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Abstract

In this paper, we have discussed a subc¥gsa, 1, A) of univalent functions
with negative coefficients defined by Ruscheweyivatre in the unit disk U =
{ze C:|z|<1}. We obtain basic properties like do@ént inequality, distortion
and covering theorem, radii of starlikeness, coityeand close-to-convexity,
extreme points, Hadamard product, closure theoraemd convolution operator
for functions belonging to our class.
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1 Introduction

Let K denote the class of functions of the form:
f(z)=z+) a,z", (1)
n=2

which are analytic and univalent in the open urgkd ={z[C: |z| <1}.
If a function f is given by (1) and is defined by

9D =2+Y b7, @

is in the class K, then the convolution (or Hadamproduct) of f andy is
defined by

(f*g)(z):z+ianb]z“, zOU. 3)

Let S denote the subclass of K consisting of fumgiof the form:

1\
o

(2)=2-Y 372", a, @)

We aim to study the subclasS(y,a,u,A) consisting of functionf 0 Sand
satisfying:

‘ W f(z)y - 212 ‘
Z <y, zOU, (5)

a(D' (1(2)) + (1—y)DZf(Z)‘

for 0s y<10<a <1 0<pu<land D’ f ¢)is defined as follow:

D" f(2) =z-) a,B,(})Z",
n=2

where
B.(1) = A+D(A+2)---(A+n-1]) A>-1z0U. (6)
(n=-1)!

This function is called the Ruscheweyh derivatisg [6] of f of order. denoted
by D f.
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Another classes studied by Atshan and Kulkarhaffl Darus [3] consisting of
functions of the form (4).

2 Coefficient Inequality

In the following theorem, we obtain a necessary aufficient condition for
function to be in the clas&y,a,u,A).

Theorem 1. Let the function f be defined by (4). Thénl S(y,a,u,A) if and
only if

S M- + u(na +1- YIB, (A)a, < u(a + (- p), @

n=2

where O<u< 10<sy<l10<a<land A>-1 The result (7) is sharp for the
function

f(2)=z- Ha+d-y) z" n= 2
[/(n=1)+ p(na +1-y)1B,(A)

Proof: Suppose that the inequality (7) holds true eﬁd(Fl .Then we obtain

D’ f(2)

D’ (2)
VA

‘V((D” f(2)" - )

-/J{G(D” f(2)' +@A-y)

:‘— yY (n-1B,(A)a,2"

n=2

—w{m(1—y)—i(naﬂ—y)&(»m“‘l

n=2

00

<Y IUn-1) + p(na +1- p)IB,(A)a, - u(a+ L~ )) <O.

n=2

Hence, by maximum modulus principleldS(y,a,u,A). Now assume that
f OS(y,a,u,A) so that

‘ (D f(2)y - 212 ‘
ZD”f < U, zUU
‘a((D”f(z))w(l—y) (2)
Hence
‘y((D”f(z»'—D ") < ya(0 112+ - p2 @ 1)
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Therefore, we get

-3 Un-1B, (h)a,z™

< p‘a’+ @-yp) —i(na%l—y)Bn (Ma,z™,

Thus
Z[y(n -+ u(na +1-y)B,(N)a, < u(a + @-y))

and this completes the proof.
Corollary 1: Let the functionf O S(y,a,u,A) .Then

a < ua+@L-y)) n>2
"7 y(n=1)+ p(na +1-p)]B, (A)’

3 Distortion and Covering Theorem

We introduce the growth and distortion theoremgtierfunctions in the class
S(y.a,u,A)

Theorem 2: Let the functiorf O S(y,a,u,A) . Then

_ pa+(1-y)) 2 pa+2-y)) 2
A rueaa-paea | O ea s ey

The result is sharp and attained

f(Z):Z_ ,U(a'*'(l_y)) ZZ.
[y +u@a+1-p)](1+4)

Pr oof:

1(2) =

z- ianz”
n=2

<|4+ad

<[4+ 2 a,

By Theorem 1, we get

Sa < Marly)
= " [y+tua+1-y)1B,(A)
(8)
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Thus

pa+Q2-y) 2
O a v

Also

1@ 2[4- S a4

>|Z|— ua+@1-y)) |Z|2
U [yt pRa+1-p)a+ )t

Theorem 3: Letf OS(y,a,u,A). Then

_ ua+(1-y)) |z|<|f'(z)|<1+ ua+@1-y)) |Z|
[y+u@a+1-p)a+i'' [yt u@a+1-p))a+A)

With equality for

f(Z):Z_ :u(a+(1_y)) ZZ.
[y +u@a+1-p)](1+4)

Proof: Notice that

(A+D[y+uCa+1- y)]i na, < in[y(n —D+u(na +1-p)IB,(A)a,

< u(a+(1-y)),
from Theorem 1. Thus

1f'(2)| = ‘1— inanz”‘1 <1+ i na,|4""
n=2 n=2

Hla+Q@-y)
y+ uQa +1- A+ A)

S1+|z|[

81

(10)

(9)
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On the other hand

1f'(2)| = ‘1— inanz”‘1 >1- inan|z|"_l
n=2 n=2

21—|Z|Znan
[y +u@a+1-p)](1+y)

Combining (10) and (11), we get the result.

