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Abstract

In the present paper, we introduce a subclass avalent functions with
positive coefficients defined by multiplier tramsh@ations in the open unit disk
U={z € C:|z| < 1}. We obtain some geometric properties, like coefficie
inequality, closure  theorem, neighborhoods  for  thesubclass
WA(¢, a,m,n,v1,72,A), radii of starlikeness, convexity and close-to-axity,
weighted mean, arithmetic mean, linear combina#éiod integral representation.

Keywords: Univalent function, Multiplier transformations, Ngiborhoods,
Radius of starlikeness, Weighted mean, Arithmetarm Linear combination,
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1 Introduction

Let Sbe the class of functions of the form:

f@=2+4) aum, (1)
n=2

which are analytic and univalent in the unit disk{ € C: |z| < 1}.

A function f € S is said to be starlike of ordeén0 < f < 1) if and only if

Re{%()z)} > B, (z€ ). )

Denote the class of all starlike functiarfsorderf in U by S*(8 ). A function
f € Sis said to be convex of ordiif and only if

Re{1 + Z}’:,;('g)pﬁ , (0<B <1, ze U) ©)

Denote the class of all convex functions of orflén U by C (B).
A functionf € Sis said to be close — to — convex of or@ef and only if
Re{f (2)}>B, (0<B<1, z€U) (4)

Let TH be subclass of S consisting of functions of threnfo

fR =2+ a", (@, 20) 5)
n=2

For the functiong € TH given by (5)and g € TH defined by

0

f@ =2+ ) au™, (by 20) 6)

n=2

Define the convolution (or Hadamard product)0&nd g by
(Fxg)@ =2+ ) apbyz" . )
n=2

For any integer m, we define the multiplier tramsfationsI’, (see [4, 5] of
functionsf € TH by
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i@ =24 Y g
mJZ) =z a+f+n—-1 n?
n=2
=z+ Yi,0naa,z", ({=0,a>0,z€U), (8)

Where
On,a,0) =((a+0O)/(a++n—1))™.

Definition 1: Let g be a fixed function defined by (6). The fimmcf € TH given
by (5) is said to be in the new clasd W, «, m,n,v1,v2, 1) if and only if

2L+ 9 (D))
| TAETI))
205 *9(@)
ULf gy +@tr2)

Where# > 0, a >0, me Z, 0 <n< 1, 0 <y,<1, 0<y,<l and O <A < 1. The
following interesting geometric properties of tiiigiction subclass werstudied
by several authors for another classes , likenfds et al. [1] Atshan and Buti [2],
Atshan and Kulkarni [3], Kanas et al. [7,8], Mursgandaramoorthy and Magesh
[9,10] and Murugusundaramoorthy and Srivastadé [1

| <2, (9)

2 Coefficient Inequality

We obtain the necessary and sufficient conditiaraféunctionf to be in the class
WAL, a,m,n, ¥4, Y2, ).

Theorem 1:Let f € TH.Then f € WA( £, o, m,n,V1,V2,A) if and only if

o]

D n((r= DA =) = A0 +72))00, @, Dby < A1 +72),  (10)

n=2
wheref >0, a>0meZ0<n<1,0<y; <1,0<y,<land 0< A<1.

The result is sharp for the function

A(y1 +v2) N
(n=DA =) = A1 +72))0(n, 0, 0) ~ -

f(z)=z+n (11)

Proof: Suppose that (10) is true foe U and |z| = 1. Then, we have

|z Frg @) | = A nz(1a(F+9@)) "+ (i +72) (Half  92)) |
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= | Z n(n—1)0n, a Oa,b,z"t | —A|n Z n(n — 1)0(n,q, £)a,b,z"?

n=2 n=2

0

Hon 1A+ Y 100, 0ayhyz") |

n=2
0

= | Z n(n—1)0(n, a,)a,b,z" ! | - X| Y1 +7v2)

n=2

+ Z nnn—1)+ (y, +v2)0(n, a, O)a,bpz™ 1 |

n=2

o0

< z n(n — 1)0(n, @, ayb, [z["

n=2
©

_ z mm—1)+ (v, +7,))0(m & Oanb, | 2] " -A((, +71,)

n=2

o]

= Z n((n—1A-An) —A(y1 +v2) 0(n, a, O)apby, — A(y; +v2) <0,

n=2
by hypothesis.
Hence, by maximum modulus principfee WA( £, a, m,1,y1,¥2, A).

