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Abstract

In this paper, a new class of intuitionistic fuzbpological spaces called
intuitionistic fuzzyw extremally disconnected spaces is introduced awkral
other properties are discussed.
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(resp.upper) intuitionistic fuzay continuous functions.

1 Introduction

After the introduction of the concept of fuzzy sdig Zadeh [13], several
researches were conducted on the generalizatiotieeafotion of fuzzy set. The
concept of “Intuitionistic fuzzy sets” was first lplished by Atanassov [2] and
many works by the same author and his colleaguesaaed in the literature [3-5].
Later this concept was generalized to “Intuitioicidi-fuzzy sets” by Atanassov
and stoeva [6]. An introduction to intuitionistitzzy topological space was
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introduced by Dogan Coker [8]. Several types ofzfuzonnectedness in
intuitionistic fuzzy topological spaces defined Ggker (1997). The construction
is based on the idea of intuitionistic fuzzy sevaleped by Atanassov (1983,
1986; Atanassov and Stoeva, 1983). The concept uaizyf extremally
disconnected spaces was studied in [7]. In thigpagpnew class of intuitionistic
fuzzy topological spaces namely, intuitionistic Zyzo extremally disconnected
spaces is introduced by using the notions introducg7, 11, 12], The concept of
fuzzy w-open set was studied in [10]. Tietze extensiomr@ for intuitionistic
fuzzy w-extremally disconnected spaces has been discussad [1]. Some
interesting properties and characterizations areied.

2 Preliminaries

Definition 2.1[4]: Let X be a non empty fixed set. An intuitionistic fusy(IFS
for short) A is an object having the formh={ (xu,(X).y.(%): xJ ¥ where

the functionsu,:X -~ 1 and y,: X - | denote the degree of membership
(namely #,(x)) and the degree of non membership (namelyx)) of each
elementx0 X to the setA, respectively, and< u, (x)+y,(x)<1 for each
x X.

Remark 2.1[8]: For the sake of simplicity, we shall use the symbol
A=(X, Uy, Va) -

Definition 2.2[4]: Let X be a non empty set and the IF8sand B be in the
form A={ (x1,(2. V() : X3 X, B={ (xs(x.,ys(X): x3 ¥ . Then

@ AD Biff u,(x)< us(x) and y, (x) =y, (x) for all xOX;
(b)A=B iff AOB andBO A

(©) A={ (XY (0.1, (¥): X0 X ;

@ANB={ (xu, (9 e (v, (3 Uy ()2 0 ¥
(©)AUB={ (1, (9 Oua(3.vA(3 Oyo(3): 0 };

0 [TA={ (% ua(R1-pa(R): D X

@OA={ (x1-y, (.Y, (x) : >0 X .

Definition 2.3[8]: Let X be a non empty set and {eﬂq ] DJ} be an arbitrary
family of IFSs inX . Then

@ NA ={ (x O, 9.0y, (9): 50 ¥
b)U A :{<x,[/,1A (x),[y,Ai (x)>:xD X} :
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Definition 2.4[8]: Let X be a non empty fixed set. Th&n,={ (x,0,1 :x0 X}
and1 ={(x,1,0 :xO X} .

Definition 2.5[8]: Let X and Y be two non empty fixed sets &ndX - Y be a
function. Then

(@) If Bz{(y,,uB(y),yB(y)>:yDY} is an IFS in Y, then the pre image Bf
under f, denoted by f™*(B), is the IFS in X defined by

£7B) ={ (% ()X, T(e)(R): X0 § .

) If A={ (xA,(X.V.(¥): XD ¥ isanIFS inX, then the image of A
under f , denoted byf (A), isthe IFS inY defined by

F(A) ={ (v, TAD(Y). A= F@-v,))(Y) : yO ¥} where,

AA if f(y)#20
f(1,)(y) ={ XDS;HR) (x) i (y)

0, otherwise

inf Va(X) if f7(y)z0
A= fFA-v)(Y) =1 wary)

1 otherwise
for the IFS A={({x1\(X).Va(X): X % .

Definition 2.6[8]: Let X be a non empty set. An intuitionistic fuzzy togglo
(IFT for short) on a non empty s& is a family 7 of intuitionistic fuzzy sets
(IFSs for short) inX satisfying the following axioms: {JT 0.1 O7, (Ty)

G,nG,0r forany G,,G, Or,

() U G, Or forany arbitrary family{G, :i €J}.
ar

In this case the paifX,t) is called an intuitionistic fuzzy topological sjgac

(IFTS for short) and any IFS in is known as an intuitionistic fuzzy open set
(IFOS for short) inX .

Definition 2.7[8]: Let X be a non empty set. The compleméntof an IFOS A
inan IFTS (X,r) is called an intuitionistic fuzzy closed set (B@r short) in

X.
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Definition 2.8[8]: Let (X,T) be an IFTS and\=(xu,,y,) be an IFS inX .
Then the fuzzy interior and fuzzy closureAf are defined by

c(A) =N{K:KisanlFCS in X and AcK},
int(A) ={G:G isanlFOS in X and GO A}.

