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Abstract 

     In this paper, we have discussed a subclass ),,,( λµαγS of univalent functions 
with negative coefficients defined by Ruscheweyh derivative in the unit disk U = 
{z ϵ С : | z | < 1}. We obtain basic properties like coefficient inequality, distortion 
and covering theorem, radii of starlikeness, convexity and close-to-convexity, 
extreme points, Hadamard product, closure theorems and convolution operator 
for functions belonging to our class.  
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1     Introduction 
 
Let K denote the class of functions of the form: 
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which are analytic and univalent in the open unit disk }.1:{ <∈= zCzU   

 If a function ƒ is given by (1) and ɡ is defined by 
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is in the class K, then the convolution (or Hadamard product) of ƒ and ɡ is 
defined by  
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Let S denote the subclass of K consisting of functions of the form: 
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We aim to study the subclass ),,,( λµαγS   consisting of function Sf ∈ and 
satisfying: 
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for ,10,10 <≤<≤ αγ 10 << µ and )(zfDλ  is defined as follow: 
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This function is called the Ruscheweyh derivative [5], [6] of ƒ of order λ denoted 
by .fDλ  
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Another classes studied by  Atshan and  Kulkarni [2] and  Darus [3] consisting of 
functions of the form (4). 
 

2    Coefficient Inequality  
 
In the following theorem, we obtain a necessary and sufficient condition for 
function to be in the class ).,,,( λµαγS   
 
Theorem 1:  Let the function ƒ be defined by (4). Then ),,,( λµαγSf ∈  if and 
only if   
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where  10 << µ ,10,10 <≤<≤ αγ and .1−>λ  The result (7) is sharp for the 
function  
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Hence, by maximum modulus principle, ),,,( λµαγSf ∈ . Now assume that 
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Therefore, we get 
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and this completes the proof. 
 
Corollary 1: Let the function ),,,( λµαγSf ∈ .Then 
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3    Distortion and Covering Theorem 
 
We introduce the growth and distortion theorems for the functions in the class 

),,,( λµαγS   
 
Theorem 2: Let the function ),,,( λµαγSf ∈ . Then 
 

.
)1)](12([

))1((
)(

)1)](12([

))1(( 22
zzzfzz

λγαµγ
γαµ

λγαµγ
γαµ

+−++
−++≤≤

+−++
−+−  

 
The result is sharp and attained 
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Theorem 3: Let ),,,( λµαγSf ∈ . Then 
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On the other hand      
 

1

22

1 11)(
−

∞

=

∞

=

− ∑∑ −≥−=′ n

n
n

n

n
n znaznazf  

 

∑
∞

=

−≥
2

1
n

nnaz  

 

.
)1)](12([

))1((
1

γγαµγ
γαµ

+−++
−+−≥ z                      (11) 

 
 
Combining (10) and (11), we get the result. 
 

4     Radii of Starlikeness, Convexity and Close-to-
Convexity 
 
In the following theorems, we obtain the radii of starlikeness, convexity and 
close- to-convexity for the class ),,,( λµαγS . 
 
Theorem 4: Let ),,,( λµαγSf ∈ .Then ƒ is p-valently starlike in 1Rz <  of order 
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The theorem follows easily from (14). 
 
Theorem 5:  Let ).,,,( λµαγSf ∈  Then ƒ is p-valently convex in 2Rz <  of 
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Proof:  ƒ is p- valently convex of order 10, <≤ δδ  if  
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Hence by Theorem 1, (16) will be true if 
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The theorem follows easily from (17). 
 
Theorem 6: Let ).,,,( λµαγSf ∈  Then ƒ is p-valently close-to-convex in 3Rz <   
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The theorem follows easily from (20). 
 

5       Extreme Points 
 
In the following theorem, we obtain extreme points for the class ).,,,( λµαγS                          
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6       Hadamard Product 
 
In the following theorem, we obtain the convolution result for functions belongs 
to the class ).,,,( λµαγS  
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7    Closure Theorems  
 
We shall prove the following closure theorems for the class ).,,,( λµαγS  
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8    Convolution Operator 
 
Definition 1 [4]: The Gaussian hypergeometric function denoted by 
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where    bacbc +>>> ,0  and 



90                                                                                    Waggas Galib Atshan et al. 
                                                                                                                

 

 

    


 −+++

=
1

)1()2)(1(
)(

fornxxxx
x n

⋯
        

.0

,3,2,1

=
=
n

n ⋯
 

 
Definition 2 [1]: For every ,Sf ∈  we define the convolution operator 

))((,, zfW cba  as below: 
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where );;,(12 zcbaF    is Gaussian hypergeometric function ( see [1] and [4] ) 
introduced in Definition 1. 
 
Theorem 11: Let ƒ is given by (4) be in the class ).,,,( λµαγS Then the 

convolution operator )(,, fW cba   is in the class ),,,( λµαγS for ),,( ℓµrz ≤  
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The result is sharp for the function  
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Proof: Since ),,,,( λµαγSf ∈  we have   
 

 

 
 
It is sufficient to show that  
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Note that (28) is satisfied if  
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solving for  | z | , we get the result.  
  

References 
 
[1] G.E. Andrews, R. Askey and R. Roy, Special Functions, Cambridge 

University Press, Cambridge, U.K., (1999). 
[2] W.G. Atshan and S.R. Kulkarni, On a new class of analytic functions with 

negative coefficients, Analele Universitătii Oradea, Fasc. Mathematica, 
Tom, XVI (2009), 43-51. 

[3] M. Darus, Some subclasses of analytic functions, J. Math. Comp. Sci. 
(Math. Ser.), 16(3) (2003), 121-126. 

[4] Y.C. Kim and F. Rønning, Integral transforms of certain subclasses of 
analytic function, J. Math. Appl., 258(2001), 466-489. 

[5] S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. 
Soc., 49(1975), 109-115. 

[6] H.M. Srivastava and S. Owa (Eds), Current Topics in Analytic Function 
Theory, World Scientific, Singapore, (1992). 


