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Abstract

Kim [Int. J. Math. & Math. Sc.26:11 (2001), 707-712.] Considered the
semigroups of the fuzzy points of a semigrafipin this paper, we discuss the
relation between some idealsof S and the subse€, of S.
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1 I ntroduction

Zadeh [9] introduced the concept of a fuzzy set for the first time and this concept
was applied by Rosenfeld [8] to define fuzzy subgroups and fuzzy ideals. Based
on this crucial work, Kuroki [3, 4, 5, 6] defined a fuzzy semigroup and various
kinds of fuzzy ideds in semigroups and characterized them. Authors in [1]
investigated the existence of a fuzzy kernd and minimal fuzzy ideds in
semigroups. They showed that a subset A of a semigroup S is minimal ideal if and
only if the characteristic function of A, Ca, is minimal fuzzy idea of S. In [2],
Kim considered the semigroup S of the fuzzy points of a semigroup S, and
discussed the relation between the fuzzy interior ideals and the subsets of S. In
this paper, we discuss the relation between some ideals A of S and the subset Cy

of S.
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2 Basic Definitions and Results

Let S be asemigroup. A nonempty subset A of S iscalled aleft (resp., right) ideal
of Sif SA S A(resp.,AS € A), and a two-sided ideafor simply ideal) of S if A
is both aleft and aright ideal of S. A nonempty subset A of S is called an interior
ideal of Sif SASC A. Anidea A of S is caled minimalidea of S if A does not
properly contains any other ideal of S. If the intersection K of all the ideals of a
semigroup S is nonempty then we shall call K the kernelof S. A subsemigroup A
of S is caled a bi-ideal of Sif ASA € A [7]. A function f from S to the closed
interval [0, 1] is called afuzzy setn S. The semigroup S itself isafuzzy set inS
such that S(x) = 1 for all x € S, denoted also by S. Let A and B be two fuzzy sets
inS. Then the inclusion relation A € B is defined A(x) < B(x) for al x € S.
AN Band AU B are fuzzy sets in S defined by (A N B)(x) = min {A(x), B(x)},
(AUB)(x) =max {A(x),B(x)}, foradlxeS. Foranya e (0,1]andx € S,a
fuzzy set x, in S iscaled afuzzy poinin S if

_fa ifx=y,
Xa(y) = { 0 otherwise,

for al x € S[9]. The fuzzy point x, is said to be contained in a fuzzy set A,
denoted by x, € A, iff a < A(x). The characteristic mapping of a subset A of a
semigroup S is

(1 ifx€eA,
Calx) = { 0 otherwise,
foral x € S.

Lemma 2.1 (see [1, Lemma 3.]): For any nonempty subsefisandB of a
semigroups, we haved € B if and only if Cy € Cp.

Lemma 2.2 (see [1, Lemma 4.]): Let A be a nonempty subsef a semigrouys,
thenA is an ideal of5 if and only if C, is a fuzzy ideal cf.

Let F(S) be the set of all fuzzy sets in a semigroup S. For each A, B € F(S), the
product of A and B isafuzzy set A o B defined as follows:

. _ (SUPy=ap A(a) A B(b) if ab=x
(Ao B)(x) = { 0 ’ otherwise.

for each x € S. If S is a semigroup, then F(S) is a semigroup with the product
"o"[2]. Let S be the set of all fuzzy points in a semigroup S. Then x, o yg =
(xy)ap € Sforxy,yp €S[2]. For any A € F(S), A denotes the set of al fuzzy
points contained in A, that is, A ={ x, € S:A(x) = a}. for any 4,B € S, we
define the product of A and B asA o B = {x, o yg: x, € A4,y € B}.
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Lemma 2.3 (see [2, Lemma 3.2]): Let A andB be two fuzzy subsets of a
semigroups, then

1) AUB=AUB.
2 AnNB=ANB.
3) AeBC AoB.

Lemma 2.4: LetA be nonempty subsef a semigroup, we havex, € Ca if
and only if x € A.

Proof: Supposethat x, € Ca forany x € S,then Co(x) = a. Hence Ca(x) =1

for any @ > 0, which implies that x € A. Conversely, Let x € A, then Cp(x) =
1> aforany a > 0. Thismeansthat x, € Cp. m

Lemma 2.5: For any nonempty subsetsandB of a semigroug, we have

1) Ac B ifand onIyif%gﬁ.
2) Cp < Cp ifandonlyifCp < Cp.