Remark 2.2[8]: Let (X,r) be anlFTS. cl(A) is anlFCS andint(A) is anlFOS
in X, and (a)A isanIFCS in X iff cl(A)=A; (b)A isanlIFOS in X iff
int(A) = A

Proposition 2.1[8]: Let (X,t) be an IFTS. For any IF® in (X,t), we have
(@) cl(A) =int(A), (b)int(A)=cl(A).

Definition 2.9[8]: Let (X,1) and (Y,¢) be two IFTSs and lef : X ~ Y be a

function. Thenf is said to be fuzzy continuous iff the pre imafgeach IFS in
gis an IFS inr.

Definition 2.10[8]: Let (X,t) and (Y,$) be two IFTSs and lef : X - Y be a
function. Thenf is said to be fuzzy open(resp.closed) iff thegenaf each IFS
in 7 (resp.(1-7)) is an IFS ing(resp.(1¢)).

Definition 2.11[9]: A subset A of an IFT§X,1) is called an IF semi-open set if
AU IFcl(IF int(A)) and an IF semi-closed set iflF int(IFcl(A)) O A.

Definition 2.12[10]: A subset of a topological spa¢e, T) is called w-closed in
(X,T) if cl(A) U wheneverAl Uand U is semi-open i@X,T). A subset A

is called w-open if A® is w-closed.

An IFTS (X, T) represent intuitionistic fuzzy topological spaeesl for a subset
A of a space(X,T), IFcl(A), IFint(A) and A denote an intuitionistic fuzzy
closure of A, an intuitionistic fuzzy interior ofA and the complement oA in X

respectively.
Notation 2.1[1]: Let X be any non-empty set al1¢X. Then for xO X,
{HA(X),Ya(X)) is denoted byA™.

Definition 2.13[1]: An intuitionistic fuzzy real lineR,(I) is the set of al
monotone decreasing intuitionistic fuzzy &t] " satisfyingU{ A(t):t0R} =1~
and ﬂ{ A(t):t0O R} =0~ after the identification of an intuitionistic fuzzsets
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A,BOR,(I) if and only if A(t-) = B(t-) and A(t+) = B(t+) for alltOR
where A(t-) =N{ A(s):s <t} andA(t+) =U{ A(s):s >},

The intuitionistic fuzzy unit interval/ (1) is a subs#t R, (1) such that[A][

I

; (1) if the membership and non-membershif\afre defined by

t) = ! t<oand t) = 1 <0 respectivel

The intuitionistic fuzzy topology onR,(I) is generatéwm the subbasis

[Lf,Rf,tDR} where Lf Rt] : R,(I) - I,(I) are given b)Lf(A) = A(t-) and

Rf (A) = A(t+) respectively.

Definition 2.14[1]: Let (X,T) be an intuitionistic fuzzy topological space. The
characteristic function of intuitionistic fuzzy tsé& in X is the function
Y, X — I;(1) defined by, (x) = A", for eachx O X.

Notation 2.2[1]: Let (X,T) be intuitionistic fuzzy topological space alad
A0 X. Then an intuitionistic fuzzx; is of the fofm X , (X),1=X A (X)) .

3  Intuitionistic Fuzzy o-Extremally Disconnected
Spaces

In this section, the concept of extremally disconnectedness in intuitionistic
fuzzy topological space is introduced besides prggieveral other propositions.

Definition 3.1: A subset A of an IFT®X,T) is called intuitionistic fuzzyy
closed(IFw closed for short) ifIFcl(A)cU whenevelAcU and U is IF semi-
open in(X, T).

Definition 3.2: A subset A of an IFT&X, T) is called intuitionistic fuzzy) open
(IF w open for short) if A is IF w closed.

Definition 3.3: Let (X,T) be an intuitionistic fuzzy topological space aAdbe
an intuitionistic fuzzy set inX. Then the intuitionistic fuzzy closure of A
(IFwcl(A) for short) and intuitionistic fuzzy » interior of
A (IFw int(A)for short) are defined by

IFw cl(A) = N{K: K is an intuitionistic fuzzy» closed set iX andAcK},
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[Fw int(A) = U{G: G is an intuitionistic fuzzyy open set iX andGcA}.

Definition 3.4: A function f: (X, T) - (Y,S) is called intuitionistic fuzzyw
continuous iff ~1(V) is an intuitionistic fuzzy» closed set of(X,T) for every
intuitionistic fuzzy closed set V @, S).

Proposition 3.1: For any intuitionistic fuzzy set A of an intuitishc fuzzy
topological spacéX, T), the following statements hold:

(@) IFwcl(A) = IFw int(A)
(b) IFwwnt(A) = IFw cl(A)

Definition 3.5: Let (X,T) be an intuitionistic fuzzy topological space. lkebe
any intuitionistic fuzzy open set in(X, T). If an intuitionistic fuzzy» closure of
A is intuitionistic fuzzys open, then(X,T) is said to be an intuitionistic fuzzy
extremally disconnected space.

