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Abstract

The aim of this paper is to introduce the concegtgeneralized alpha star
star closed sets, generalized alpha star star opets and studies their basic
properties in bitopological spaces.
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1 I ntroduction

Levine, [6] initiated the study of generalized closed sets in topological spaces in
1970. In 1963, J.C. Kelly, [2] defined: a set equipped with two topologiesis called
a bitopological space, denoted by (X,7,,7,) where (X,r;)and(X,7,) are two
topological spaces. In 1986, T. Fukutake, [7] generalized this notion to
bitopological spaces and he defined a set A of a bitopological space X to be an ij-
generalized closed set (briefly ij-g-closed) if j-cl(A)OU whenever AU and
U is r,-openin X, i,j=12 and i# j. Semi generalized closed sets and



94 Qays Hatem Imran

generalized semi closed sets are extended to bitopological settings by F. H. Khedr
and H. S. Al-saadi, [1]. K. Chandrasekhara Rao and K. Kannan, [4, 5] introduced
the concepts of semi star generalized closed sets in bitopological spaces.

The aim of this communication is to introduce the concepts of 7,7, -generalized
alpha star star closed sets, 7,7, -generalized alpha star star open sets and study
their basic properties in bitopological spaces.

2 Preliminaries

Throughout this paper, spaces always mean a bitopological spaces, for a subset A
of X 7, -cl(A) (resp. 7, -int(A), 7, - acl(A)) denote the closure (resp. interior, a -

closure) of A with respect to the topology 7, , for i =1,2.
Definition 2.1: A subset A of a bitopological spa(¥,7,,7,) is called

() r,7,-a-open [3] if AQ 7, -int(7, - cl(7, -int(A))).

(i) r,7,-a-closed [3] if X—-A is 1,7, -a-open.Equivalently, a subset A
of a bitopological space (X,r,,7,) is called 7,7,-a-closed if
r,-cl(r, -int(r, -cl(A)) O A.

(iii) I,7,-generalized closed (briefly,7, - g-closed) [7] if 7,-cl(A)OU
wheneverAD Uand U is7, -open in X.

(iv) I,7,-generalized open (briefly r,7,-g-open) [7] if X-Ais
I,T,-g-closed.

(V) 1,7,-alpha generalized closed (brieflyr,7, -ag-closed) [3] if
7, -acl(A) OU wheneverAl Wand U isr, -openin X .

(viy 1,7, -alpha generalized open (briefly,r, -ag-open) [3] if X - Ais
1,7, -ag - closed.

(vii) 1,7, -generalized alpha closed (brieflyr,7, -ga -closed) [3] if
7, -acl(A) OU wheneverAll Wand Uis7, -a-open in X.

(viii) 7,7, -generalized alpha open (briefly,7, - ga -open) [3] if X —Ais
I,7,-ga-closed.

Definition 2.2: A subset A of a bitopological spaceX,r,,7,) is called
7,7, - generalized alpha star closed (brieftyr, - ga” - closed) ifr, - cl(A) OU
wheneverAl Uand U is7, -a -open in X. The family of alt,7, - ga” - closed
sets of X is denoted lyr, - ga C(X).



Generalized Alpha Star Star Closed Sets in... 95

Example 2.3: LetX ={ab,c}, 7, ={¢, X {a} ,{bc}},1, ={¢ X {a} {b}.{ab}}.
Then {a,b} is 7,7, - ga” -closed and {a} isnot 7,7, - ga~ - closed.

Definition 2.4: A subset A of a bitopological spaceX,r,,r,) is called

1,7, -generalized alpha star open (briefly,7, - ga” - open) if and only if
X - Ais 1,1,-ga’ -closed. The family of allr,7,-ga” -open sets of X is
denoted byr,7, - ga O(X) .

3  Generalized Alpha Star Star Closed Sets

In this section we define and study the concept of 7,7, - generalized alpha star star
closed setsin bitopologica spaces.

