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Abstract

We introduce some classes of analytic functiorsssitbclasses and obtain
sharp upper bounds of the functionfl; — pa3| for the analytic function
f(z)=z+ Yr-,a,z"|z| <1 belonging to these classes and subclasses.
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1 Introduction
Let A denote the class of functions of the form
f(2) = z+ Yh—panz" (1.1)

which are analytic in the unit disE = {z:|z] < 1|}. Let § be the class of
functions of the form (1.1), which are analyticvadent inE.

In 1916, Bieber Bach ( [7], [8] ) proved thHat,| < 2 for the functions (z) &§. In
1923, Lowner [5] proved thai;| < 3 for the functiong (z) &§.
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With the known estimateRi,| < 2 and|as| < 3, it was natural to seek some
relation betweem, anda,? for the classS, Fekete and Szego [9] used Lowner’s
method to prove the following well known result tbe classs.

Let f(z) &8, then

34l if u=<0;
las — pa2| < 1+2exp(§ﬁ),ifo <u<i; (1.2)
4p—3,ifp = 1.

The inequality (1.2) plays a very important roledetermining estimates of higher
coefficients for some sub class&¢See Chhichra [1], Babalola [6]).

Let us define some subclassessof
We denote by S*, the class of univalent starlikections

g(z)=z+ Z b,z" € A and satisfying the condition

n=2

zg(z)
Re (g@) >0,z € E. (1.3)

We denote by X, the class of univalent convex functions

h(z) = z+ Z cnz",z € A and satisfying the condition

n=2

(zh' @)
Re ) >0,z € E. (1.4)
A function f(2) € A is said to be close to convex if there exigfs) € S* such
that

zf'(z)
Re (E) >0,z € E. (1.5)

The class of close to convex functions is denotgedCband was introduced by
Kaplan [3] and it was shown by him that all cloge donvex functions are
univalent.

S* (4,B) = {f(z) € LB 1Az

= 2 _1<B<A<1z€E} (1.6)

(2 @) 144z
K (A,B) = {f(z) €A —-< - ~1<B<A<lzE IE} (1.7)



88 Gurmeet Singh

It is obvious thaf* (4, B) is a subclass &* andX (4, B) is a subclass ot .

z{(f'(Z))2+f(Z)f”(Z)} 1+z
< —;z € E;and we

We introduce a new class {ﬂz) € A, FOF @ 1-2

will denote this class &' (f, f, f ).

We will also deal with two subclassesS(f, f, f") defined as follows:

2
o A @) +r@r' @) s
S (frf rf ;Ar B) - {f(z) € "A; f(Z)f’(Z) < 1+BZ;Z eEE (18)
FF E A B8 AP@) H@r @} pand o
S (ff' 5 4,B,8) = {f(2) € A —— — < (322)zeEp  (1.9)

Symbol< stands for subordination, which we define as fedio

Principle of Subordination

Let f(z) andF (z) be two functions analytic ii. Thenf(z) is called subordinate
to F(z) inE if there exists a functiow(z) analytic inE satisfying the conditions
w(0) =0and |w(2)] <1 such that f(z) = F(w(2)); ze E and we write
f(2) < F(2).

By U, we denote the class of analytic bounded functafribe form

w(z) = Ya-16,2™",w(0) =0, |w(2)| < 1. AD)

It is known thatlc;| < 1,]c;| < 1 —|¢q]% (1.11)

2 Preliminary Lemmas

For0 < ¢ < 1, we writew(z) = (f:czz) so that
W) — 14 2cz+ 222 + -, (2.1)
1-w(z)

3 Main Results

Theorem 3.1:Letf(z) € S*(f,f,f), then
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|a139— ,ua§| < ;
(2 tifu< s (3.1)
4llf§<y % (3.2)
7
-u—— ifu=z (3.3)
The results are sharp.
Proof: By definition of S*(f,f, f"), we have
2

A(r@) +f(z>f”(z)} 1+W(Z)