Conversely, assume that WA( ¢, a, m,n,y1,Y2, A). Then from (9), we have

OAETION
| UL~ g(D)) |
2L *9@))
WLfrg@y Ttre)
*_,n(n—1)0(n,a £) apb,z"?

mon(nn—1) + (v, +7,))0(n, , ©) apbyz™ 1 + (v, +7v,

)|<x.

Since Re (zx | z|for all z (z€ U), we get

° { * ,n(n—1)0(n,a ) apb,z"?
e

A. 12
-1+ (0, +1,))8 @ ) anbnzn-l+(y1+yz>}< (12)
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We choose the value of z on the real axis so that

Z(In(f*9(2)”
Un(f * 9) (@)’

Letting z— 1~ through real values, we obtain inequality (10).

is real

Finally, sharpness follows if we take

_ Alyr +72) n
f@ =2+ DA D) = 20n + 78w Oy, 2 (13)

n=2, 3....
The proof is complete.
Corollary 1: Letf € WA( ¢, o, m,n,¥1,V2,A). Then

Aly1t+y2) .
n = (- DA-1D)-A1+12)0 (ahby 2,3, e

(14)

3 Closure Theorem

Theorem 2:Let the functiong;, defined by

filz) =z + Z nrz", (an,k >0,k=1,2, ....,u),
n=2

be in the clas®A( {,a, m,n,y,,7,,2) foreveryk = 1,2,..u. Then the function
h defined by

[ee]

h(z) = z+ Z enz",(ep = 0),

n=2
also belongs to the cla®A( ¢, a, m,n,y,,7,,A) , where

I

1
e, = HZ apk, (n=2).

k=1

since f, € WA({, o, m,1,Y1,Y2,4), then by Theorem 1, we have
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Proof:

D (=1 =) =201 +¥2))8( 0,0 aniby <A1 +72),  (15)

for every k=1, 2,....... Hence

o]

> (=1 (= an) = A1 +12))8(n,, Oenb,

n=2

o ©

1
= D (=D = 2m) = 21 +72)) (0, Dby () )

n=2 k=1

> O n(= D0 = 20) = A1 + 7200006, Oatn by) < A +2).

u
k=1 n=2

=

By Theorem (1), it follows that € WA( ¢, a,m,n,y1,¥2,4).

4 Neighborhoods for the Clas$VA( ¢, o, m, 1,1, V2, A)

Definition 2: For any functionf € TH and § > 0, the § —neighborhood of f is
defined as:

Ns(f) = {g (2) =z + z b, z" € TH: Zn|an _b,| < &) (16)
n=2 n=2

In particular, for the function(e)= z,we see that,

Ns(e) = {g(2) = z + Z b,z € TH:Z nlb,| < 63. 17)

The concept of neighborhoods was first introducgd@wodman [6] and then
general by Ruscheweyh [12].

Definiton 3: A function f € TH is said to be in the class

WAP (€,a,m,n,y1,¥2,4) if there exists a function g €
WA(4,a,m,n,y1,v2, 1), such that
f(2)

|_Z_1|<1—p (zeU,0<p<1).
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Theorem 3:If ge WA({,a,m,n,y1,72,A) and

=1- S((1 =) + A(y1 +¥2))0(2,a, D)a,
201 =20 + A1 + 120)0(2, 0, Oay — A1 + 72)

(18)

ThenNg (g) € WAP (£,a,m, 1, Y1, Y2, A).

Proof: Let f € Ns(g). We want to find from (16) that

[ee]

Zn|an—bn| <6,

n=2

which readily implies the following coefficient igeality

o0 b <5
Zlan nl—z-
n=2

Next, sinceg € WA({, @, m,n,y41,¥2,4), we have from Theorem 1

b < Ay +7v2)
T2 =) + Ay +v2))0(2, 0, Oay

NgE

2

S
I

So that
| f(Z)_1|<Zﬁ=2|an_bn|
g(Z) o 1 - ﬁ:z bn

((1—2n) + Ayy +v2))0(2,a,0)a, _q
2((1 = An) + A(y1 + v2))0(2,a, O)a_ Ay, + v2)

<6

- p. (19)

Thus by Definition (3)f € WA (¢, a, m,n,v1,Y2, A)for p given by (18).

This completes the proof.

