W

Gen. Math. Notes, Vol. 26, No. 1, January 2015 58p60

ISSN 2219-7184; Copyright © ICSRS Publication, 2015
WWW.I-CSrs.org
Available free online at http://www.geman.in

A Note on Fuzzy Almost Resolvable Spaces

G. Thangaraj! and D. Vijayan®

'Department of Mathematics, Thiruvalluvar University
Vellore- 632 115, Tamilnadu, India
E-mail: g.thangaraj@rediffmail.com
“Department of Mathematics
Muthurangam Government Arts College (Autonomous)
Vellore- 632002, Tamilnadu, India
E-mail: jyoshijeev@gmail.com

(Received: 12-9-14 / Accepted: 10-11-14)

Abstract

In this paper we study the conditions under whicluzzy topological space
becomes a fuzzy almost resolvable space and teeralations between fuzzy
almost resolvable, fuzzy almost irresolvable spateszy submaximal spaces,
fuzzy first category spaces, fuzzy Baire spacegyfweakly Volterra spaces are
also investigated.
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1 I ntroduction

In order to deal with uncertainties, the idea dfzfyisets fuzzy set operations was
introduced by L.A. Zadeh [16] in his classical papethe year 1965, describing
fuzziness mathematically for the first time. Amahg first fields of Mathematics
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to be considered in the content of fuzzy sets ves®ial topology. The concept of
fuzzy topology was defined by C.L. Chang [3] in tyear 1968. The paper of
Chang paved the way for the subsequent tremendavystly of the numerous
fuzzy topological concepts. Since then much atbentias been paid to generalize
the basic concepts of general topology in fuzzyirgetand thus a modern theory
of fuzzy topology has been developed. Today fuzpology has been firmly
established as one of the basic disciplines ofyfurathematics. E. Hewitt [6]
introduced the concepts of resolvability and irteability in topological spaces.
A.G. Elkin [4] introduced open hereditarily irrdsable spaces in the classical
topology. The concept of almost resolvable spacas imtroduced by Richard
Bolstein [7] as a generalization of resolvable sgaaf E. Hewitt [6]. The concept
of almost resolvable spaces in fuzzy setting waodluced and studied by G.
Thangaraj and D. Vijayan [15]. In this paper selvefaracterizations of fuzzy
almost resolvable spaces are studiedand the igliiens between fuzzy almost
resolvable, fuzzy almost irresolvable spaces, fimgymaximal spaces, fuzzy first
category spaces, fuzzy Baire spaces, fuzzy wealditekfa spaces are also
investigated.

2 Preliminaries

By a fuzzy topological space we shall mean a noptgraetX together with a
fuzzy topologyT (in the sense of Chang) and denote ity ).

Definition 2.1: Let A andu be any two fuzzy sets in (X,T). Then we defing::
X - [0, 1] as follows: £ Ju) (X) = Max {4 (X), u (X)}. Also we defing /7u:
X [0, 1] as follows: £ Ju) (X) = Min{Z (X), u (X)}.

For a family {1;/i €1} of fuzzy sets in X/T), the union=V; (4; ) and the
intersectiond = A; (1;) are defined respectively ag(x) = sup; {1;(x) ,
x eX}ands(x) = inf; {4;(x), x €X}.

Definition 2.2: Let (X,T) be a fuzzy topological space ame@ any fuzzy set in
(X,T). We define the closure and the interiof ak follows:

0] Int(A)=v{ulu<iA,ueT}
(i) ClA)=~n{IA<u, 1-p e T}.

Lemma 2.1[1]: For a fuzzy sétof a fuzzy topological space X,

() 1-Int@) = CI(1-2),
() 1- ClQ) = Int (1-A).

Definition 2.3 [8]: A fuzzy setin a fuzzy topological space (X,T) is called fuzzy
dense if there exists no fuzzy closedisdX,T) such that < u< 1.
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Definition 2.4 [8]: A fuzzy set in a fuzzy topological space (X,T) is called fuzzy
nowhere dense if there exists no non-zero fuzzy sgin (X,T) such thau<cl
(4). That s, int clf) = O.

Definition 2.5 [2]: A fuzzy set in a fuzzy topological space (X,T) is called a&juz
Fs-setin (X,T) A = V;Z,(4;) , where (1-4; )e T for i

Definition 2.6 [2]: A fuzzy set in a fuzzy topological space (X,T) is called ajuz
Gs-setin (X, T) it = AZZ,(4;) whereZeT forilJ.