A0 w(z) € U. (3.4)
Expanding the series (3.4), we get
(14 2a,z+3a3z> + —— =)?+ (z+ a,z* + azz> + — — =) (2a, + 6a3z +
12a,22+ —— =) =1 +ayz + azz> + — — =)(1 + 2a,z + 3a3z* + — —
=)+ 2¢1z 4 2(c; + ¢12)z% + — — —).
{1+ 4a,z + (6az+4a3)z* + — — =} + {2a,z + (6az+2a3)z* + — — -} =
(14 3ay,z + (4a3+2a3)z? + — — =)L + 2¢,z + 2(cy + ¢12)z% + — — ).
1+ 6a,z + 6(2az+a3)z? + — — —= 1+ (3a, + 2¢;)z + (4az+2a% + 6a,c, +
2C2 + 2C12)Zz + - - - (35)
Identifying terms in (3.5), we get

2
az = 5 Cl (36)
a3:lC2+£C1 . (37)
From (3.6) and (3.7), we obtain

— pas = —cz + [—— = ]clz (3.8)
Taking absolute value, (3.8) can be rewritten as

1 19 4
las — nad| < 5leol + |52 = Sul Ic2l. (3.9)
Using (1.9) in (3.9), we get
1

las —ua3l < (1=l + [ —3u|le? = 1+ {5 - 34| — 3} 12 3.20)
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Casel:u < 5 (3.10) can be rewritten as

4 5

las —pa3l <5 +{(52—50) ~ el = T+ {5~ 5} ledl® (3.11)

Subcase | (@u < g Using (1.9), (3.11) becomes

4 19 4
lag —uaj| < - +{——-u} =T TG (3.12)

18 9

Subcase | (b)u > g We obtain from (3.11)

las —pa3l < 3= {Su-flal <3 (3.13)

19 . .
Case Il: p > ——. Preceding as in case |, we get

las — a3l <5 +{Ju—3}leaf? (3.14)

Subcase Il (a):u < Z. (3.14)
Takes the forma; — pas| < % (3.15)

Combining subcase | (b) and subcase Il (a), weilobta

las —pa3l <5 if g<p<y (3.16)

Subcase Il (b):u = % Preceding as in subcase | (a), we get

las — pa3l < 5pu -3 (3.17)

Combining (3.12), (3.16) and (3.17), the theoremra/ed.
Extremal function for (3.1 and (3.3) is defined by
fi(z) = \/2 {i —log (1 — Z)}.

Extremal function for (3.2) is defined b (z) = |[log (

)
1-z2) °

Theorem 3.2:LetS*(f,f,f;A,B), then
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(A-B)(5A—14B) (A-B)?> (54 —14B —9)
72 —T o WirsTu—p 0 (18
(A-B) (54—-14B—-9) (54 — 14B 4+ 9)
< ; .
—paz| S| g 8A-B “*<sa-p ° ©G19
(A-B)? (A-B)(5A—14B) (54 — 14B +9)
9 KT 72 T )
The results are sharp.
Proof: By definition of S*(f,f,f; A, B), we have
2
AP @) +r@r' @} 14 awe
, = ;w(z) € U. 3.21
f@f (2 1+Bw(z) (2) ( )
Expanding the series (3.21), we get
1+ 6a,z + 6(2az+a3)z? + — — —=1+{3a, + (A — B)c,}z + (4az+2a5 +
3a,(A—B)c; + (A—B)(c; — Bef)z? + — — —
(3.22)
(A B)
Identifying terms in (3.22), we get, = 1 (3.23)
Anda; = ) c, + —(A_B)f’:_lw) c,2. (3.24)
From (3.23) and (3.24), we obtain
A-B A-B)(5A-14B A-B)?
a3—ya§=( )cz+( )(72 2t 9) ]clz (3.25)
Taking absolute value, (3.25) can be rewritten as
A-B A-B)(5A—14B A-B)?
las — pa3] < 52 o + [ - By of. (3.26)
Using (1.9) in (3.26), we get
(A-B) (A-B)(54- 14-B) (a- B)
las — pal < 21— oy ) + [ u ey 12
__ (4-B) (A-B)(54-14B) (A-B)? _(4-B)
=% T {| 72 o } il (3.27)
Casetpu < (EA-145) (3.27) can be rewritten as
8(A-B)