Definition 3.1: A subset A of a bitopological spaceX,r,,r,) is called
1,7, -generalized alpha star star closed (briefly,7,-ga™ -closed) if
r,-cl(A) 0U wheneverAl Wand U is7,-ga - open in X. The family of all
1,7,-ga” -closed sets of X is denoted&yy, - ga” C(X).

Example 3.2: LetX ={abcd}, 7,={¢,X{abt}, 7,={¢, X {b}.{c}.{bc}}.
Then ¢, X{c}{d}, {ac}{ad}{bc {bd {cd}{abc{acd {abd{bcd
are 1,7,-ga  -closed sets.

Now, the characterization of 7,r,-ga” -closed sets by using different types of

generaiization of closed sets and 7,-ga’ -open sets are established in the
following theorem.

Theorem 3.3: Let (X,7,,7,) be a bitopological space amd] XThen the
following are true.

(i) If Ais 7, -closed, then A ig,7, - ga”~ - closed.

(i) IfAisr,-ga -openand,r,-ga -closed, then A ig, -closed.
(i) IfAis r,7,-ga” -closed, then A ig,7, - g - closed.

(iv) IfAisrr,-ga” -closed, then Aig,7, - ag - closed.

Proof:
(i) It isobviousthat every 1, -closed setis 7,7, - ga” -closed.

(ii) Supposethat Aiis 7, -ga” -open and 7,7, -ga” -closed. Then A0 A implies
that 7, -cl(A) O A. Obviously, Al 7, -cl(A). Therefore, Ais 1, - closed.
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(iii) Supposethat Ais7,7,-ga” -closed. Let AU and U is 7, - openin X. Since
every 7,-open setis 7,-ga’ -openin X, wehave U is 7,-ga -openin X. Then,
7,-cl(A) OU sinceAisr,r,-ga’ -closed. Consequently, Ais 7,7, - g - closed.

(iv) Supposethat Aisr,7,-ga” -closed. Let ADJU and U is 7, - openin X. Since
every r,-open set is 7,-ga’ -open in X, we have U is r,-ga -open in X.
Then,7, -cl(A) OU since A isr,r,-ga” -closed. Since 7,-acl(A) O 1,-cl(A),
we have 7, - acl(A) O U . Consequently, Ais 7,7, - ag - closed.

In the following examples it is proved that the converses of the assertions of the
above theorem are not true in general.

Example 3.4: In example (3.2), {c} isr,7,-ga” -closed but not 7, -closed. Also
{a,d}ist,-closed, 7,7,-ga” -closed but not 7, - ga” - open.

Example 35: Let X ={abc},r, ={¢, X,{bc}},7, ={¢, X,{a}}. Then {b} is
1,7, -g-closed but not 7,7, -ga” -closedin X.

Example 3.6: In example (3.2), {a} is7,7, - ag - closed but not 7,7, -ga” -closed
inX.

Remark 3.7: 7,7, -ga - closed setsand 7,7, - ga”~ - closed sets are independent in
general. The following example supports our claim. In Example (3.2), {a} is
I,T,-ga-closed but not 7,7,-ga” -closed in X. Also {ab,c} is 7,7,-ga” -
closed but not 7,7, - ga - closed in X.

Theorem 3.8: If Ais 7,7,-ga” -closed,7,-ga” - open in X and F ig, -closed
in X thenA Hs 7, -closed in X.

Proof: Since Ais r,7,-ga” -closed, 7,-ga” -openin X, we have Aiisr, - closed
in X [by theorem (3.3) (ii)]. SinceFis 7, -closed in X, A(\Fis 7, -closed in X.

Remark 3.9:

(i) 1,7, -ga -closed and 7,7, - & - closed sets are independent in general.
(i) 1,r,-ga” -closed and 7,7, - ga” - closed sets are independent in general.

Example 3.10: In example (3.2), {c} is7,7,-ga” -closed but not 7,7, -ga” -
closed in X.
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Theorem 3.11: If Ais 7,7,-ga” -closed in X and OB 7, -cl(A), then B is
,7T,-ga’ -closed.

