14] (i,j)- p-open; i, j=1, 2, i if A € 7;- Cl(7i- int(z; - CI(A)))
iv. [13] (i,j)- a- open; i, j=1, 2, i#]if A Sz.int(z- Cl(zi-int(A))
Definition 2.4: A subset A of an ideal bitopological spacedXz2 1);ij=1,2, i
# ] is said to be
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I. [4] (i,j)- |- semiopen if for some- open set O, & A < ;- Cl(O).
Also int(A) iszi- open therefore A= ;- Cl(zi- int(A))

il. [3] (i.j)- |- preopen if Aczi-int(z;- CI(A))

iii. [4] (i.))- - o- open if AS 7i- int(z;- Cl(zi- int(A)))

Definition 2.5: [9] A topological space (Xr) is said to be extremally
disconnected if for every open set A in X, ClI(A)ls® open.

Definition 2.6: [8] An ideal topological space (%, |) is said to be *- extremally
disconnected if for every open set A in X, CI*@\also open.

Definition 2.7: [1] A bitopological space (%3, ) is said to be (i,j)- extremally
disconnected if; closure of each;. open set is. open where; i,j = 1,2, # .

Definition 2.8: [23] A topological space (%) is said to be normal if, for any two
disjoint open sets A and B, there exist two disjoiosed sets U and V such that A
cU, and Bc V.

Definition 2.9: [8] An ideal topological space (%, 1) is said to be *- normal if
for any two disjoint open set and *- open set A &despectively there exists
disjoint *- closed and closed sets U and V such &ha U, and Bc V.

Definition 2.10: [28] A bitopological space (%1, 72) ); i,j = 1,2, i # j is said to be
binormal if for any two disjoint; - open set ana; - open set A and B, respectively
there exists disjoint;- closed andr- closed sets U and V such thatAU, and B
cV.

Definition 2.11: [8] A subset A of an ideal topological space%X,) is said to be
R-- open if A =Int(CI*(A)). The complement of d Repenset is Rk closed.

Definition 2.12: [8] A subset A of an ideal topological space#X,) is said to be
semi*l- open if Ac Cl(int*(A)). The complement of a ses open set is semi*
|- closed.

Definition 2.13: [15] An ideal bitopological space is a quadruple &, 7> I)
wherel is an ideal defined on a bitopological space £€Xz>)

Throughout this papet;- CI(A) (resp.tj- CI(A)) andTi- int(A) {resp. ;- int(A)}
denote the closure and interior of a subset A ofitk respect to topology; (resp.
tjand ;- CI(A) (resp. Tj- CI(A)) and ;- int(A) {resp. Tj- int(A)} denote the
closure and interioof a subset A of X with respect tetopologyt; (resp.t;
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3 (i,))*- Extremally Disconnected Ideal Bitopological
Spaces

Definition 3.1: An ideal bitopological space (X, 72, |) is said to be (i,j)*-
extremally disconnected #f- closure of each;. open set ig; open for; i,j = 1,2,
i #].

Theorem 3.1: In an ideal bitopological space (%3, 7o, 1) if A is azj- open set
and B is atj. open set such that A B = @ then(z;- CI(A)) n (zi- CI(B)) = @ if

and only if the space is (i,))*- extremally discewcted; i,j = 1,2, i j.

Pr oof:

Necessary Part: Let A be anyri- open set and B = (X¥[- CI(A)). Obviously B
is Tj open and An B = @. Given (tj- CI(A)) n (zi - CI(B)) = @, thus (X-i-
CI(B))) = (xj- CI(A)). This implies €;- CI(A)) is 7i- open. Similarly ;- CI(B)) is
Tj- open for atj- open set B. Therefore (X1, 1o, 1) is (i,j)*- extremally
disconnected.

Sufficient Part: Let (X, t1, T2, 1) be (i,j)*- extremally disconnected. Let A bera
open set and B bew- open sets. A n B =0. So Ac X-B, thent;- CI(A) <
T;- CI(X-B) = X-B (as B istj open). Since X is (i,j)*- extremally disconnected
T;- CI(A) is 7i open. Therefora;- CI(A) = ti- int(t;- CI(A)) < =i - int(X-B) or ;-
CI(A) < X- (ti- Cl(B)) Hence ;- CI(A) n 7i-CI(B) =@

Theorem 3.2: For an ideal bitopological space (X, 72, |) the following
properties are equivalent:

@ X is (i,j)*- extremally disconnected

(b) (zj- CI(A)) n (zi- CI(B)) c 7i- CI(An B) where A is a;- open set and B is
a ;. open set

(© (zj- Cl(zi - int(zj- ClI(A)))) N 7i- CI(B) = @ where A is any subset of X and

(d) B a ;. open set with Ao B =0

Pr oof:

(@ = (b) Let A be ati- open set and B be g. open set. Since X is (i,j)*
extremally disconnectea;- CI(A) is 7i- open. Then

(tj- CI(A)) n (zi- CI(B)) < 7i- Cl((tj- CI(A)) n B)) c 7i- Cl(t;- CI(A n B) C 7i-
CI(A n B)
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(b) = (c) Let A be any subset of X. Bg. open set with An B = @. Sincer;-
int(tj- CI(A)) is - open and frongb) and the fact;- int(tj- CI(A)) n B =0 as
A n B=0¢ we get

(t}- Cl(zi- int(t;- CI(A))) n (xi - CI(B)) < - Cl(x- int(tj- CI(A)) N B) € ;-
Cl(®) =0

(c) = (a) Let B be art;. open set and A be any subset of X. Thennt(t;-
CI(A)) = U is 7i- open. Giver;-Cl(U) n - CI(B) =@, U n B =@ Hence from
theorem 3.1(necessary part) X is (i,j)*- extremaligyconnected.

Definition 3: A subset A of an ideal bitopological space£X;r, ) is said to be
(i,j)-1- stronglys- open; i,j = 1,2, i j if A < 7;- Cl(zi- int(z;- CI(A)))

Theorem 3.3: For an ideal bitopological space (X%;, T, 1) the following
properties are equivalent:

(@  Xis (i,))*- extremally disconnected

(b) T;- int(A) is 7i- closed for every; - closed subset A of X

(c) T;- Cl(7i - int(A)) < 7i- int(tj- CI(A)) for every subset A of X

(d) Every (i,j)-1- semiopen set i8,j)-1- preopen

(e)  Ther;- closure of every strongly ((i,J)- 8- open subset of X ig- open
) Every (i,j)-1- stronglyp- open set is (i,j)- preopen

(9) For every subset A of X, Aiis (i,j)-a- open if Ais (i,j)1- semiopen

Pr oof:

(@) = (b) Let A be ari- closed subset of X. then (X-A) 1$- open. Since X is
(i,j)*- extremally disconnected;- CI(X-A) = (X-(t;- int(A)) is 7i- open in X.
Thereforer;- int(A) is 7i- closed in X.

(b) =(c) Let A be any subset of X. Then (X(int(A)) is - closed in X and;-
int(X-(zi- int(A)) (by (b)) is 7i- closed in X. Thug;- Cl(ti- int(A)) is 7i- open in
X. Hencert;- Cl(zi- int (A)) is a subset ofi- int(t;- CI(A))

(c) = (d) Let A be a (i,j)* semiopen set of X. Then A isabset oftj- Cl(ti-
int(A)) and by(c) A < ;- int(t;- CI(A)). Hence is (i,j)}- preopen.

(d) = (e) Let Abe a (i,j)* strongly-I- open subset of X. Thexj- CI(A) is (i,j)-
|- semiopen and byd) is (i,j)-1- preopen. Thugj- CI(A) < - int(tj- CI(A)).
Thereforet;- CI(A) is Ti- open.
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() = (f) Let A be a (i,j)* strongly3-1- open subset of X. then Ifg) t;- CI(A)
€ 7i-int(tj- CI(A). Hence A is (i,j)t- preopen.

(f) = (g) Let A be a (i,j)}- semiopen set. Since every (ij)semiopen is (i,j)-
strongly B- open, by(f) Ais (i,j)-1- preopen. A is (i,j} semiopen and (i,j)-
|- preopen. Hence A is (ilp«- open.

(9) = (@ Let A be ari- open set in X. Theng;- CI(A) is (i,j)-1- semiopen by
(9), Tj- Cl(A) is (i,j)-I- a- open. Therefore;- CI(A) is the subset ofi- int(t;-
Cl(zi- int(t;- CI(A)))) = 7i- int(zj. CI(A). Thus, Tj- CI(A) < - int(t;. CI(A).
Hence t;- CI(A) is - open set in X. By definition of (i,j)*- extremall
disconnectedness and the fact ttjatclosure of A (which is a&. open) isti open
we prove that X is (i,j)*- extremally disconnected

Definition 3.3: An ideal bitopological space (%, 72 1) is called (i,j)4 - normal if
for anyzi- open set A and;- open set Bs.t A B =@ 3 at;- closed set M and-
closed set Ns.t. AMand B//Nand MN N =@;i,j=1,2,i1#]

Theorem 3.2: For an ideal bitopological space (X, 7>, |) the following
properties are equivalent:

(@) Xis (i,j)4- normal
(b) Xis (i,j)*- extremally disconnected

Pr oof:

(@ = (b) Let (X,11, 12 1) be (i,)4- normal and A be &- open set of X. Put (X-
T;- CI(A)) = B. (B isTj- open) then A0 B = @. Hence3 at;- closed set M and
7i- closed set N s.t. Al M and BOO N and Mn N = @. Sincet;- CI(A) O T;-
CI(M) = M (because M ig;- closed)c (X-N) O (X-B) = 1j- CI(A). Hence M =
T;- CI(A). Also BU N & (X-M) = (X- t;-CI(A)) = B. Therefore N = B. But N is
7i- closed sori- CI(B) = N. Given MN N = @ (From Theorem 3.1) X is (i,j)*-
extremally disconnected.

