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Abstract
In this paper we characterize the weighted composition operators induced by

operator valued maps on Orlicz function spaces and effort is made to character-
ize compactness, invertibility, dense range and closed range of these operators.
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1 Introduction

Suppose H is a Hilbert space and (Ω, S, µ) be a σ-finite measure space. Let

Lφ(Ω, H) =
{
f |f : Ω→ H is measurable such that

∫
Ω
φ
( ||f(w)||

α

)
dµ(w) <∞,

for some α > 0
}

. Then Lφ(Ω, H) is a Banach space under the norm,

||f ||φ = inf{α > 0 :
∫

Ω
φ(
||f(w)||

α
)dµ(w) ≤ 1}

where φ : [0,∞) → [0,∞) be a continuous convex function which satisfy the
following:
(i) φ(x) = 0 if and only if x = 0,
(ii) lim

x→∞
φ(x) =∞.
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Such a function φ is known as a Young’s function.
A mapping u : Ω → B(H) is said to strongly measurable if ||u(.)x|| : Ω → C
is measurable for each x ∈ H. Let u : Ω→ B(H) be an operator valued mea-
surable function and v : Ω→ Ω be a non-singular measurable transformation.
Then a bounded linear transformation, mu,v : Lφ(Ω, H) → Lφ(Ω, H) defined
by

(mu,vf)(x) = u(x).f(v(x))

is called a weighted composition operator induced by the pair (u, v). If we
take u(x) = 1, the constant one function on Ω, we write mu,v as Tv and call
it a composition operator induced by v. In case v(x) = x for some x ∈ Ω,
we write mu,v as mu and call it a multiplication operator induced by u. By
B(Lφ(Ω, H)) we mean the set of all bounded linear operators from Lφ(Ω, H)
into itself.
If v is a non-singular measurable transformation, then the measure µv−1 is ab-
solutely continuous with respect to the measure µ. Hence by Radon Nikodym
derivative theorem there exists a positive measurable function w such that
µ(v−1(E)) =

∫
wdµ for some E ∈ S. The function w is called the Radon

Nikodym derivative of the measure µv−1 with respect to the measure µ. It is
denoted by w = dµv−1

dµ
.

If (Ω, S, µ) be a σ-finite measure space and S0 ⊂ S be a σ-finite subalgebra.
Then the conditional expectation E(.|S0) is defined as a linear transforma-
tion from certain S-measurable function spaces (i.e.L1, L2 etc) into their So -
measurable counterparts. In particular the conditional expectation with re-
spect to the σ-algebra v−1(S) is a bounded projection from Lp(Ω, S, µ) on
Lp(Ω, v−1(S), µ). We denote this transformation by E. The transformation E
has the following properties :
(i) E(f.gov) = E(f).(gov)
(ii) If f ≥ g almost everywhere, then E(f) ≥ E(g) almost everywhere
(iii) E(1) = 1
(iv) E(f) has the form E(f) = gov for exactly one σ- measurable function g.
(v) |E(fg)|2 ≤ (E|f |2)(E|g|2)
(vi) For f > 0 almost everywhere, E(f) > 0 almost everywhere.
(vi) If φ is a convex function, then φ(E(f)) ≤ E(φ(f)) .

For more details on Orlicz spaces one can refer to ([2], [8], [9], [10]), where
as the classes of weighted composition operators on some function spaces are
considered by ([1], [3], [4], [5], [6], [7], [11]). In this paper we plan to study the
weighted composition operators induced by operator valued maps on Orlicz
function spaces.
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2 Weighted Composition Operators Induced

by Operator Valued Maps

Theorem 2.1 Let u : Ω→ B(H) be a strongly measurable operator valued
map and let v : Ω → Ω be a non-singular measurable transformation. Then
mu,v : Lφ(Ω, H) → Lφ(Ω, H) is a bounded operator if and only if there exists
a constant M > 0 such that

w(x)E(φ(|| (u(.)ov−1)(x)|y| ||) ≤ φ(M ||y||) ...(i)

for µ-almost all x ∈ Ω and y ∈ H.