5 Radii of Starlikeness, Convexity and Close—to—
Convexity

Using the inequalities (2), (3), (4) and Theoremwg, can compute the radii
starlikeness, convexity and close - to - convexity.

Theorem 4:If fe WA(¢(, a,m,n,v1,v2,A4), then fis univalent starlike of order
¥ (0 < < 1) in the disk| z| < r;, where
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ml—w«n—na—bﬂ—ﬂn+nnﬂw%@%ﬁ%, n>2
= PIAys +72)

(6, a0, m, 1, ¥1, V2, A, P) = infy

Proof: It is sufficient to show that

zf '(2)
—1| <1-y,0<yp<1),
|~ Y,0<yp<)
| Zl < 7"1 (f, a,m, T" )/1' ]/2,&, l,b),
we have
| T@ L B Day 27 S Day | 7]
f(2) 1+X5,a, 2" = 1 _ > a, | Zl n-1
Thus
zf (z)
| f(2 1| =1-¢,
if
Z(n lp)anlzl <1. 20)

Hence, by Theoremn1l, (20) will be true if

—¥)|z]" _n(( - DA - M) A0 +72))0(n, @, Ob,
1-9y B Aly1 +v2) ’

Equivalently if

- - - - na 1
2| < QUIR@EDUAD Ay adb L

(M=P)A(y1+v2)
Setting | z| = 1, we get the desired resullt.

Theorem 5:1f fe€ WA(¢, a,m,n,v1,72,4), then fis univalent convex of ordgr
(0< ¢ <1)in the disK z| < 1, where

{(1—w>((n—1)(1—An)—21(y1+yz))9(n,a,t)bn}n%

rZ (f’ a' m’ n' ]/1’ ]/2’ A” ¢) = infn (n_,‘l})/l(yl_l_yz) 1’ n Z 2'
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Proof: It is sufficient to show that

| L2 <19, 0sv<),
for |Z| <r,(4o0, m,n,yl,yz,k,\y),
We have
| 2 @) | Bann- Dan 217 Sin(n - Dan| 2]
h e Lt Zneaman 2870 7 130 nan| 2"
Thus
zf "'(2)
I—Zf = |< 1-v,

If

o]

nn—P)a, |z|"
Z a=v) <1. (21)

n=2

Hence by Theorem 1, (21) will be true if

nn=y) |2|"" _ n(= 1D =) = A0 +12))0(n, @, Oby
1-19) B Aly1 +v2)

Equivalently if

| , | < {(1 —P)((n—-1DA - ) —A(y1 +v2))0(n, q, f)bn}ﬁ, N2

(m—P)A(y1 +72)

Setting | z| = r2, we get the desired result.

Theorem 6: Let a function € WA(#, @, m,n,v41,¥2,4). Then fis univalent close —
to - convex of orderp (0<w < 1) in the disk| z| < 73, where

T3 (& a,m, TI: Y1, Y2, /1' l/))

A=-P)((n—1DA = 2n) — A1 +v2))0(n, a,Ob, 1
}n—l n
A(y1 +v2)

v
[N

= infp{

)

Proof: It is sufficient to show that

|f@-1] <1-y , (0<y <),
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for

| z | < T3 (& a,mnV ]/z,l),

We have
| f2-1| =| Znanzn_l | <Znan |Z|n_1
n=2 n=2
Thus
lf@-1] <1-v ,
If
S na |z|n_1
Zn—SI. (22)
n=2 1_11)

Hence, by Theorem 1, (22) will be true if

nz|" _ n(@-D-Am-A01472)8 (M, 0y
-y - A(y1+v2) ’

Equivalently if

1-YP)(n-1)(1-An)—A(y1+Y2))0(n,[1,0)by
A(y1ty2)

|| <¢ }ﬁ ,n > 2

Setting | z| = rs, we get the desired result.

6  Weighted Mean and Arithmetic Mean

Definition 4: Let f; andf, be in the class W&, a,m,n,y,Y2,4). Then the
weighted meaii; of f; andf, is given by:

V@) =5 (1) (@) + A+ @] 0 <1

Theorem 7: Let f; and f, be in the class W&, a,m,n,y4,v2,4). Then the
weighted meai; of f; andf, is also in the class W&, a,m,1,v1,¥2,1).