Proposition 3.2: For an intuitionistic fuzzy topological spac¥, T) the following
statements are equivalent:

(@) (X, T)is intuitionistic fuzzyw extremally disconnected.

(b) For each intuitionistic fuzzyp closed set Al[Fw int(A) is intuitionistic
fuzzyw closed.

(c) For each intuitionistic fuzzy open set A,
IFw cl(IFw int(A)) = IFw cl(A)

(d) For each pair of intuitionistic fuzzy open sets A and B (X, T') with
IFw cl(A) =B, [Fw cl(B) = IFw cl(A).

Proposition 3.3: Let (X,T) be an intuitionistic fuzzy topological space. Then
(X, T) is an intuitionistic fuzzw extremally disconnected space if and only if for
any intuitionistic fuzzy» open set A and intuitionistic fuzayclosed set B such
thatAcB, IFw cl(A) cIFw int(B).

Notation 3.1: An intuitionistic fuzzy set which is both intuitisiic fuzzyw open
set and intuitionistic fuzzy closed set is called intuitionistic fuzayclopen set.

Remark 3.1: Let (X,T) be an intuitionistic fuzzys extremally disconnected
space. Le{4;,B,/i € N} be a collection such thdt’s are intuitionistic fuzzyo
open setsB;’s are intuitionistic fuzzy» closed sets and lét B be intuitionistic
fuzzy o clopen sets respectively. i cAcB; andA;,cBcB; for all i,j € N then
there exists an intuitionistic fuzzym clopen set C such that
IFw cl(A;)cCcIFw int(B;) foralli,j € N.

Proposition 3.4: Let (X,T) be an intuitionistic fuzzy extremally disconnected
space. Let (4q) and(B;) ., be the monotone increasing collections of
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intuitionistic fuzzyw open sets and intuitionistic fuzzy closed sets ofX, T)
respectively and suppose théf, <B, wheneverg,.q, (Q is the set of rational

numbers). Then there exists a monotone increasiogllection {Cq}quOf

intuitionistic ~ fuzzy o clopen sets of (X,T) such that
IFw cl(Aql)ng2 and Cy,cIFw int(BqZ) whenever; < q,.

4  Properties and Characterizations of Intuitionistic
Fuzzy o Extremally Disconnected Spaces

In this section, various properties and characéons of intuitionistic fuzzyo
extremally disconnected spaces are discussed.

Definition 4.1: Let (X,T) be an intuitionistic fuzzy topological space. Adtion
f:X - R;(I) is called lower ( resp., upper ) intuitionistic fayzo continuous, if
f~Y(RDH (resp., f~1(LY)) is an intuitionistic fuzzy o open set (resp.,
intuitionistic fuzzyw clopen) for eaclt € R.

Lemma 4.1 Let (X,T) be an intuitionistic fuzzy topological space. L&fI{X
and letf: X — R;(I) be such that

17if  t<0,
f)(@) =447if0<t<1,
0~ if t>1,

for all x € X andt € R. Then f is lower ( resp., upper ) intuitionisfizzzyw
continuous iff A is intuitionistic fuzzy open (resp., intuitionistic fuzzy clopen)
set.

Proposition 4.1: Let (X,T) be an intuitionistic fuzzy topological space aedl |
AOCZX. Then v, is lower (resp., upper) intuitionistic fuzaycontinuous iff A is

intuitionistic fuzzyw open (resp., intuitionistic fuzzy clopen).

Definition 4.2: Let (X,T) and (Y,S) be two intuitionistic fuzzy topological
spaces. A functiorf: (X,T) — (Y,S) is called intuitionistic fuzzy strongly
continuous if f1(4) is intuitionistic fuzzyw clopen in (X,T) for every
intuitionistic fuzzyw open set in(Y, S).

Proposition 4.2: Let (X,T) be an intuitionistic fuzzy topological space. Thime
following statements are equivalent:

(@) (X, T) is intuitionistic fuzzy» extremally disconnected,
(b) If g,h: X = R;(I), g is lower intuitionistic fuzzy continuous, h is upper
intuitionistic fuzzy @ continuous andgch, then there exists an
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intuitionistic fuzzy strongly continuous functionf: (X,T) — R;(I) such
that gcf ch.

(c) If Aand B are intuitionistic fuzzy open sets such th&tcA then
there exists an intuitionistic fuzzy strongly @ continuous function

f:(X,T,<) = I;(I) such thaB c Ll f cRLf cA.

5 Tietze Extension Theorem for Intuitionistic Fuzzy o
Extremally Disconnected Spaces

In this section, Tietze extension theorem for inbuistic fuzzy o extremally
disconnected space is studied.

Proposition 5.1: Let (X,T) be an upper intuitionistic fuzzy extremally
disconnected space and &[0 X be such l;io%t is antiomistic fuzzyw

open set in(X,T). Letf:(A,T/A) — [;(I) be an intuitionistic fuzzy strongly
continuous function. Then, f has an intuitiomidtizzy strongly» continuous
extension ove(X, T).
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