Definition 2.7 [16]: A fuzzy topological space (X,T) is called an fuapgn
hereditarily irresolvable space if int ckY #0, then intf) #Z0, for any non-zero
fuzzy set in (X,T).

Definition 2.8 [2]: A fuzzy topological space (X,T) is called a fua#gynsaximal
space if cl{)=1 for any non-zero fuzzy setn (X,T), thele T.

Definition 2.9 [9]: A fuzzy set in a fuzzy topological space (X,T) is called fuzzy
first category ifA = V;Z,(4;), where are fuzzy nowhere densesetsin (X,T). Any
other fuzzy set in (X,T) is said to be of secondgmy.

Definition 2.10 [8]: A fuzzy topological space (X,T) is called fuzzst fbategory
ifV;Z,(4; ) = 1 where £;)'s are fuzzy nowhere dense sets in (X,T). A tapcdb
space which is not of fuzzy first category, is saitle of fuzzy second category.

Lemma 2.2 [1]: For a family ofc#= {1, } of fuzzy sets of a fuzzy topological
space (X,T),JJcl(A )= cl (\(4,)). In case is a finite set;/cl (1,) = cl
(v(A,)). Also/int(4,)sint (v (4,)).

Definition 2.11 [12]: Let (X,T) be a fuzzy topological space. A fuzzy se(X,T)
is called a fuzzyg -nowhere dense set, ffis a fuzzy F set in (X,T) such that

int() =0.

Definition 2.12 [12]: A fuzzy sel in a fuzzy topological space (X,T) is called a
fuzzyo- first category set il = VZ,(4; ), where the fuzzy set)(s are fuzzy

o — nowhere dense sets in (X,T). Any other fuzzyn &t T) is said to be of fuzzy
o —second category.

3  Fuzzy Almost Resolvable Spaces

Definition 3.1 [15]: A fuzzy topological space (X,T) is called a fuzhyost
resolvable space W;Z,(4;) = 1, where the fuzzy set$;)(s in (X,T) are such
that int @;) = 0. Otherwise (X, T) is called a fuzzy almost¢solvable space.
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Proposition 3.1: If A%-; (4;) =0, where the fuzzy sefg;)’s are fuzzy dense
sets in a fuzzy topological space (X,T), then (XsTa fuzzy almost resolvable
space.

Proof: Suppose thah™_; (1)) = 0, where clf,) = 1in(X,T). Then we have
1-(A%=1 (n)) =1-0=1, where I-cl(y,) = 0. This implies that/;Z,(1 -
) = 1, where in{1 — ) = 0. Let(1 — p,) = 4;. Then, we hav¥/[Z; (A, ) =1,
where int@;)= 0, in (X, T). Hence X,T) is a fuzzy almost resolvable space.

Definition 3.2 [5]: A fuzzy topological space (X,T) is called a fuzgpen
connected space if every fuzzy open set is fursede (X,T). That is, cuf) =
1, forally; €T.

Proposition 3.2: If A%, (u;) = 0, where the fuzzy sefg;)’s are fuzzy open
sets in a fuzzy hyper connected space (X, T), ¥di (s a fuzzy almost resolvable
space.

Proof: Suppose thaf\”-; (1)) = 0, whereyp, € T. Since the fuzzy topological
space X,T) is a fuzzy hyper connected space, the fuzzy gp.is a fuzzy
dense set inX,T) for each i. Hence we havei_; (1)) =0,where cl .) =1
in (X, T). Then by proposition 3.1X(T) is a fuzzy almost resolvable space.

Proposition 3.3: If V{2, (1; ) = 1, where the fuzzy setg)(s are fuzzg -nowhere
dense sets in a fuzzy topological space (X,T), teim) is a fuzzy almost
resolvable space.

Proof: Let (A)'s (i= 1 to «) be fuzzyw -nowhere dense sets iK,{). Then {)'s
are fuzzy E-sets with int;) = 0. NowViZ; (4,) = 1, where int¢;) = 0, implies
that X,T) is a fuzzy almost resolvable space.

Definition 3.3 [14]: A fuzzy topological space (X,T) is called fuzzyp&es, if
countable intersection of fuzzy open sets in (,7)zzy open. That is, every non-
zero fuzzy Gset in (X, T), is fuzzy open in (X,T).