(b) = (a) Let X be (i,))*- extremally disconnected and febe ari- open set and
B be atj- open set s.t A B =@. Put M =t;- CI(A) and N =r;- CI(B) where B =
(X-(7j- CI(A)))- Then M is ax; closed set and N ismclosed set s.t. Al M and

B O N. Clearly MN N =@. Hence (X1, T2, 1) is (i,j)-1- normal.
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4  R-l- Open Sets

Definition 4.1: A subset A of an ideal bitopological space €X,z», 1) is said to
be (i,j)-R1- open if A =z~ Int(zj- CI(A)); i,j = 1,2, i # j. The complement of a
(1,)-R-1- open set is (i,j)-R- closed.

Theorem 4.1: For an ideal bitopological space (X, 7, ) the following
properties are equivalent:

(@) Xis (i,))*- extremally disconnected
(b) Every (i,j)-R-I- open subset of Xi5- closed in X
(c) Every (i,j)-R-I- closed subset of Xd5 open in X

Pr oof:

(@) = (b) Let X be (i,j)*- extremally disconnected and A be(i,j)-R-1- open
subset of X. Then A =i- Int(t;- CI(A) thus, A isti- open. X is (i,j)*- extremally
disconnected therefong- CI(A) is Ti- open. In other words, A ;- CI(A), hence
A'is Tj- closed in X.

(b) = (c) The result is obvious as the complement of aR;|} open set is (i,))-
R-I- closed and complement ofea- closed in X ist;- open in X

(c) = (a) Given every (i,j)-RF- closed subset of X - open in X that is, every
(i,))-R-1- open subset of X is;- closed in X. Let A be a;- open subset of ;-
Int(tj- CI(A)) = A. Hence is (i,j)-R- open and thus;- closed in X. Therefore
T;- Cl (A) € A =7~ Int(tj- CI(A)). Hencet;- CI(A) is 7i- open.t; of ati- open
set isti- open .So X is (i,))*- extremally disconnected.

Theorem 4.2: For an ideal bitopological space (%1, 7o, |) the following
properties hold:

@ If A, B are (i,j)-R}- closed subsets of X,AB is also a (i,j)-R- closed
subset of X.

(b) If A, B are (i,))-R}- open subsets of X, W B is also a (i,j)-R- open
subset of X.

Pr oof:

(@) Let X be (i,))*- extremally disconnected and &, B be (i,j)-R1- closed
subsets of X. Since A, B ate closed by theorem 3(®) ;- int(A) and ;- int(B)
is Ti- closed. This implies

A 0 B = @- CI(tj- int(A))) N (zi- CI(T; - int(B))) =
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(r]’-‘- int(A)) N (r}‘- int(B)) = (r]’-‘- int(A N B)) € T;- Cl(r}‘- int(A N B))
Also,

Ti- Cl(t;f- int(A N B)) = 1j- CI((t}‘- int(A) N (t;‘- int(B))

C (7- Cl(r]’-‘- int(A))) N (ti- Cl(r]’-‘- int(B))= AnB

Hence,

Ti- Cl(t;f- inttANnB)=ANB

Therefore An B is a (i,j)-R1- closed subset of X.

(b) If A, B are (i,j)-R{- open subsets of X,%and B are (i,j)-R1- closed subsets
of X therefore from(a) we get An B°= (A U B)°is also a (i,j)-R closed subset
of X. Therefore AU B is a (i,j)-R1- open subset of X.

Theorem 4.3: For an ideal bitopological space (%1, 7o, |) the following
properties are equivalent:

(@) Xis (i,))*- extremally disconnected

(b)  Thet;- closure of every (i,j)- semiopen subset of Xzisopen
(©) Thert;- closure of every (i,j)- preopen subset of X5 open
(d) Thet;- closure of every (i,j)-R- open subset of X 1 open

*

*

~.