Proof: Suppose that A is 7,7,-ga” -closed in X andAOBO 7, -cl(A). Let
BOU and U is 7,-ga’ -open in X. Since ADBandB O U , we have AOU .
Hence 7, -cl(A) OU (Since A is 1,7,-ga’ -closed). Since BO 7, -cl(A), we
have 7, -cl(B) O 1,-cl(A) OU . Therefore, Bis 7,7, -ga”™ - closed.

Theorem 3.12: If A and B arer,7,-ga” - closed sets then soAs) .B

Proof: Suppose that Aand B are 7,7, - ga” -closed sets. Let U be 7,-ga” - open
in XandAUBOU . SinceAUBOU , we have ACDU and BOU . Since U is
7,-ga -open in X and A and B ae 1,7,-ga -closed sets, we have
I,-cl(AOU ad r,-cl(B)OU. Therefore, 7,-cl(AUB)OT,-cl(AU
r,-cl(B)OU.Hence AUB isr,7,-ga” -closed.

Remark 3.13: The following diagram shows the relations among the different
types of weakly closed sets that were studied in this section:

| T7,-a-closed [¥7 ,T,-ga-closed [/ 7,7, - ag - closed
A A A
\\ \\
A 4 / Y / A 4
L r,-closed [/ r,7,-ga” -closed [ 7 7,7, -g-closed

A 4
A 4

A . A
I,-ga -open
\

A 4

,T,-ga -closed

(+)
_/

Y

Theorem 3.14: The arbitrary union ofr,7,-ga” -closed setsA,il ih a
bitopological space(X,7,,7,) is 7,7,-ga  -closed if the family{A,iOl}is
locally finite in (X, 7,).
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Proof: Let {A,i 01} belocaly finitein X and A is 7,7,-ga~ -closed in X for
each il .Let UA OU and U is 7,-ga -openin X. Then A OU and U is
r,-ga -openin X for eachi. Since A is 1,7,-ga” -closed in X for each i 01,
we have 7, -cl(A)OU . Consequently, U[7,-cl(A)]OU . Since the family
{A,idl}is localy finite in X, 7, -cl[U(A)] =U|[r,-cl(A)] OU . Therefore,
UA istr,-ga” -closedin X.

Remark 3.15: The intersection of any two 7,7,-ga” -closed sets is not
necessary 7,7, -ga  -closed set asin the following example.

Example 3.16: In example (3.2), A={a,¢},B={a,d} are r,7,-ga" -closed but
ANB={a} isnot r,7,-ga” -closedin X.

Theorem 3.17: If a set A isr,7,-ga” -closed in X, them, - cl(A) — A contains
no nonemptyr, - ga” - closed set.

Proof: Suppose that A is 7,7,-ga” -closed in X. Let F be 7,-ga” - closed and
FOr,-cl(A)-A. Since F is 7,-ga’ -closed, we have F°is r,-ga’ - open.
SinceF O 7, -cl(A)-A,wehave F O7,-cl(A) and F 0 A°. Hence AO F°.
Consequently 7, -cl(A) O F° {Since A is 1,7,-ga” -closed in X}. Therefore,
F O[r,-cl(A)]°. Hence F O[r, -cl(A)]°N7, -cl(A) =¢. Hence 7, -cl(A) - A
contains no nonempty 7, - ga” - closed set.

Corollary 3.18: Let A ber,7,-ga” -closed. Then A ig, -closed if and only if
7, -cl(A) - Ais 7,-ga’ - closed.

Proof: Supposethat Ais 7,7,-ga” -closed and 7, -closed. Since A ist, - closed,
we have 7, - cl(A) = A. Therefore, 7, -cl(A)— A= @ whichis r,-ga’ - closed.
Conversely, suppose that A isr,7,-ga” -closed and 7, -cl(A) - Ais 1,-ga’ -
closed. Since A is r,7,-ga” -closed, we have 1,-cl(A)—A contains no
nonempty 7,-ga’ - closed set {by Theorem 3.17}. Sincer, -cl(A) - A is itself
r,-ga’ -closed, we have 1, -cl(A)— A=g@. Therefore, 7,-cl(A)=A implies
that Ais 7, - closed.