Proposition 3.4: If A%-; (&) = 0, where the fuzzy sefg;)’s are fuzzy & sets
in a fuzzy hyper connected and P-space, then (X,&)fuzzy almost resolvable
space.

Proof: Let (ui)'s (i = 1to w)be fuzzy G-sets in the fuzzy P-spac¥ ). Then
(ui)'s are fuzzy open sets iX(T). Hence, we havA*_; (1)) =0, where the

fuzzy sets(ui)lsare fuzzy open sets in a fuzzy hyper connectedesipéd).
Therefore, by proposition 3.2 is a fuzzy almost resolvable space.
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Proposition 3.5: In a fuzzy almost resolvable space (X, T)4if 6 are fuzzy F—
sets, then (X,T) is a fuzayfirst category space.

Proof: Let (X,T) be a fuzzy almost resolvable space. Then we Weve(}, ) =
1, where int@;) = 0. Since %;)'s are fuzzy Esets in XK, T) and int@;) = 0, we
have K,T) is fuzzyc-first category space.

Definition 3.4 [11]: A fuzzy topological space (X, T) is called a fuangec
space, if every non-zero fuzzy nowhere dense &0, is a fuzzy closed set in
X,T).

Proposition 3.6: If (X,T) is a fuzzy first category space and fuaaglec space,
then (X,T) is fuzzy almost resolvable space.

Proof: Let (X,T) be a fuzzy first category space. Then we hgue (&) =
1, where the fuzzy seta;]' s are fuzzy nowhere dense setsqT). Since K,T) is

a fuzzy nodec space, the fuzzy nowhere dense ietszzy closed sets iX(T).
Hence L)' s are fuzzy closed sets i, (). That is, cl k)= A;. Now intcl (A;) =0,
implies that int¢;) = 0. Hence we havg;Z; (4, ) =1, where the fuzzy sets
(A)'s in X,T) are such that inf\() =0. Hence X,T) is a fuzzy almost resolvable
space.

Proposition 3.7: If the fuzzy topological space (X,T) is a fuzzyosdccategory
space, then (X,T) is a fuzzy almost irresolvabéesp

Proof: Let (X,T) be a fuzzy second category space. TWgn, (&, ) # 1, where
the fuzzy setsX)'s are fuzzy nowhere dense setsXT). Thatis,V;2; (&) # 1,
where int cl ;) =0. Now int )< intcl (4;), implies that int X;) = O.
Hencev/;Z; (&) # 1, where int i) = 0 and thereforeX,T) is a fuzzy almost
irresolvable space.

Definition 3.5 [13]: A fuzzy topological space (X,T) is called a fuzojtevra
space if (A Y, (1)) =1, where §)' s are fuzzy dense and fuzzyg8ts in

(X,T).

Definition 3.6 [13]: A fuzzy topological space (X,T) is called a fuzaakly
Volterra space if A X, (4;)) #0, where £ )' s are fuzzy dense and fuzzy
Ggssets in (X, T).

Proposition 3.8: If a fuzzy topological space (X,T) is not a fuzeakly Volterra
space, then (X,T) is a fuzzy almost resolvableespac

Proof: Let (X,T) be a fuzzy non-weakly Volterra space. Then, we&eha
cd( AN, (%) = 0, where {;)'s are fuzzy dense and fuzzy-&ets in X, T).
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Now cl(A X, (&) =0, implies that int {},(1-2)=1 and cl §) =1,

implies that int (32;) = 0. Let(u;)'s (j = 1 tox) be fuzzy sets inX,T) such that
int (1) = 0 and take the first N(x; )'s as (F4)'s . NowViL;(1-4) <

ViZ, (1), implies that inty) (1 — 1)) < int (VjZ, (1)) < ViZ, (1)- Then,
we have ¥ (Vi; (uj ))- That is,VjZ, () =1, where the fuzzy Se($L].) 'sin

(X,T) are such that int(gj))z 0. Hence the fuzzy topological spac€T is a
fuzzy almost resolvable space.

4  Inter-Relations between Fuzzy almost Resolvable,
Fuzzy almost Irresolvable Spaces and Fuzzy First
Category, Fuzzy Second Category Spaces, Fuzzy
Baire Spaces

Proposition 4.1: If the fuzzy almost resolvable space (X,T) is ayfwbmaximal
space, then (X,T) is a fuzzy first category space.