Pr oof:

(a) = (b) Let X be (i,j)*- extremally disconnected and lebA a (i,j)I- semiopen
subset of X. hence from Theorem 3.3, A is stronly)-I- f- open andr;-
closure of every strongly ((i,jJJ- 8- open subset of X is;- open (by theorem
3.3(e)), thereforer;- closure of every (i,j)f- semiopen subset of X 1§ open.

(b) = (c) Let A be (i,j)-I- semiopen then A is (i,jJ- preopen. (by theorem
3.3(d)). Thus the result follows and we ggt closure of every (i,))E- preopen is
Ti- open.

(c) = (d) Let A be (i,j)-RZ- open then A =i- int(tj- CI(A)), therefore AS (ti-
int(t;- CI(A))) thusA is (i,j)- I- preopen. Obviouslys;- closure of every (i,j)-RE
open subset of X ig- open.

(d) = (@) Let A be ari- open subset of X. Then- int(t;- CI(A)) is (i,j)-R-I-
open. Giverx;- closure of every (i,j)-RE open isti- open. Thus;- Cl(ti- int(tj-
CI(A))) is Ti- open.

T~ CI(A) € Tj- Cl(x- int(t}- CI(A))) = =~ int(tj- Cl(x- int(tj- CI(A)) = =
int(t;- CI(A))
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Hencert;- CI(A)) is 7i- open. Thus X is (i,j)*- extremally disconnected.

5  (i,j)-1- Semi - Open

Definition 5.1: A subset A of an ideal bitopological space €X,z», 1) is said to
be (i,j)1- semi*- open if AC z;- Cl(z;- int(A)); i,j = 1,2, i # j. Complement of a
(1,)-1- semi*- open set is (i,j)- semi*- closed.

Theorem 5.1: A subset A of an ideal bitopological space €X,72 1) is (i,j)-I-
semi*- open if and only ifi- CI(A) = z;- CI(z;- int(A))

Pr oof:

Necessary Part: Let A be (i,j)1- semi*- open thus A< - Cl(tj- int(A)).
Therefore we havei- CI(A) < - Cl(t;- int(A)) but, - Cl(tj- int(A)) < -
CI(A). Thusti- CI(A) = 1i- Cl(t;- int(A))

Sufficient Part: Let 7i- CI(A) = 7i- Cl(tj- int(A)). But A < 1i- CI(A) hence A is
(i,))-1- semi*- open.

Theorem 5.2: For an ideal bitopological space (%1, 7o, |) the following
properties are equivalent:

(@) X is (i,j)*- extremally disconnected

(b) If A is (i,j)4- strongly - open and B is (i,j)- semi*- open then,
(tj- Cl(A)) n (zi- CI(B)) £ 7i- CI(ANn B)

(c) If A'is (i,j)4- semiopen and B is (i,]}- semi*- open theng{- CI(A)) N (zi-
CI(B)) £=;- CI(An B)

(d) ;- Cl(A) n - CI(B) = @ for every (i,j)t- semiopen set A and (i}j)-
semi*- open setBwithAB =0

(e) If A'is (i,j))1- preopen and B is (i,j)- semi*- open thengj- CI(A)) N (zi-
CI(B)) £=i- CI(An B)

Pr oof:

(@ = (b) Let A be (i,j))1- stronglyp- open hence from Theorem &Bt;- CI(A)
is 7i-open. Also let B be a (i,)- semi*- open thus K - Cl(t;- int(B)).
Therefore,

(tj-CI(A)) N (x- CI(B)) € (x}- CI(A)) N (zi- Cl(zi- CI(T; - int(B))))

= (t}- CI(A)) N (v~ CI(T}- int(B))) =~ CI((}- CI(A)) N (x}- int(B)))
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< 7- CI(A N (tj- int(B)) < - CI(A N B)
Hence we haverf- CI(A)) N (- CI(B)) < 7i- CI(A N B)

(b) = (c) Let A be (i,j)41- semiopen this implies A is (i,j)- stronglyp- open (by
Theorem 3.3). Also let B be (i,]}-semi*- open. Hence from above;{CI(A)) N
(ti- CI(B)) < 1i- CI(A n B)

(c) = (d) Let A be (i,j)1- semiopen and B be (i,|}-semi*- open with An B =
@. From the above result it is obvious thptCI(A) N 1i- CI(B) = @.

(d) = (e) Let A be (i,j)1- preopen and let B be a (iJ§-semi*- open. The result
follows from Theorem 3(8l)

() = (a) Let A and B beri- open andt;- open respectively with & B = @.
Obviously Ais (i,j)}- preopen and B is (i,j)- semi*- open. So fronfe) we get
(tj- CI(A)) n (zi- CI(B)) < 7i- CI(A n B) =@. This implies (by Theorem 3.1) X is
(i,)*- extremally disconnected.
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