Proof: (1) Assume that A € B, and let x, € Ca- By lemma 2.4, x € A € B and
xq € Cp, this implies that Ca S Cp. Conversely, suppose that Cp < Cp. Let
x € A, then by lemma 2.4, x, eCAfor anya>0, x, €Cp and hence x € B.
(2) Let x, € Cp S Cg, then lemma 2.5 impliesthat A € B and from lemma 2.1,
we have Cp Q_CB. This completes the proof. m

3 Main Results

Lemma 3.1: Let A be a nonempty subset of a semigrSuphenA is an ideal of
S if and only if Ca is an ideal ofS.

Proof: By lemma 2.2, Aisanidea of Sif and only if C, is afuzzy idea of S,
and from lemma 3.1[2], C, is afuzzy ided of Sif and only if Ca is an ideal of

S.m

Theorem 3.2: Let A be a nonempty subset of a semigfufhenA is a minimal
ideal of S if and only if C, is a minimal ideal ofS.

Proof: By theorem 7[1], Ais a minimal idea of S if and only if C, is a fuzzy
minimal ideal of S. We only need to prove that, C, isaminimal fuzzy ideal of S
if and only if C, isaminimal ideal of S.Let C, be aminimal fuzzy idea of S,

then by Iemma_3.1[2], Ca is anided of S.Suppose that C is not minimal, then
there exists some idealsCp of S such that Cp < Ca. Hence by lemma 2.5,
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Cg € Cs, Where Cp is a fuzzy ideal of S. This is a contradiction to C, is a
minimal_fuzzy ideal of S.Thus C, isaminima idea of S.Conversely, assume
that Ca isa minimal ideal of Sgd that C, is not a minimal fuzzy ideal of S.
Then there exists a fuzzy idea Cp of S such that Cz < Cs. Now, lemma 2.5
implies that Cp SCa, where Cp is an ideal of S. This contradicts that Ca isa
minimal ideal of S. This completesthe proof of the theorem. m

Theorem 3.3: Let A be a nonempty subset of a semigrduprhen A is the kernel
of S'if and only ifC, is the kernel ofS.

Proof: Suppose that A is the kernel of S, then A = N;I; wherel; isanided of S.
Let C; be an ideal of S, then by lemma 3.1, B is an ideal of S. Now we need to

shovﬁhat, Ca € Cp. Letx, € Cp,bylemma24, x e Aandalsox € BsinceA is
the kernel of S. This implies that x, € C and hence, C, is the kernel of S
Conversely, Let Cp be the kernel of S, ‘then Ca © CB,f_or every ideal Cy of S
ThusA € B, thatis, A isthekemnel of S.m o

The following lemma weakens the condition of theorem 3.3.

Lemma 3.4: Let A be a minimal ideal of a semigragipthen Ca is the kernel of
S

Proof: Since A beaminimal ideal of S, then C, isaminimal fuzzy ideal of S [1,
theorem 7]. Also theorem 8 in [1] implies that C, is the fuzzy kernel of S. Now,
let Cz beafuzzy idea of S, then we have C, € Cg. By lemma 2.5, Ca & Cp, 0

Ca isaminimal ideal contained in every ideal of S. Thus C, is the kernel of S
n

Lemma 3.5: Let A be a nonempty subset of a semigrdu@henA is an interior
ideal of S if and only if C, is an interior ideal ofS.

Proof: Let Abean interior ided of S,and letyg,z, € S and x, € Cp. Since
x € A, hence yg o x40z, = (¥xZ)pprany € Ca. This implies that §oa oS C
Ca, thus C, is an interior ideal of S. Convergy, suppose that C, is an interior
ided of §_.Let y,z €S and x € A, then x, € C,. Assume that,_ya 0 Xy ©Zy =
(yx2)q € SoCp oS C Cy, thenyxz € A. Thisﬁpliesthat SAS € A, and hence A
isan interior idedl of S. m

Lemma 3.6: Let A be a nonempty subset of a semigrduprhenA is a bi- ideal
of S'if and only if C, is a bi- ideal ofS.
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Proof: Let Abe abi- ideal of S, and letyg, z, € Chandx, €S.Sincey,z € A
and yxz € Athen ygox,oz, = (yXZ)grany € C:This implies that Cp o S o
Ca € Cp, thusC, is a bi-ideal of S. Conversely, &Epose that Cp isa bi-ideal of
§_.Let72 €eAdandx € S, then by lemma 2.4, y,,z, € Ca. Assume that, y, o
Xg©Zyg = (yx2)q € CpoS0oCp C Cy, thenyxz € A. This_impliesthatASA C A,
andhence A isabi-ided of S. m
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