2 (4-B) (A-B)(54-14B) (A-B)? (4-B) 2
las — paz| < 5 +{( 2 B .U)— 5 }|C1|
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__ (4-B) (A-B)(54-14B-9) (A-B)? 2
=224 ( = — L0 I3, (3.28)

(54-14B-9)

Subcase | (@)u < 5(A_E)

Using (1.9), (3.28) becomes

(A-B) (A-B)(5A-14B-9) (A-B)? (A-B)(54-14B) (A-B)?
las — na3| < + ( - u) = - u. (3.29)

8 72 9 72 9
Subcase | (b)u > %. We obtain from (3.28)
2 (4-B) (4-B)? (A-B)(54—-14B-9) 2 (A-B)
las — pad| < 52 — (P - SR (| < P (3.30)
Casell:u > %. Preceding as in case |, we get
2 (A-B) (A-B)? (A-B)(5A-14B) (A-B)) | 2
las — paz| < 3 +{( 5 M~ s )_ 3 }|C1|
(4-B) (4-B)? (A-B)(5A—14B+9) 2
<P (- = YIe3l. (3.31)
Subcase Il (a):u < %. (3.31) takes the form
laz — pa3| < (A;B). (3.32)

Combining subcase | (b) and subcase Il (a), weimbta

) (A-B) ., (54-14B-9) (54-14B+9)
|a3 l’la2| S 8 f 8(A—B) S ‘Ll S B(A—B) (3'33)
Subcase Il (b):u = %. Preceding as in subcase | (a), we get
—B)? - -
las —,ua%l < (4-B) >— (4-B)(54 143)' @)3

9 72

Combining (3.29), (3.33) and (3.34), the theoremra/ed.

Extremal function for (3.18) and (3.20) is defirgd

2 A
f1(2) = m{(l + Bz)B(Az — 1) — 1}.
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2 A+B

{(1 + Bz2)78 — 1} .

Extremal function for (3.19) is defined b (z) = J(A+B)

Corollary 3.3: PuttingA = 1, B = —1 in the theoren3.2, we get

(_ 4% 5
|36 o ifus 8’
|a3—,ua§|S41,if§SuS£ , which is the result obtained in

theorem (3.1).

Theorem 3.4:LetS*(f, f,f;6), then

(6(9i38E31:1§)2(—21_26z§:36) _ 9(:?2)2 W ifu < 954_14(:;—2?;?;-726—36; (3.35)
R R
kg(ﬁ;z# B 5(9<i38231:1§)2(—21_28§36)’ if > 954_;;5(33—_366)2+36 (3.37)
The results are sharp.
Proof: By definition of S*(f,f,f; 6), we have
A(r' @) +7@)r 2 5
{ f?Z)f'(Z) 2 = (i:g) ;w(z) eU. (3.38)
Expanding the series (3.38), we get
1+ 6a,z + 6(2az+a3)z? + — — —= {1 + (3a, + 2¢1)z + (4as+2a3 +
6ayc, + 2¢c, + 2¢,2)z% + — — =)°
= {1 +8(@3a, + 2¢y)z + 6(4a3+96T_5a§ + 68ayc, + 2¢, + 26¢,2)z% + — — —}
(3.39)
Identifying terms in (3.39), we get
Az = 3(2(55) €1 @)
3_ 2_
a5 = s 2 + rae ot o/, (3.41)

From (3.40) and (3.41), we obtain

8(98%-148%-128+36) 467 2
2 [ 18(3-6)(2-6)2 9(2-5)2 l‘] C1- (3.42)
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Taking absolute value, (3.42) can be rewritten as

2 1 8(98%-148%-125+36) 487 P
las — paz| < 2(3-6) lca| + | 18(3-6)(2-6)?2 9(2—6)2“| €1-
Using (1.9) in (3.43), we get
) 1 _ 2 8(96%-148%-125+36) 487 P
las — ua3] < 5o (1= ey ) + [P0 230 — 2 e
1 8(96%-148%-125+36) 487 1 2
T 2(3-6) {| 18(3-6)(2-5)2 9(2-6)2 H 2(3—5)} |ci].