Proof. Suppose the condition (i) is true. Then for every f ∈ Lφ(Ω, H), we
have ∫

Ω
φ
( ||mu,vf(.)||
M ||f(·)||φ

)
dµ =

∫
Ω
φ
( ||u(.)fov(.)||
M ||f(.)||φ

)
dµ

=
∫

Ω
E
(
φ
( ||u(.)ov−1(.)f(.)||

M ||f(.)||φ

))
dµv−1

≤
∫

Ω
w(.)E

(
φ
( ||u(.)ov−1(.)f(.)||

M ||f(.)||φ

))
dµ

=
∫

Ω
φ
( M ||f(.)||
M ||f(.)||φ

)
dµ

≤ 1

This implies that ||mu,vf(.)||φ ≤ M ||f(.)||φ for every f ∈ Lφ(Ω, H). Hence
mu,v is a bounded operator.

Conversely, If the condition (i) of the theorem is not satisfied, then for
every positive integer n, there exists a measurable set Gn of Ω and some vector
yn ∈ H such that
Gn =

{
x ∈ Ω : w(x)E(φ(|| (u(.)ov−1)(x)yn||)) > (M ||yn||)

}
.

Since µ is non atomic, for every positive integer n we can find a measurable
subset Hn of Gn such that µ(Hn) < ∞ and w(x)E(φ(|| (u(.)ov−1)(x)yn||)) ≥
φ(M ||yn||) for µ-almost all x ∈ Hn. Let

fn =
χHnCyn(.)

||mu,vχHnCyn(.)||φ
,

where Cyn(.) : Ω→ H is the constant function equal to yn, so that

∫
Ω
φ
( n||χHnCyn(.)||
||mu,vχHnCyn(.)||φ

)
dµ =

∫
Ω
φ
( n||yn||
||mu,vχHnCyn(.)||φ

)
dµ
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≤
∫

Ω
w(.)E

(
φ
( ||u(.)ov−1(.)yn||
||mu,vχHnCyn(.)||φ

))
dµ

=
∫

Ω
φ
( ||mu,vχHnCyn(.)||
||mu,vχHnCyn(.)||φ

)
dµ

≤ 1

Hence

n||χHnCyn(.)||φ ≤ ||mu,vχHnCyn(.)||φ

for every n = 1, 2, 3, . . . , which shows that mu,vis an unbounded operator.
Hence the condition (i) must be true.

Theorem 2.2 Let mu,v ∈ B(Lφ(Ω, H)) . Then mu,v has closed range if and
only if there exists δ > 0 such that

w(x)E(φ(||u(.)ov−1)(x)y||)) ≥ φ(δ||y||) ...(ii)

for every y ∈ H and for every measurable subsets G of Ω.

Proof.Suppose the condition (ii) is true. Let mu,vg
(n) → f for some sequence

{g(n)} ⊂ Lφ(Ω, H) and for some f ∈ Lφ(Ω, H). Consider

∫
Ω
φ
(δ||g(n)(x)− g(m)(x)||
||mu,v(g(n) − g(m))||φ

)
dµ ≤

∫
Ω
w(x)E

(
φ
( ||(u(.)ov−1)(x)(g(n)(x)− g(m)(x))||

||mu,vg(n) −mu,vg(m)||φ

))
dµ

≤
∫

Ω
φ
( ||mu,v(g

(n)(x)− g(m)(x))||
||mu,vg(n) −mu,vg(m)||φ

)
dµ

≤ 1

which shows that ||g(n)(.) − g(m)(.)||φ ≤ 1
δ
||mu,vg

(n) − mu,vg
(m)||φ → 0 as

m,n → ∞. We conclude that {g(n)(.)} is a Cauchy sequence, which in view
of completeness of Lφ(Ω, H) yields g(.) ∈ Lφ(Ω, H) such that g(n)(.)→ g(.) in
Lφ(Ω, H). Hence mu,vg

(n) → mu,vg. Thus mu,vg = f .
Conversely, suppose mu,v has closed range. If the condition (ii) not sat-

isfied, then for every positive integer n, we can find a measurable subset
Gn, 0 < µ(Gn) <∞ and vector yn ∈ H such that

w(x)E(φ(||(u(.)ov−1)(x)yn||)) < φ(
1

2n
||yn||).