Theorem 3.19: If A is r7,7,-ga” -closed and AOBUOT7,-cl(A) then
7, -cl(B) - B contains no nonempty, - ga” - closed set.
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Proof: Let A be r7,-ga -closed andAOBO7,-cl(A). Then B is
,7,-ga  -closed {by theorem (3.11)}. Therefore, 7, -cl(B)-Bcontains no
nonempty 7, - ga” - closed set { by theorem (3.17)}.

Theorem 3.20: For each x[ X, the singleton {x} is either, - ga” - closed or its
complemer{td}¢isz,7,-ga” -closed in(X,7,,7,) .

Proof: Let xOX. Suppose that {x} is not 7,-ga -closed. Then{x}‘is not
7,-ga -open. Consequently, X itsef is the only 7,-ga -open set
containing X —{x} . Therefore, 7, -cl(X —{x}) O X which implies that X —{x}
isr,7,-ga -closedin (X,7,,7,).

4  Generalized Alpha Star Star Open Sets
We begin this section with arelatively new definition.

Definition 4.1: A subset A of a bitopological spaceX,r,,r,) is called
1,7, - generalized alpha star star open (brieftyr, - ga™ - open) if and only if
X - Ais 1,1,-ga" -closed. The family of alr,r,-ga” -open sets of X is
denoted byr,7, - ga” O(X).

Example 4.2: In example (3.2), ¢, X, {a}, {b}, {c}, {d},{a, b}, {a, c}, {4, d},
{b,c},{b,d},{a b,c}, {a b, d} ae r,r,-ga” -opensetsin X.

The following theorem will give an equivalent definition of 7,7, - ga”™ - open sets.

Theorem 4.3: A set Aisr,7,-ga’ -open if and only i 07, -int(A) whenever
Fisr,-ga -closed andF O A

Proof: Supposethat Ais 7,7,-ga” -open. Then A®is7,7,-ga” -closed. Suppose
that Fis 7,-ga -closedand F O A. Then F®is 7,-ga -openand A° 00 F°.

Therefore, 7, -cl(A°) O F°(since A° is 1,7,-ga" -closed). Since 7, - cl(A°) =
[7,-int(A)]°, we have [T, -int(A)]° O F°. Hence F O 7, -int(A).

Conversely, suppose that F O 7, -int(A) whenever F is 7,-ga -closed and
FOA.Then A° OF°and Fis7,-ga -open. TakeU = F°.

Since F Or,-int(A), we have [r,-int(A)]°OF°¢=U. Since r,-cl(A%)=
[z, -int(A)]¢, we have 7, -cl(A°) OU . Therefore, A°is 7,7,-ga” -closed.
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Thus, Aisr,7,-ga” -open.

Remark 4.4: Every 7, -open setis 1,7, - ga~ - open but the converse is not true
in general as can be seen from the following example.

Example 4.5: In example (3.2), {a, ¢} is 1,7, -ga” -openin X but not 7, - open
inX.

Remark 4.6 1,7,-ga” -open and r,7,-ga -open sets are in generd,
independent as can be seen from the following two examples.

Example 4.7: LetX ={abc}, 1, ={¢ X,{a}.{bc}}, 7,={¢, X{b}.{ac}}.
Then{c} is 7,7, -ga” -openin Xbut not 7,7, -ga” -openin X.

Example 4.8: In example (3.2), {d} is 7,7,-ga” -open in X but not
7,7, -ga -openinX.

Remark 4.9: The union of any two 7,7,-ga” -open sets is not necessary
I,T,-ga’ -open set asin the following example.

Example 4.10: In example (3.2), A={b,c}, B={b,d} are 7,7,-ga” -open sets
but AUB={hcd} isnot 7,7,-ga” -openinX.