4 Radii of Starlikeness, Convexity and Close-to-
Convexity

In the following theorems, we obtain the radii daérikeness, convexity and
close- to-convexity for the cla&gy,a, u,A) .

Theorem 4: Let f OS(y,a,u,4) . Then f is p-valently starlike i < R, of order
0,0< 9 <1 where
1
@-9)(y(n-D + u(na +1-y))B, (/])}n—l o,
(n=o)u(a +1-y)) -

R, = innf{ (12)

Proof: f is p-valently starlike of orded,0<o< it

Re{&} > 0.
f(2)

Thus it is enough to show that
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Thus

zf' . kel - n-1
e R R s SXER 0)

Hence by Theorem 1, (13) will be true if

n;JMn—l < (n=D+u(na +1-y))B,(4)
-6 pa+(L-y)

or if

1

|Z|S{(1—J)(y(n—1)+,u(na +1—V))Bn(/1)}”‘l, n>2 (14)
(n=d)u(a +@A-y))

The theorem follows easily from (14).

Theorem 5: Let f OS(y,a,u,4). Then f is p-valently convex|i<R, of

ordero,0<d <1 where
1

R, = inf{(l_ An-Y) + una +1- )8, (A)}“, n>2 (15)

n(n-o)u(a+(1-y))

Proof: f is p- valently convex of orde¥,0<d< ii

Re{l Zf"(z)} > 0.
f'(2)

Thus it is enough to show that

|2"(2) -y n(n-naz"|  Ynn-1a/4"
- n=2 < n=2 — .
‘ f (Z)| ‘ l_zznanzn—l Z an|Z|n 1
Thus
‘Z]f "((ZZ)) <1-6 ff in 5)a’“|z| <1 (16)
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Hence by Theorem 1, (16) will be true if

n(n-3)|24"" _ (y(n-1)+ u(na +1-y))B,(A)
1-6 Ha+@2-p))

or if

<[ A=Y+ una +1- BN, a7
B n(n-o)u(a +(@1-y)) o
The theorem follows easily from (17).

Theorem 6: Let f OS(y,a,u,4). Then f is p-valently close-to-conveXi< R,
of orderd,0< 0 < lwhere

1
R = inf{(l-dr)(y(n ~D+una+1- y))Bn(A)}”‘ll N2
" nu(a +(Q1-y))
(18)
Proof: f is p-valently close-to-convex of ordéil0<d< il
Re{f'(2)} > 4.
Thus it is enough to show that
'@ -1=-Yna,z"" <Y na |4
n=2 n=2
Thus
o nan|z|n—1
1f'(2-1<1-9 it > <1 (19)

Hence by Theorem 1, (19) will be true if

14" _ (An=-1+ p(na +1-y)B,(A)
1-0 p(a+1-y))

or if
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4| E-AWO-Drua+l-BA ™ L, o)
B nu(a +(L-y)) o
The theorem follows easily from (20).

5 Extreme Points

In the following theorem, we obtain extreme poifaisthe clasS(y,a,u,A).
Theorem 7: Let f,(z) =z and

f(2)=2- Ha+d-y) 2", forn=23..-.
[y(n=1) + u(na +1-y)]B,(A)

Then f OS ¢ g u A)if and only if it can be expressed in the form

f(z)=>6,f,(2), where 6,= Oand > 4, =1
n=1

n=1

Proof: Assume thaftf(z) = Zen f,(2), hence we get

n=1

f(2) = Z—i H(a+1A-y))6, o
Z[A(n-D+pu(na +1-p)IB,(A)

Now, f OS( a,u,A), since

i[y(n—l) + u(na +1- )]B, (A) H(a+(1-y))6, - Z“’:H =1-4,<1

H(a+Q1-y)) Mn-)+puna+1-pIB,(1) =
Conversely, suppodel1S(y,a, u,A  Then we show that f can be written in the
form >'6, f.(2).

n=1
Now f OS(y,a,u,A) implies from Theorem 1

< Ua+@1-y)) _
[y(n=1) + u(na +1-y)]B,(A)

a,
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Settmg@n — [y(n—l) +ﬂ(na +1_y)]Bn(A) an,n — 2,3,...and61 =1_Zen,

Ua+Q1-y)) e

we obtain f(2) = > 6, f,(2).

n=1

6 Hadamard Product

In the following theorem, we obtain the convoluti@sult for functions belongs
to the clasS(y,a,u,A).