Proof: By Definition (4), we have

Vi(2) =5 A=) @+ A+ NAHE)] (23)
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<
zZ+ Z 5 [(1 —jag + A+ ay, ]Z".

n=2

Sincef; andf; are in the clas¥VA (¢, a,m,n, 4,72, A) so by Theorem 1, we get

o0

z n((n -DA =) - Ay, + yz))H(n, a,0)an by < A(y1 +7v2),

and

o0

z n((n -DA =) - Ay, + yz))H(n, a,)an, by < A(y1 + v2).

n=2

Hence

0

1
D (= DA =) = 01 +7)2)0m, 0,0 G L (A = Nanaz™ + (1

+/)an2D)bn

1 0
= 2 a-j Zzn((n -DA-2An) - Ay, + yz))H(n, a,£)anq by

1 0
+ 2 @) ) (= DA =20 = A0 +712))0(n @, Oans by
n=2

1
A= PDAy;1 +7v2) + > 1+ DA +v2) = Ay1 +v2).

N =

<

ThereforeV; € WA(L, &, m,n,¥1,¥2,1).
The proof is complete.

Theorem 8:Let f,(2), f2(2) ,....f,(2) defined by

fi(2) =2+ Z i 2" (an; 20,0 =12, .., 1u,n>2) (24)
n=2
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be in the clas8 A(¢,a,m,n,y,,¥2,4). Then the arithmetic mean §f(z) (i =
1,2, ..., u)defined by

u
1
h(z) = ;Z £i(2) (25)

is also in the clas®VA(¢, @, m,n,v1,V2, A).

Proof: By (24), (25), we can write

u © © u
1 1
h(z) = — Z(z + Z an; z™) =z + Z(—Z an,i)Z".
U & — — U
i=1 n=2 n=2 1

Sincef; € WA({, a,m,n,y4,Y2,A) for evey (i=1,2,... 1) so by using Theorem 1,

We prove that

00 u

1
D= D =20 =40 +12)8 0 @ OC ) andbn

n=2 i=1

0

u
1
= = 2 (Q (=1 = 2m) = 2071 +72))(n, @ 0) anby)

i=1 n=

N

1
; Z A(y1 +v2) = A(y1 + y2). The proofis complete.

7 Linear Combination

In the following theorem, we prove a linear comitioa for the class
WA(L, a, m,n,y1,V2,A).

Theorem 9:Let

fiz) =z + Z an; z", (an; =0,i=12,..,u,n=2)

n=2

belong to the clas&A (¢, o, m,n,7,,7,,1). Then
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u
F(2) = ) cifi(z) € WAWGamn,y1,722),

i=1
where

Ci=1'

u
i=1

Proof: By Theorem (1), we can write for ever¥ {1,2, ..., u}

o]

Z n((n =11 =) = A1 +¥2))0(n, a2, 0)

b, < 1.
— A1 +72) e
n=2
Therefore
u 00
F(z) = Z ¢ (z+ Z aniz")
i=1 n=2
0 I
=zZ+ Z(z Cl'an'i)Zn .
n=2 i=1
However

o]

7
2. n((n = D =) = A1 +72))8(n,a,0) Q  canbn
i=1

Ay, +7v2)

n=2

u 0
N N U =D =) - A0 +y2))0(a, )
B ; ‘i [Z Aly1 +v2) Onibn] <

n=2

ThenF (z2)e WA(¢, a, m,n, V1, V2, A).

So the proof is complete.

8 Integral Representation

In the following theorem, we obtain integral regestion for the functiorf.

Theorem 10:Let fe WA(¢, @, m,1n,y1,¥2,4). Then

z (y1t+y2)0(®)4
ls F=nan dt,

Un(fxg @) =e

where | 6(t) |<1,z€U.

<1l

83
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Proof: By putting

VA (Ir[;l(f * g(z))) ” = M(2),
(1 (f x 9(®))

in (9), we have

| M(z) | <A

nM(z)+(y1+v2)
or equivalently

M(z)
nM(z) + (y1 +v2)

= Q(Z)/l,l 0(z) | <1, z e U.
We get

(1 (F9@))"_ (7062
(ta(rrg@)) 20-10@2) ’

After integration, we have

(Y1 +y2)0 ()2
log ((11{;1 (f * g(Z))) )= fOZ 2?1—]:729(2)1) dt.

Therefore,

z (Y1+Y2)9(t)/1dt

(I (f*g(Z)))'=ef0 TG

and this gives the required result.
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