Theorem 4.11: If A and B arer,7,-ga” -open sets then so 5\ .B

Proof: Suppose that A and B are 7,7,-ga” -open sets. Let F be 7,-ga” - closed
inXand FOANB.Since FOANB,wehave F 00 Aand F O B. Since A and
Bare 1,7,-ga” - opensets. Then F O 7, -int(A) andF O 7, -int(B) . Therefore,
FOr,-int(A)N7,-int(B) Or,-int(ANB).Hence AN Bisz,7,-ga” -open.

Theorem 4.12: The arbitrary intersection of,7,-ga” -open setsA,i0 in a
bitopological space(X,7,,7,) is 7,7,-ga  -open if the family{A®,i01}is
locally finite in (X,7,).

Proof: Let {A°,i 01} belocaly finitein(X,7,)and A is r,7,-ga” -openin X
for each i0O1. Then A is 1,7,-ga” -closed in X for each i1 . Then by
theorem (3.14), we have U (A°) is 1,1, -ga” -closed in X. Consequently, let
(NA)¢is 1,7,-ga” -closed in X. Therefore, N A is 1,7,-ga” -openin X.
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Theorem 4.13: If A is 7,7,-ga” -open in X andr, -int(A) O BO A, then B is
,T,-ga’ -open.

Proof: Supposethat Ais 7,7,-ga” -openin Xand 7, -int(A) D BO A. Let Fis
7,-ga -closedand F OB. Since F OBand BO A, wehave F O A. Since A
is 1,r,-ga” -open, we have F O, -int(A). Since 7, -int(A) 0 B, we have
FOr,-int(A) Or,-int(B). Hence Bis r,r,-ga” -openin X.

Theorem 4.14: If a set A is7,r,-ga” -closed in X, thenr,-cl(A)—A is
,T,-ga -open set.

Proof: Suppose that A is 7,7,-ga” -closed in X. Let F be 7,-ga” - closed and
FOr,-cl(A)-A. Since A is 1,1,-ga” -closed in X, we have 7, -cl(A) - A
contains no nonempty 7,-ga’ -closed set. Since F O 7, -cl(A) - A, we have
F=¢Or,-int[r,-cl(A) - A]. Therefore, 7, -cl(A)— A is 1,7,-ga” -open.

Theorem 4.15: If a set A ist,7,-ga~ -open in a bitopological spadeX,7,,7,),
then G = X whenever G ig -ga’ - open andr, -int(A)UA° 0 G

Proof: Supposethat Ais 7,7,-ga” -open in a bitopological space (X,7,,7,) and
Gisr1,-ga -openand 7, -int(A)U A° OG. Then G° O[r, -int(A) U A°]° =
r,-cl(A°)—A°. Since G is 1,-ga’ -open, we have G° is r,-ga’ - closed.
Since A is 1,7,-ga” -open, we have A° is r,7,-ga” -closed. Therefore,
T, -cl(A%) — A°contains no nonempty 7,-ga -closed set in X {by theorem
(3.17)}. Consequently, G° = @. Hence G = X.

Remark 4.16. The converse of the above theorem is not true in general as can
seen from the following example.

Example 4.17: In example (3.2), if wetake A= {c,d}, then 7, -int(A) U A° O X,
Xis 1,-ga’ -open, but Aisnot r,7,-ga” -open.

Lemma 4.18: The intersection of,7,-ga” - open set and, - open set is always
,T,-ga’ -open.

Proof: Suppose that A is 7,7,-ga” -open and B is 7, -open. Since B is
T, -open, we have B° is 1, - closed. Then B° is 7,7, -ga” -closed { by theorem
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(3.3) (i)}. Hence, B is 71,7,-ga” -open. Hence AN Bis 7,7,-ga” -open {by
theorem (4.11)}.

Remark 4.19: The following diagram shows the relations among the different
types of weakly open sets that were studied in this section:

Y

< / < /
n,7,-a-open [¢/ I,7,-ga-open [/ 1,7, -ag-open
A A A
\\ J \\
y A A 4
d. / * »i /
T, -open 7 nLr,-ga -open [/ | I7,-Q-o0pen

A

7,-ga -closed

\ 4
( ) A

I,T,-ga -open

A 4
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