Since µ is non-atomic, we can assume that the sequence {Gn} is a sequence of
pairwise disjoint measurable sets. Take

F =
∞∑
n=1

w(x)χGn(.)E(u(.))ov−1Cyn(.)

||χGnCyn(.)||φ
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Now ∫
φ
(
||F (.)||

)
dµ =

∞∑
n=1

∫
Gn
w(x)E

(
φ
( ||u(.)ov−1χGnCyn(.)||

||χGnCyn(.)||φ

))
dµ

<
∞∑
n=1

1

2n

∫
Gn
φ
( ||χGnCyn(.)||
||χGnCyn(.)||φ

)
dµ

≤
∞∑
n=1

1

2n

< ∞.

Hence F ∈ Lφ(Ω, H). Take

Fn = w(x)
n∑
k=1

χGk(.)Cyk(.)

||χGk(.)Cyk(.)||φ
.

Consider

||mu,vFn − F ||φ =
∑
k>n

∫
Gk

w(x)E
(
φ
( ||u(.)ov−1Cyk(.)||
||χGk(.)Cyk(.)||φ

))
dµ

≤
∑
k>n

∫
Gk

w(x)E
(
φ
( ||u(.)ov−1χGkCyk(.)||
||χGk(.)Cyk(.)||φ

))
dµ

=
∑
k>n

1

2k

→ 0 as k →∞

Hence F ∈ ranmu,v. Therefore F = mu,vJ for some J ∈ Lφ(Ω, H). This
implies that for every x ∈ Gn,

Cyk(.)

||χGk(.)Cyk(.)||φ
= J(.)

This contradicts that J ∈ Lφ(Ω, H). Hence the theorem.

Theorem 2.3 Let u : Ω→ B(H) be a strongly measurable operator valued
map and let v : Ω → Ω be a non-singular measurable transformation. Then
mu,v : Lφ(Ω, H)→ Lφ(Ω, H) is compact if and only if mu,v is the zero operator.

Proof. If possible, suppose mu,v is a non-zero operator on Lφ(Ω, H). Then
there exists ε > 0 such that the set

G =
{
x : w(x)E(φ(||(u(.)ov−1)(x)f(.)||)) ≥ εφ(||f(.)||)

}
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has non-zero measure for every f(.) ∈ H. The restriction mu,v|Lφ(G) : Lφ(G)→
Lφ(G) is invertible, where

Lφ(G) =
{
g ∈ Lφ(Ω, H) : g(x) = 0 for every x 6∈ G

}
.

Also mu,v|Lφ(G) has closed range. Thus Lφ(G) is infinite dimensional, which is
a contradiction. Hence mu,v must be the zero operator.

Corollary 2.4 Let mu,v ∈ B(Lφ(µ)). Then mu,v is bounded away from zero
if and only if there exists a constant δ > 0 such that

w(x)E(φ(||(u(.)ov−1)(x)y||)) > φ(δ||y||)

for every y ∈ H and for µ-almost all x ∈ Ω.

Corollary 2.5 Let mu,v ∈ B(Lφ(µ)). Then mu,v is injection if and only if
u is non-zero a.e. and v is surjection.

Corollary 2.6 Let mu,v ∈ B(Lφ(µ)). Then mu,v has dense range if and
only if u is non-zero and v−1(S) = S.

Theorem 2.7 Let u : Ω→ B(H) be a strongly measurable operator valued
map and let v : Ω → Ω be a non singular measurable transformation. Then
mu,v : Lφ(Ω, H)→ Lφ(Ω, H) is invertible if and only if

1. u is non zero, a.e.

2. w(.)E(φ(||(u(.)ov−1)(.)y||)) ≥ φ(δ||y||) for every y ∈ H and
µ-almost all x ∈ Ω .

3. v is invertible.

Proof. Assume that the conditions of the theorem are true, then by Corollaries
2.4 and 2.6, mu,v is bounded away from zero and has dense range. Hence mu,v

is invertible.
Conversely, suppose mu,v is invertible. Then clearly u is non-zero a.e. and

v−1(S) = S. Also in view of the corollary 2.4,

w(.)E(φ(||(u(.)ov−1)(.)y||)) > φ(δ||y||)

for every y ∈ H and for µ-almost all x ∈ Ω and for some δ > 0. Since
v−1(S) = S. So v is injective. It follows from corollary 2.5 that w 6= 0, a.e. So
that v is surjective. Thus v is invertible.
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