963-146%-126+36
Casel:iu < ( )

. (3.44) can be rewritten as

86(3-6)
las — 2| < {(6(963—1462—126+36)_ 452 )_ 1 }| 2|
a3 l’l'az — 2(3—6) 18(3—6)(2—6)2 9(2—5)2'11 2(3—6) Cl
1 (984—1463—2162+726—36_ 452 )| 2|
T 2(3-6) 18(3-6)(2-6)? sz—sz M) el

964-1463-216%+726-36

Subcase | (@)u < 552(3-0)

1 n (984—1463—2162+726—36 462 )

— 2 —
las — paz| < 2(3-6) 18(3-8)(2—8)2 sz-arz M
_ 8(98%-148%-128+36) 487
T 18(3-6)(2-6)2 9(2—-6)2 H-

96%-1463-216%+726-36
Subcase | (b)u >

. We obtain from (3.45)

862(3-96)
las — pa?| < 1 _( 462 _964—1463—2162+726—36)|C2| 1
3 7 HA2l = 5555 T bamez M 18(3-6)(2-8)2 11 = 23E-6)
9563-146%-126+36 . .
Case ll: u > ¢ 250-5) ), Preceding as in case |, we get
las — pa?| < 1 {( 462 _6(963—1462—126+36))_ 1 }|C2|
3~ HA2l =557 sz—oy2 M 18(3-6)(2-8)2 23-6)) 'L
1 462 95%-1453-3562+36) | 7
S2(3—6) (9(2—6)2M_ 18(3-68)(2-6)2 )|C1|-

95%-1463-35%2436

Subcase Il (a):u < 862(3-0)

. (3.48) takes the form

— na?l <
las — paz| < 2G-5)"

Using (1.9), (3.45) becomes

(3.43)

(3.44)

(3.45)

48)

(3.47)

(3.48)

(3.49)
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Combining subcase | (b) and subcase Il (a), weilobta

) 1, ,98%-146%-216%+725-36 95*-146%-36%+36
las — pa| < 2(3-6) if 862(3-5) SHs 852(3-6) (3-50)
. 96%-14683-368%+36
Subcase Il (b):u = 5526-0)
Proceeding as in subcase | (a), we get
2 462 _ 8(983-148%-125+36)
las — pa| < sz-sz* 18(3-6)(2—6)?2 (3.51)

Combining (3.46), (3.50) and (3.51), the theoremra/ed.
Extremal function for (3.35) and (3.37) is defirgd

f1(2)

z 1 14291 1 142973 1 142075 1 }
2y51\1=% +ts3l1= ts—=l\1=% +———+5logz . .
2fe {6 i) ) tes(s) 2 dz,if numerator of 6 is even
0

z 1 142971 1 142973 1 1420 1 4z }
251\1=% +s3\1=% ts=\1=% t-——t3log—=5 . ,
Z-fe {5 1(1 z) 8 3(1 z) 5 5(1 z) 279 (1-2)2 dz, lf numerator OfSLS odd
0

Extremal function for (3.36) is defined bfg(z) = |log ( ! ) :

1-z2

Corollary 3.5: Puttingé = 1, in the theoren3.4, we get

19 4 _S
36 otUH=1g’
la —ua2|<<1if5< <7
oI = U g=k=]
4 19 7
\9H 36" THZ7

which is the result obtained in theorem (3.1).
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