Proof: Let (X,T) be a fuzzy almost resolvable space. Men (&, ) = 1, where
the fuzzy sets %i)'s in (X,T) are such that inf() = 0. Then we havg*_; (1—
A) =0, where cl (32;) = 1. Since the spaceX(T) is a fuzzy submaximal
space, the fuzzy densesets-{1)'s are fuzzy open sets iXX,l). Then (;)’s are
fuzzy closed sets inX(T) and hence clX) = A;. Now int cl¢;) = int (4,) =0.
Then(;)'s are fuzzy nowhere dense sets XjTj. HenceViZ; (A,) = 1, where
the fuzzy setg§ A;)'s are fuzzy nowhere dense setsXilj implies that X,T) is a
fuzzy first category space.

Remark: In view of the above proposition, we have the valhg result. “If the
fuzzy almost resolvable space (X,T) is a fuzzy axipmal space, then (X,T) is not
a fuzzy second category space”.

Proposition 4.2: If the fuzzy almost irresolvable space (X,T) is wuzzy
submaximal space, then (X,T) is a fuzzy secongaatspace.

Proof: Let (X,T) be a fuzzy almost irresolvable space. Thigny (2, ) # 1, where
the fuzzy setsX)'s are such that ing) = 0. Now int¢;) = 0, implies that cl
(1-%) = 1. Thatis, (1;)'s are fuzzy dense sets 4, {). Since K,T) is a fuzzy
submaximal space, the fuzzy dense sets\(}'s are fuzzy open sets iXI).
Then @)'s are fuzzy closed sets iX,{). That is, cl §)= A;. Now int(4;) =0,
implies that int cl ;) = 0. Then §))'s are fuzzy nowhere dense sets XjT}.
Hence we hav&/;Z; (A, ) # 1, where the fuzzy setsi)'s are fuzzy nowhere
dense sets inX(T). Therefore X,T) is a fuzzy second category space.

Definition 4.1 [10]: A fuzzy topological space (X,T) is called a fuzayeBspace
ifint [ V{Z; (1)] = O, where(i)'s are fuzzy nowhere dense sets in (X,T).
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Proposition 4.3: If the fuzzy almost resolvable space (X,T) is ayfwbmaximal
space, then (X,T) is not a fuzzy Baire space.

Proof: Let the fuzzy almost resolvable spa2gT| be a fuzzy submaximal space.
Then, by proposition 4.1,X(T) is a fuzzy first category space and hence
Viz1 () = 1, where the fuzzy set&) s are fuzzy nowhere dense setsXi).

Now int[V{Z; (A,)] = int[1]= 1 # 0. Hence K,T) is not a fuzzy Baire space.

Theorem 4.1 [9]: If the fuzzy topological space (X,T) is a fuzzynopereditarily
irresolvable space, then inf( = 0 for any non-zero fuzzy dense dein (X,T)
implies that int clf) = 0.

Proposition 4.4: If the fuzzy almost resolvable space (X,T) is ayfuapen
hereditarily irresolvable space, then (X,T) is aduzzy Baire space.

Proof: Let (X,T) be a fuzzy almost resolvable space. Thgh, (,) = 1, where

the fuzzy setsik)'s in X,T) are such that inf\{) = 0. Since X,T) is a fuzzy open
hereditarily irresolvable space, ink;§ = 0, implies that intcl X;) = 0. Now
int[V“{o=1 (xi)] = int [1]= 1 # 0. Hence X,T) is not a fuzzy Baire space.

Proposition 4.5 If the fuzzy almost irresolvable space (X,T) isuazy open
hereditarily irresolvable space, then (X,T) is @aZy second category space.

Proof: (XT) is fuzzy almost irresolvable space. Th&h; (A, ) # 1, where the
fuzzy sets X;)'s in (X,T) are such that intA() = 0. Since X,T) is a fuzzy open
hereditarily irresolvable space, iritX= 0, implies that intcl);) = 0. Then §)'s
are fuzzy nowhere dense setsXql). Hence/;Z, (&, ) # 1, where the fuzzy sets
(A)'s fuzzy nowhere dense sets XT), implies that X,T) is a fuzzy second
category space.
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