Theorem 8: Letf,g0OS(y,a,u,A). Thenf * gOS(y,a,u,A) for

f(2) = z—ianz”,g(z) = z—i@z” and(f *g)(2) = z—ianhg”,
where

1> K2 (@ + 1= p)y(n-1) |
[Y(n-1) + u(na +1- Y)]?B, (1) - 1’ (a + @- Y))(na +1-y)

Proof: f OS(y,a,u,A) and so

- [y(n=1 + p(na +1-)]B, (1)
- < 21
27 arapy @
and
S A=+ pna+1-PIB ), 2
= u(a+1A-y))

We have to find the smallest numb&rsuch that

[y(n-1) +/(na +1-p)]B, (A
;[y( ) +(( V1B, (1)

ab, <1. (23)
(a+ A=)
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By Cauchy-Schwarz inequality

. [/(n=1)+ (o +1- PIB,)
. b, <1 24
2 daran) = &

Therefore it is enough to show that

0= +Ana +1=PIB(A) ) AN=D+ g +1= PIB (1) 1o

Ha+@2-p) " Ha+@L=)
That is
[y(n=1) + u(na +1-y)]A
VB = oy + ina +1- iy (29)
From (24)

b < pa+Qa-y) _
" v(n=1) + p(na +1- y)]B,(A)

Thus it is enough to show that

Ha+@1-y)) < [y(n=1 + u(na +1-y)J1
[y(n=D+ u(na +1-Y)B (A) ~ [Mn-1)+{(na +1-p)]u’

which simplifies to

P Ho(a+(A-y)y(in-1) _
[Y(n-1) + u(na +1- P]*B,(A) - 1 (a + @~ p))(na +1- )

7 Closure Theorems

We shall prove the following closure theorems fa tlassS(y,a, u,A).

Theorem 9: Let f;, US(y,a,u,1), ] =12---,s Then
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9(2) = icj f,(20SWy,a,u,1)

For f(2)=z-)a,;z", where} ¢, =1.
n=2 j=1
Proof:

0(2)= Y 6, 1,(2

=2-3 a7 =T

n=2 j=1 n=2

wheree, =) c;a, ;. Thusg(2) OS(y.a, 1, A) if
=1

> [Un-1) + (na +1- P)B, (1)
2 dara-y)  ooF

that is, if

© s [y(n_1)+,u(na’+1—y)Bn(/1)n, .
22; (@ +@-)) o

_ ZS:C]_z[y(n—l)+u(na+1—y)]Bn(/1)g < Zsjc,- -1

=l ula+@-p) T

Theorem 10: Letf,gOS(y,a,u,A). Then
Nz)=z- (a} +b)z"
n=2

Belongs toS ¥ ¢ ¢ 4 )where

1> 2y(n=1p*(a + 1-y)) |
[Y(n=1) + p(na +1-y)]*B,(A) - 2u°(a + A- y))(na +1-))

Proof: Sincef,gOS(y,a,u,A), so Theorem 1 yields
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i{(y(n_l) +pu(na +1-y))B, (1) a”T <1
H(a +@1-p)

n=2

and

i:{(y(n_;g + 4(na +1-y))B, (1) bﬂT <1
ula+@1-y))

n=2

We obtain from the last two inequalities

= 1[Iy n-1 +puna+1-YIB.ND T, , .,
ZE{ ua+ (L~ ) }(a”b”)ﬂ' )

n=2
But hz) OS(y,a,’,A), if and only if

n-1) +((na +1- )]B,(A)

[/( 2 L W2
2, "t i=y) (aq +b]) <1 (27)

where0< /< 1, however (26) Implies (27) if

[y(n-1 +{(na +1-y)|B,(4) <}{[V(n—1) +u(na +1-y)]B, (/UT.
l(a+1-y)) 2 ua+Q1-y)

Simplifying, we get

2y(n-Yp’(a + (1-y))
[y(n D+ u(na +1- Y)I*B, (1) - 21 (a + L= p))(na +1-))

8 Convolution Operator

Definition 1 [4]: The Gaussian hypergeometric function denoted by

Fi(abG2)= z‘a) 0 21 g

‘nl

where c¢c>b>0,c>a+b and
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X(X+D(x+2)---(x+n-1) for n=1223--
.= ) 122

Definition 2 [1]: For everyf [0S, we define the convolution operator
(f)(2) as below:

abc

Wane(F)(D=F(a bc2* 1(2)

i (@),(b)n

= (0), nI

where ,F, (a, b ¢ z) is Gaussian hypergeometric function ( see [d] [@h)
introduced in Definition 1.

Theorem 11: Let f is given by (4) be in the clasS(y,a,u,A). Then the
convolution operatdiV, . (f) is in the clasS(y,a, u,A) for|2 <r (u,?),

ab,c

where
1
n-1

Ay(in=D+ u(na +1-y)]

My(in=-1)+/(na +1- y)]m
(c),n

r(u,?) =inf

The result is sharp for the function

f(2)=z- Hla+@1L-y)) 7" n=23...
[V(n=1)+ u(na +1-)]B, (1)

Proof: Since f OS ¢ a u A ),we have

Z[V(n D +u(na+1-y)1B, (/1),_\ <1
H(a+(@1-y))

It is sufficient to show that

_[Mn=1) +¢(na +1-y)]B, (1) (a),(), a

@, "
2 Ha+ @) =t 29

=}
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Note that (28) is satisfied if

(a),(b),
(c),n 82" < [y(n-1 + p(na +1-y)]B,(4) a
Ha+@1-y))

[y(n-1+{(na +1-y)]B,(4)

la+(@1-y))

n?

solving for | z |, we get the result.
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